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MaBa 1

Anrebpa nornkmn
(anrebpa BbICKasbIiBaHWiA)

1.1. BeegeHue

dopmanbHas N0rmKa cyLLecTByeT yxe 6onee 4BYX TbiCAYENETUIA. 3a4aTKn NOrUKK
ABHO NpocnexusaroTcs B pabotax ApuctoTens . Mem 0 NOCTPOEHUW NIOTUKK Ha
MaTeMaTUyeckoil OCHOBE, T. €. MO CyTW MaTemMaTW4eckoi Noruku, 6binn BbicKasa-
Hbl JleliGHULEM * B Havane !s-ro Beka.

Bnepsble naen JleliGHUua peanusosan [. Bynb*** B 40-X rr. AeBSTHaALaToOro
ctonetus. OH co3fan anre6py, B KOTOPOI GykBaMU 0603HaYeHbl BbICKa3biBAHUS,
1 3TO NPKBENO K MOABNEHWIO anrebpbl BbiCKasbiBaHWIA. [pUMeHeHWe mMaTeMaTuKu
K NOrvKe MO3BONWMAO MPEACTaBUTb NOTMYECKUe TeOpUN B HOBOW YA06HOI chopme
1 NPUMEHNTb BBIYMCAUTENBHBIA annapar K peLleHno 3a4ay, ManofoCTyMHbIX Ye-
N0BEYECKOMY MbILLMEHUIO M3-32 0COBEHHOCTE YenoBeYecKoW NCUXUKM.

CoBpeMeHHas MaTemaTuueckas n0rMKa OMNpefenseTcs Kak pasgen MaTemaTuku,
MOCBALLEHHbIA M3Y4YeHWNIO MaTeMaTUYeCKMX [oKa3aTeNbCTB U BONPOCOB OCHOBaHUA
maTemaTukn. OfiHa M3 TNaBHbIX MPUYMH LUIMPOKOTO PacnpoCTpPaHeHWs MaTeMaTu-
4eckoii NOrMKM— MpUMeHEHNe aKCUOMaTUYecKOro MeToda B MOCTPOEHUM pas-
NNYHBIX MaTemMaTU4ecknx Teopuit. B Hem cHayana BbIGMPalOTCA HEKOTOPble MOHS-
TWA, KOTOPble He ONpeAensAtoTCs, a MWb NOACHAIOTCA. 3aTeM 6e3 Aoka3aTeNbCTBa
NPUHUMAETCA HEKOTOPbI/ HaBop akCUOM, a yXKe MOTOM W3 3TUX aKCMOM NOTUYecKu
CTPOro BbIBOAATCS W 0Ka3bIBAOTCA BCE OCTABLUMECH MONOXEHUS Teopun. CambiM
paHHUM MPUMEPOM aKcMOMaTMUeckol Teopuu sBnstoTcA “"Hauana" EBkanga **
OfHaKo cMcTeMa akcuoMm, nonoxeHHas EBKANAOM B OCHOBY TeOpuUW, He SBNSETCA
€[IMHCTBEHHOM W COAEPXUT HEBECCNOPHbIA NATLIA NoCcTyNaT (akCcMOMy O napannefb-

ApuctoTcnb (384-322 0 H.3.) — ApeBHerpevecku)! MaycMaTHk
**ToTchpua Bunbrenom JleiibHuy (1646-1716) — Hemeukuit maTemaTuk
Axoppax Bynb (1815-1864) — aHrnuiickuit MaTemMaTuk n NOruk.
o EgKNUA AnekcaHapuiickuii (okono 325 — okono 265 40 W. 3.) — APEBHUI MaTeMaTuK.



4 YacTb / MaTemaTunueckas normka

HbIX NPAMbIX). ATO He 03Ha4aeT, YTO MOCTPOEHHasA 3aTeM Teopus (Knaccuueckas
reomMeTpms) 6bina HeBepHOﬁ, HO yKa3blBaeT Ha BO3MOXHOCTb MOCTPOEHWUA WHbIX

reoMeTpuin (reomeTpum J106a4€BCKOTO , Hanpumep).

OTnnumMTeNbHAs 4epTa MaTeMaTWu4eckoil NOrMKM — UCMONb30BaHME [OKasa-
TeNbCTB, a He HabNoAeHNA. OfHAKO SCHO, YTO HEBO3MOXHO [lOKa3aTb BCe MaTe-
MaTUYecKMe 3aKOHbI, T. K. CaMble MepBble U3 HUX HE MOTYT GbiTb JOKa3aHbl: HeT
60nee paHHWX 3aKOHOB, U3 KOTOPbIX OHU MOTYT BbiTb BblBEAEHbI. [103TOMY Heo6-
XOAMMO BblGpaTh HEKOTOPbIE HayabHble 3aKOHbI, HasblBaeMble aKCMOMamMu, KOTo-
pble MPUHMUMatOTCS 6e3 J0Ka3aTeNbCTB, OCTaNbHbIE 3aKOHbI — TEOPEMbl — MOTYT
6bITh [JOKa3aHbl UCXOAS U3 aKCUOM,

K cucTeme akcMOM NpegbsBAseTcss OfHO HempeMeHHoe Tpe6oBaHWe — OHa 40X~
Ha 6bITb HEMPOTMBOPEUNBOW. 3TO 3HAUMT, UTO U3 JAHHON CMCTEMbl akCUMOM (He-
NPOTUBOPEUNBOIA) HE/b3s IOTUYECKMM MyTeM BbIBECTU [Ba NPOTUBOPEYALLUX APYT
APYry yTBepxaeHus. OCHOBHbIM MeTOZOM [0Ka3aTeNbCTBa HEMpPOTUBOPEUMBOCTU
BNSETCA METOA MOAENMPOBAHUA, WM METOA UHTEPMpeTaLnii, KOTOpbIA cTpouTes
ANS MaTemMaTMUecknx Teopuii Ha 6ase TeOPUM MHOXKECTB.

C maTemaTu4eckuMy MOHATUAMU NPOUCXOLMUT NPOLLECC CBEAEHMUS CNOXKHbIX MOHS-
TWIA K NPOCTbIM. MHOTME M3 HUX MOXHO OMPEeAeNnuTh B TePMUHAX APYFUX MOHS-
THiA. Ho ONSATbL Xe camble MepBble MOHATWS He MOTYT GbiTb ONpPEAeNeHsl, T. K. HeT
Gonee PaHHUX MOHATUMA, B TEPMUHAX KOTOPbIX UX MOXHO 6bI10 Gbl OMPEefennTh.
M03TOMY HYXHO BbI6paTh HEKOTOPbIE MOHSATUS, Ha3biBaeMble 0CHOBHbIMMU, KOTO-
pble 6yAYT MWL MOACHATLCA, OCTaBasch (HOPMAbHO HeonpejeneHHbIMu. Oc-
TafbHble MOHSATWS, Ha3biBaeMble MPOU3BOAHBIMYU, OMpPEAENstoTCs B TePMUHAX OC-
HOBHBbIX.

COBOKYMHOCTb OCHOBHbIX 1 MPOW3BOAHbBIX MOHSTUIA, aKCMOM 1 TEOPEM Ha3blBaeTCs
aKcMoMaTWyeckoit cucTemoli. Bce cocTaBnstoLiMe akcMOMAaTUYECKOW CUCTEMb
MOTYT PaccMaTpUBATLCS C ABYX TOUEK 3peHMA: B BUAe 06bEKTa, MEIoLLero cobeT-
BEHHYIO BHYTPEHHIOKO CTPYKTYPY, UM B BUAE MPEANOXEHUs, BbIPAXaKOLLero on-
pedeneHHbI (hakT. M3yueHue BHYTPEHHER CTPYKTYpbl aKCMOM M TEOPEeM HasblBa-
eTCs CUHTAKCMYECKUM M3YUYeHMEM aKCMOMATMYUECKUX CUCTEM, W3ydeHWe UX
CMbICMa — CEMAHTUYECKUM U3YUYEHUEM.

CoBpemMeHHas TeopuUs MHOXECTB— 6a3a MaTeMaTUUecKoi NOrMKU— He cogep-
XWUT "Napagokcos” (Tuna napagokca Paccena o "HOpManbHOM™ MHOXECTBe), 04-
HaKO CPeACTBa 3TOM aKCMOMATMYECKO TeOpMM He MO3BONAIOT f0Ka3aTh ee Henpo-
TWBOPEUMBOCTb.

‘Hukonait MiBaHoBuY Jlo6aueBckuii (1792— 1856) — pyccKuii MaTeMaTuk.



FnaBa 1 Anre6panoruku (anre6pa BbickasbiBaHWit) 5

1.2. Onepauuu Hafj BbliCKa3blBaHUAMM

YueHUe 0 BbiCKa3blBaHUAX — anreGpa BbICKA3blBAHWIA, UAW anre6pa NOrUKuM, —
ABNISIETCA MPOCTeLLel nornyeckoii Teopmeidi. OHa paccMaTpUBaeT KOHEUYHble KOH-
vrypayun CMMBO/OB W B3aUMOOTHOLLIEHWS MEXAY HUMU. 3HaKOMCTBO C 3aKOHa-
MW anreGpbl BbiCKa3blBAHWI 06neryaeT u3ydeHue 60nee CNOXHBIX NOTMYECKUX
NCHNCNEHWIA.

BbicKasblBaHWe — 3TO BCAKOE MOBECTBOBATE/IbHOE MPEANOXeHWe, yTBepXaatoLLee
4T0-MM60 O YemM-1M6O, NpU 3TOM HeMpPeMeHHO WCTUHHOE WAK NOXHOe. Jlormye-
CKMMMW 3HAYeHVAMU BbICKa3bIBaHWI ABNAIOTCA "MCTUHA" M "NOXb", 0603Hauae-
mMble | 1 0. BbicKa3biBaHMe— 3TO Te NepBUYHbIE MOHATUA TEOPUMU, KOTOpPble He
OMpefenatoTcs CTPOro, a AnLLb NOACHA T CA.

BbiCcKa3biBaHUs, NpeACcTaBAstoLLMe COBOW OfHO yTBepX/AeHWe, HasblBatoTCs MpPo-
CLULIMY UM 3NEMEHTAPHBIMU; BbICKa3bIBaHWA, MOyYAIOLLMECS U3 3NEMEHTAPHbIX
C MOMOLLIbIO FpaMMaTUYecKUx CBA3OK "He", "n", "uamn", "ecnun.., 70...", HasblBa-
0TCA CNI0KHBIMU. DTN Ha3BaHUA He HOCAT aGCONMIOTHOTO XapakTepa, BblCKa3blBa-
HUWS, KOTOpPble B OAHON CUTYaLM MOXHO CYMTaTb MPOCTbIMMW, B APYro CUTyaLum
GYAYyT CNOXHbIMK. B anreGpe BbiCKasblBaHWI MCCNefyeTCs BONPOC 06 UCTUHHOCTH
CNOXHOTO BbICKa3blBaHWA B 3aBUCUMOCTM OT UCTUHHOCTU BXOAALLMX B HEro Mpo-
CTbIX BbICKa3blBaHWi. [pn 3TOM HE06X0AMMO UMEeTb B BWAY, YTO BbICKa3blBaHWe
MOXeT 6blTb UCTUHHO B OMNpejeneHHOl cuTyauun. 3Ta cuTyauus GbiBaeT onpege-
NleHa UK He ompefenieHa B CaMOM BbiCKa3blBaHUW. CyLLeCTBYIOT BblCKa3blBaHUS
UCTUHHbIE (MAN NOXHbIE) BO BCEX BO3MOXHbIX CUTyaLMax. Takue BblCKa3blBaHUS
Ha3blBaOTCA abCONIOTHO UCTUHHBIMU (COOTBETCTBEHHO a6COMOTHO NOXKHbLIMK).
AGCONOTHO UCTUHHbIE W aGCOMIOTHO NI0XHbIE BbICKA3blBAHUSA Ha3blBalOTCA /10T K-
YECKUMW KOHCTaHTami. B anrebpe norMku Bce BbICKa3blBaHWA paccMaTpuBaroTCs
TONMbKO C TOUKM 3PEHNS WX NIOTMYECKOTO 3HAYeHNS, XUTeCKoe CoepXaHne UrHo-
pupyetcs. Kaxzgoe BbiCKadblBaHMe MOXET GblTb IM60 UCTUHHBIM, NGO NOXHbBIM,
HU OfHO BbICKa3blBaHNE He MOXET ObiTb OAHOBPEMEHHO WCTUHHbBIM W IOXKHbIM.
3nemMeHTapHble BbICKa3blBaHUA 0603HaYalOTCA CTPOUHLIMU GYKBaMW NaTUHCKOTO
andpasuta: a, b, ¢. M3 BbiCKasbIBaHWIA C MOMOLLbIO OTUYECKMX CBA30K 06pasytoTcs
HOBbIE BbICKa3blBaHUs. PacCCMOTPUM Temnepb HeCKObKO NOTMYECKUX CBA3OK.

OTpMHaHMEM BbICKa3blBaHWA X Ha3blBaeTCsi HOBOE BbICKa3blBaHME, KOTOPOE ABNA-
€TCA WMCTUHHbBIM, eC/N BbiCKa3blBaHME X J1I0XHO, U NIOXHbLIM, €CNU X WUCTUHHO.

O603HavaeTcs X, yMTaeTcs "He X" waM “"HeBepHO, UTO X'. Bce NOrmMyeckue 3Ha-
YeHWs BbICKa3biBaHWA X MOXHO OMMcaTb C momolpto Tabn. 1.2.1. Ecnm X — BbI-
CKa3blBaHWe, TO .I — MPOTMBOMONOXHOE BbiCKa3biBaHWe. TOrga MOXHO 06paso-

BaTb X, KOTOpOe Ha3blBaeTCH lELBOI\/IIHbIM 0TpULaHNeM BbiCKa3biBaHus. Jlornyeckme
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3HauyeHMs 6, OYEBMAHO, COBNAZAIOT CO 3HAYEHUSAMU X. DTa OnepaLms OgHOMECT-
Has B TOM CMbIC/E, YTO W3 O\HOTO JAHHOTO MPOCTOrO BbICKasblBaHUA J1 cTponTCs

HOBOE€ BbICKa3blBaHME X.
KOHBIOHKLMeEl (NOrMYecKOM YMHOXEHWEM) [ABYX BbiCKasblBaHWA X U y HasblBa-

eTCA HOBOE BblCKa3blBaHWe Z, KOTOPOe UCTUHHO TONbKO TOrAa, Korga o6a BbiCka-
3bIBAHUA X WM Y WUCTUHHbI, M IOXHO, KOTAa XOTS 6bl O4HO U3 X U Y NoxHo. O6o-

3HavyaeTcs X&Y wam XNy, uutaetes "X u y". Tabnuua MCTUHHOCTM
KOHBIOHKLMW fjaHa B Tabn. 1.2.2.

Tabnuya 1.2.1 Tabnuya 1.2.2
X x X 'y Xay
0 1
0 1 0 0
0 0
0 0 0

3 onpegeneHmns onepawummn KOHbIOHKLMM BUAHO, YTO COIO3 "W" B anre6pe NOrnkm
ynoTpe6nseTcss B TOM Xe CMbIC/e, YTO 1 B NOBCeAHEBHOW peun. OfHaKo B anre6pe
NOTVKN 3TON CBA3KOW MOXHO CBA3bIBATbL Nt0O6bIE, CKOMb YTOAHO fanekne no cMbic-
Ny BbICKa3blBaHMA.

KOHBIOHKLMIO 4acTO Ha3blBaloT NI0TUYECKUM YMHOXEHNEM. B cospemeHHOl Ma-
TemaTMKe CNOBO "YMHOXeHMe" 4acTo 0603HauvaeT pasnMyHble MaTemaTuyeckue
onepauuu, obnagatolme cBoiicTeamu, 6onee UM MeHee MOXOXMMU Ha CBOCTBA
apuMeTNYeCKOro YMHOXeHU. Tpy NOCTpOeHUN TabimLbl UCTUHHOCTU WUCMOJb-
30Basics Cot3 "M". OAHAKO Pe3ynbTaT 6bin Gbl TOT Xe camblid, ecin 6bl 6blIN B3S-
Thbl COO3bl "a", "ho”, "0fHaKO", "X0TA" U T. n. TakuM 06pa3oM, XOTH COOTBETCT-
ByIOLLME 3TUM COHO3aM JIOTMYECKME CBA3KM WMEIOT pasfMuHble CMbIC/IOBbIE

OTTEHKM, C TOYKW 3PeHNA anrebpbl BbICKa3blBaHUIA OHWN Hepa3NUnNMb.
Ln3bl0HKLU el (N0TNYECKUM CNIOXKEHMEM) ABYX BbICKa3bIBAHUIA X 1y HasbiBaeTcs
HOBOE BbICKa3blBaHWe, KOTOPOE CUMTAETCA UCTUHHBIM, ECIN XOTA 6bl OAHO U3 Bbl-
CKa3blBaHUA X W Y WCTUHHO, W NOXHbLIM, CiM OHU 06a NOXHbI. O603HavaeTca
XV Y, yuTaetcs "X mam y ". Jlornyeckue 3Ha4eHUs AN3bIOHKLMM ONKCHIBAKOTCA
B Tabn. 1.2.3.
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Tabnuua 1.2.3 Tabnuua 1.2.4
X y Xvy X y  X=y
1 1 1 1 1
1 0 1 1 0 0
0 L 1 0 1 1
0 0 0 0 0 1

B noBcefHEBHOI peun coto3 "unn" ynoTpebnseTcs B pasNUUHOM CMbIC/IE: UCKIHO-
YaloLLeM U Hencknroyvarollem. B anrebpe xe norvku ceaska "unn" ynotpebnsercs
BCerja B HeuClOHOualolWwem cMbicne (06beAUHAIOLLEM CMbIC/IE). AHANOrMYHO B
NaTUHCKOM A3blke MMeeTCs coto3 “vel” ANns BKNHOUNTENbHOW AM3BIOHKUMM U “aut”
NS pasfennTensHoil. CUMBOM V. NPOMCXOAMT OT NepBoii 6yKBbI coto3a "vel”.
MMnnukawmeit (nornyeckum cnejoBaHneM) AByX BbICKa3biBaHWA X M Yy HasblBaeT-
CA HOBOE BbICKa3blBaHMe, KOTOPOE CYMTAETCA NIOXHbIM, KOTfja .I WUCTUHHO, a Y
NOXHO, U UCTUHHBLIM BO BCEX OCTa/lbHbIX Ciyyasx. O603HavaeTcs X —» Y , yunTa-
etca "ecnm X, To y" wuam "u3 x cnepyeT Yy . BbickasblBaHMe X Ha3blBaeTCA Y C-
N0BMEM, MOCHLINKOA MNWM aHTeleAeHTOM, BbiCKasbiBaHWe y — CNeACTBUEM, 3a-
K/TIOYEHMEM MW KOHCEKBEUMTOM. Tabnmua UCTUHHOCTM 3TOI onepaLun npusefeHa
B Tabn. 1.2.4. M3 Tabnuubl UCTUHHOCTW BUAHO, YTO €C/IN YCNOBUE X WCTUHHO ”
UCTUHHA MMNAUKALUA X —» Y , TO BEPHO W 3aKNtOuveHMe Yy . ro Knaccu4eckoe
npaB1no BbIBOJA, KOTOPOE MOCTOAHHO WMCMO/b3YeTCs B MaTeMaTUKe Mpu nepexoge
OT Of{HUX BbICKa3blBaHWA K APYrMM C MOMOLLBIO 4OKa3bIBaEMbIX TEOPEM, KOTOpbIE,
Kak npasuno, nmMetT hopMy MMNAMKaLuuid. PacnpocTpaHeHHas ownGka B MaTema-
TUYECKNX PACCYX[EHUAX COCTOUT B TOM, YTO K BbICKa3blBAHMIO a*, WCTUHHOCTb
KOTOPOro He yCTaHOBMEHa, MPUMEHAETCA NpasuU/bHas TeopeMa X —» Y U U3 UC-
TUHHOCTU MPEeA/IOKEHUA Y [AenaeTcs BblBOA 06 MCTUHHOCTW X .

B 06bljeHHOI peun BbicKasbiBaHMe TWNa "ecin X, TO V" HOCUT OGBACHSIOLL NI
xapakTep. OHO Kak Obl Pa3bACHsAET, NoYeMy VMeeT MecTo cobbiTMe Yy — MOTOMY,
4TO UMeNo MecTo cobbiTve X . OBBACHAIOLMIA XapakTep UMMNAMKALWKM TECHO CBS-
3aH C NPUYMHHO-CNEACTBEHHbLIM OTHOLLEHWEM, MPU KOTOPOM X BbICTYNaeT B PO
NPUYMHBI, @ Y — CNeAcTBUSA.

YnotpebneHue cok308 "ecnu..., T0.." B anrebpe NOrMKU OTAMYAETCA OT ynoT-
pebneHns ux B O6bIAEHHOW peun, rae MO OBGLIKHOBEHUIO CUMTAKOT, YTO €cin
X /IOXHO, TO y BOOGLLE He MMeeT cMbicna. Kpome Toro, B 06blfeHHON peun nog-
pasymeBaeTCs, YTO M3 MpeAnoXeHUs X Bcerja BbiTekaeT y . B maTemaTuueckoit
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NOTWKE MOCNEfHErO He TPeGYeTcs, T. K. CMbICA BbiCKasblBaHU WUrHOpMpYyeTcs,
KPOMe UX CBOMCTB GbITb UCTUHHBIMU WM NOXHBIMK, B cnyyae uMnankaLmm Heco-
OTBETCTBME MeXAY 06bIYHbIM MOHUMAHWUEM UCTUHHOCTW CMOXHOTO BbiCKA3blBaHUA
1 NAeann3npoBaHHO TOUKOW 3peHNs anre6pbl BbiCKasblBaHWIA eLLie 3aMeTHee, YeM
ANs APYrUX NOTUYECKNX Onepauuii. 3aech UCTUHHOCTb MMMNMKALMK B HEKOTOPOIA
CUTyalMM 03HAYaEeT NNLUb, YTO ECNM B ITOW CUTYaLlMU WCTUHHA MOCHINKA, TO UC-
TUHHO U 3aK/HOYeHMe.

JKBUBANEHLNel (3KBUBANEHTHOCTHI0, 1OTMYECKOM 3KBMBANEHTHOCTHI0) ABYX Bbl-
CKasblBaHUIA X M Y Ha3blBaeTCc HOBOE BbiCKa3blBaHWe, KOTOPOE UCTWUHHO, KOrha
06a BbICKa3blBaHNA X U Yy N160 OfHOBPEMEHHO WCTWMHHbBI, MO0 OfHOBPEMEHHO
NOXWbI, 1 NIOXHO BO BCEX OCTa/bHbIX Cnyyaax. O603HavaeTcs X<y , umTaerca
"ANA TOrO 4TOGbl X, HEO6XO0AMMO W AOCTaTOYMHO, 4TObLI Y" wam "X TOrga u
TONbKO TOrfAa, Korga y ". OKBMBaNEHTHOCTb UrpaeT 3HauUTE/IbHYO PO/b B MaTe-
MaTUYecKnx foKasaTenbcTax. V13BeCTHO, 4TO 60/bLIOE YNACIO TeopeM hopmyun-
pyetcs B hopme HEOGXOAUMBIX W JOCTATOUHbIX YCNOBUIA. DTO TeOpeMbl CyLLecT-
BOBaHWS. Hanpumep, "ans Toro, 4tobbl fABa BekTopa & W b 6biAM nWHeliHO
3aBMUCKMbI, HEO6XOAMMO U JOCTATOYHO, YTOObI OHU 6bIN KONAMHEapHbr™. Jlormye-
CKMe 3HaueHMs onepauun aKBUBaNEHL MU ONKCbIBatOTCA B Tabn. 1.2.5.

CumBonbl A4, V,— <=> Ha3blBatoTca NPONO3NLUOHANbHBIMU CBA3KAMU WM
CBA3KAMM UCYNCNEHMA BbICKA3bIBAHWA. BMeCTO ynoTpe6isieMOro Hamu 3uaka *-»
4acTo MULIYT - WAM =, BMECTO —> NULLYT 3, BMECTO & WU N1 YacTo ynoTpe6-
NAKOT TOYKY, NPUYEM TOYKY MHOTAA OMYCKAlOT, BMECTO  YNOTPeGNsOT 3HaK —
nepes BbICKa3blBAHWEM.

Tabmmua 1.2.5 Tabnmua 1.16
X oy X HY X vy * 1y
1 1 1 1 1 0
0 0 0 1
0 1 0 0 |
0 0 1 0 0 1

J1oTMYecKMM CBSI3KaM MPUMMUCHIBAKOTCA PaHTy B CRefytoLeM NOpsake y6blBaHUA
cTapwuHcTBa: , 1, V,— «>. Takum 06pa3om, cBA3ka 60nee BbICOKOro paura
MMeeT 6oNbLUIYI0 061acTb AelACTBUSA.
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He cnegyeT Aymatb, 4TO 3TUM HaBOPOM MCUEPMbIBAIOTCA BCE OTMYECKME CBA3KU.
Hanpuwmep, cyLiecTByeT Takas onepauws, kak WwTpmx LLlecpcpepa*. OHa 0603HauaeTca
CMMBONOM X |y wonpegenseTcs cnedytolein Tabnuueit UICTUHHOCTY (Tabn. 1.2.6).

Kak Mbl NOKaXeM B fanbHeliLLem, BCAKyto qpopmyny anre6pbl NOTUKN NyTeM 3KBU-
Ba/IEHTHbIX NPeo6pa3oBaHMA MOXHO 3aMeHWUTb (DOPMYNONA, cofepxalleli TONbKO
1BE NIOTMYECKNE OMEpaLnn: KOHBIOHKLMIO U OTPULAHWE UMW AU3BIOHKLUUIO U OT-
puuaHve. JanbHelillee UCKNHOYEHME NOTUYECKMX OMepauuii HeBO3MOXHO. Onepa-
ums e WTpux Llledpchepa XxapakTepHa TeM, YTO C €e MOMOLLBI MOXET 6biTb Bbi-

paxeHa ntobas 13 NATM onepauuii. Hanpumep, X =x X . Tabnuua UCTUHHOCTY Ans
31Ol (popmynbl NpuBedeHa B Tabn. 1.2.7.

[N onepauun KOHBIOHKLWW, Hampumep, BblpaxeHue Yepes wTpux Lledphepa
numeet Bug X n 'y =(N|y )i(/+1y). Ero tabnuua ucTMHHOCTK flaHa B Tabn. 1.2.8.

Tabnuua 1.2.7

X X XX &

0 0
0 0
0 0 1 1
0 0 1

Tabnuuya 1.2.8

Xy cmy) (Xiy)  XI\X Iy)  XAY

| 1 0 0 1
1 0 1 0 0
0 1 1 0 0
0 0 1 0 0

1.3. dopmynbl anrebpbl NOTUKK
C MOMOLLbKO /TOTNYECKNX onepau,mﬁ Haj BbICKa3blBaHMAMWU MOXHO CTPOMUTbL pas-

JINYHbIE HOBbIE, GONEe CNOXHbIE BbICKa3blBaHMA. OBbIYHO NpU 3TOM MOPSAOK One-
pauwii ykasblBaeTcst cko6kamu. OMNpefenum NoHsTUe hOPMY/bl NOTUKMA BbICKa3bl-

*eHpn Mopu LLedpcep (1882-1964) — aHrnuiickuii MaTeMaTuK v NOTWK.
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BaHWiA. MepBoOli YacTblo NGOV (POPMaNbHOW CUCTEMbI SBNSIETCA ee A3blK. YUTO6bI
onpeaennTb A3blK, HYXXHO NPeX/[e BCEro onpeaenuTb ancasuT 1 ero CUMBOBI.

AngasuToM 6Gyaem HasbiBaTb Nt06G0E HEMYCTOE MHOXECTBO. DNEMEHTbl 3TOro
MHOXEeCTBa Ha3blBatoTCA CMMBOIAMI AaHHOTo andasuTa. J1t06as KOHeuHas nocne-
[l0BaTeNIbHOCTb CUMBO/IOB andpaBnTa Ha3blBaeTCA C/10BOM, WAN BbIPaXKEHNEM, AaH-
HOTO fA3blka. ANCHaBUT NOTUKK BbICKA3bIBAHWIA COAEPACUT Takue CUMBOJbI: BbiCKa-
3blBaHNA— OYKBbl NaTUHCKOTO andpasmTa ¢ MHAEKCOM MK 6e3 Hero, 1ormyeckme

CBA3KW a,V, — , pasgenutenu (,).

Cnoso B anchaBuTe JIOTWKU BbICKa3blBaHWIA Ha3biBaeTcs (HOPMYOA, ecnm OHO
YAOBETBOPAET CNeAYOLLAM YCIOBNAM:

1. Jlto60e BbicKasblBaHUe (BbICKa3biBaTENbHOE MEPEMEHHOE) — (DOpPMYNa.

2. Ecom A n B copmynel, To A Aa B, Av B, A—=B, A<>B — T0Xe ¢hop-
MyJIbl,

Moachopmynoit oopmynbl A HasblBaeTcs N060e NOACI0BO A, caMo SBNAOLLEecs
chopmynoii. Takum 06pas3om, U3 NpUBEAEHHOT0 hopManbHOro onpegeneHns cop-
My/bl Kak OnpefeNneHHol KOHCTPYKLWKM f3blka anre6pbl N10TMKW MOXHO onpege-
NNTb 60Nee NPOCTOE MOHATUE (hOPMYNbI.

Bcskoe CNoXHOe BbiCKasblBaHWe, KOTOPOE MOXET GbiTb MONYYEHO W3 aneMeHTap-
HbIX BbICKa3blBaHWIi C MOMOLLbIO NOTMYECKNX CBA30K, HasbiBaeTcs OPMYO0N an-
re6pbl NOruKN.

dopmynbl anrebpbl NOrMkM 0603HaYaloTes 6OMbLIMMK GyKBaMW NATUHCKOTO an-
chasuta A B, C,... Tlpn 3TOM CKOBKM MOXHO OMycKaTb, MPUAEPXKMBaACh Creayto-
LLMX NPaBW: KOHBIOHKLMA BbIMOMHAETCS MPeX/Ae BCEro, AN3bIOHKLMUA BbIMOAHSA-
eTc BTOPO, WMMNAMKALWA W 3KBMBANEHLMS PaBHOMPAaBHbl U BbIMOJHAIOTCSA
nocnegHumn. Kaxgas chopmyna anre6pbl OTUKM NPUHUMaET CBOE /IOFMYecKoe
3HauyeHue, KOTOpPOe OMpPepenseTcs NOTUYECKUMU 3HAYEHUAMU BXOAALLMX B Hee
9/1eMeHTapHbIX BbICKa3blBaHWIA. Hanpumep, coCTaBUM TabauLy WCTUHHOCTW ANns

chopmynbl (X —» y) —>(x 1y v X —>y). Monyunm 1aén. 1.3.1.

Tabnuua 1.3.1

Xy x y xay JTAyv X XAyvx-*y XVy Wror

1 0 0 0 0 1
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Ecnn chopmyna cocToMT U3 N 3N1EMEHTOB, TO ee Tabnuua WCTUHHOCTM COCTOWT
u3 2" CTPOK.

MpunucbIBaHWe 3HAYEHWI A UCTUHHOCTU WMAM NIOXHOCTW BbICKA3bIBAHUAM, BXOAA-
MM B hOPMYNy, Ha3bIBAETCA MHTepnpeTaumel 3TUX BbiCKasblBaHWA. Mo UHTep-
npeTaumeit hOpMyNbl MOHUMAETCA NPUMUCHIBAHWE 3HAYEHWI UCTUHHOCTW BbICKa-
3blBaHUAM, BXOAALLMUM B 3Ty chopmyny.

1.4. PaBHOCWbHbIE Tpynnbl DOPMY/I
N paBHOCU/IbHbIE Npeobpa3oBaHns

[Be dopmynbl anre6pbl nornkn A n B HasbiBalOTCA paBHOCUNbHLIMU, €CN OHU
NPUHUMAlOT OfMHAKOBblE NOTMYECKME 3HaYeHUs Npu n6oM Habope 3HayeHWit
BXOAALLYMX B (DOPMY/bl 371eMEHTAPHbIX BbICKa3blBaHWIA. PaBHOCMALHOCTb 0603Ha-
yaeTtca 3HakoM = Ou4eBMAHO, Hampumep, =X, XV T=/ UT. A

Mexay NOHATMEM PaBHOCMALHOCTM U 3HAKOM 3KBMBANEHTHOCTW cyliecTByeTt
cnegytowian csasb: ecnm chopmynbl A n B paBHOCUNbHBI, TO hopmyna A <>B
NPUHUMAET 3HaueHne | Npu Bcex 3HaUYeHWAX MepeMeHHbIX, U 06paTHO: ecin dop-
Myna A <>B npuHWMaeT 3HaueHWe 1 MPW BCEX 3HAYEHUAX BXOAALLUX B Hee Bbl-
cKasblBaHUiA, To chopmynsl A 1 B pasHocunbHbI, T. 6. A's B. Mpu 3Tom cnegyet
MOMHUTb, YTO 3HAK <> ABNAETCA CHMBOJOM (DOPManbHOrO A3blKa, C MOMOLLbIO
KOTOPOro CTPOATCA (DOPMY/bl, @ CAMBO/ = 3aMeHSeT C/I0BO "PaBHOCUIbHO".

Ons nobbix doopmyn A B, C cnpasesnusbl ciepyroLine paBHOCUILHOCTY.
1. OCHOBHble PaBHOCW/IbHOCTMU:

11. An A=A — 33KOH UeMNOTEHTHOCTU KOHBIOHKLUN.

12. Av A=A — 33KOH M[eMNOTEHTHOCTU AN3LIOHKLMU.

13. AN\ =A,] — wnctuHa.

14, Nv1=1.

15. 1nO"NO, 0 — NOXb.

16. AvO =A

17. AnA =0 — 3aKOH NpOTUBOPEUNS. (1.4.1)

1.8. Av A~\— 3aKOH UCK/OUYEHHOrO TPETLErO.

19. A=A — 3aKOH CHATUS BOHOrO OTPULLAHNS.
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1.10.
111
1.12.

1.13.
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Aa (Bv A)= A — nepBblii 3aKOH NOFNOLLEHNS.
Av (Ba A)=A — BTOpOI1 3aKOH NMOTNOLLEHNS.
A=(AaB)v (nnB) — nepsas chopMyna pacLLeneHmns.

A=(AvB)a(awvb)— BTopas chopmyna pacLenneHus.

Bce 3TU COOTHOLLEHWs /IETKO MPOBEPSIOTCS MO TabMLaM UCTUHHOCTH.
2. PaBHOCWNLHOCTH, BbIPaXatoLLMe OfHN NOTMYEcKIe OnepaLmmn Yepes gpyrue.

2.1.

2.2,
2.3
2.4.

2.5.
2.6.

2.7.
2.8.

NoAs (N-4.e)n(A->N)r(Nn.B)y(nnl})r(sy.s)n(sys) — oc-
HOBHas (popmyna 4oKa3aTeNbCTB TEOPEM CYLLLECTBOBAHNS.

A— =AvB =(AaB).
AvB=~4-"B=AaB.
AnE =(A->5)=AvB, (1.4.2)

An B =Av B — nepsblil 3aKoH e MopraHa*.

Av B =An B — BTopoii 3akoH e MopraHa.
AaB"A vB.
AvB =AaB.

VIMEHHO M3 PaBHOCU/LHOCTE 3TOM Tpynnbl hOpMyn CrnefyeT, YTO BCsky hop-
Myny anre6pbl NOTMKA MOXHO 3aMEHUTb PaBHOCW/IbHOM el hopMynoii, cogepxa-
LLeil TONbKO fiBE NOTWYECKME OMePaLn: KOHBIOHKLUMIO W OTPULLaHUE WMAW AN3b-
FOHKLMHO M OTpULaHNe.

3. PaBHOCWNBHOCTY, BbIPAXKAIOLLME OCHOBHbIE 3aKOHbI anrebpbl NOTUKM.

3.1
3.2.
3.3.
3.4.
3.5.

3.6.

AnNB =B NA — KOMMYTaTUBHbI/ 3aKOH KOHBLIOHKLMUN.

A VSSBVA — KOMMYTaTUBHbI 3aKOH AU3LHOHKLMUN.

An(BnC)w (A a B)nC — accounatmBHOCTb KOHbIOHKLMN.  (1.4.3)
Av {Bv C)= (Av b)vC — accounaTMBHOCTb AN3bIOHKLMUN.
Aa(BvC)=(AaB)v (Aa C)— AUCTPUOYTUBHOCTb KOHBIOHKLMMN OT-
HOCUTENbHO AMU3bIOHKLMUM.

Av (B nC)= (Av B)a(AvC) — AMCTPUGYTUBHOCTb AMU3BIOHKLMUMN OT-
HOCUTENEHO KOHBIOHKLWN.

*QOractec MopraH (ae MopraH)(1806-1875) — LLUOTNAHACKMIA MaTEMATUK W NOTWK.
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Jlto6as M3 PaBHOCUILHOCTEN Nerko MOXeT GblTb [0KaszaHa C MOMOLLbO TabnuL,
MCTUHHOCTW. YacTo PaBHOCMNILHOCTb MPOU3BO/bHOW (POPMYNbI NOTUKK BbICKa3bl-
BaHWA 3KOHOMHee [0Ka3blBaTb 6e3 COCTaBneHMs TabauLbl, C MOMOLLbIO NOTUYe-
CKOTO PacCyXfeHus W ynpoLieHns ¢opMynbl C UCMOMb30BaHWEM MPUBEAEHHbIX
PaBHOCUNLHOCTEN. Mpu 3TOM 06bIYHO OMepaLK IKBUBANEHTHOCTM W UMMAKKALMY
3aMeHAT OnepauuaMi KOHBIOHKLAM U AU3BLIOHKUWW, a OTpuLaHue OTHOCAT
K 3N1EMeHTapHbIM BblCKa3blBAHUAM.

MOXHO eLLe ynpocTWTb 3anuck POpMy/, onyckas HEKOTOPble CKOBKM 1 UCMONb3ys
CTapLUMHCTBO N1OTMYECKMX CBA3OK. Kpome TOro, 3Hak OTpULaHWs, CTOALWIA Haj
chopmynoii, fenaeT UNULLHUMU CKOGKM, B KOTOPbIE OHA 3aK/HOYeHa.

OTHOLLEHWe PaBHOCUILHOCTU €CTb OTHOLLIEHWE 3KBMBAaNeHTHOCTW. OHO pechnek-
CWBHO, T. K. Ansa Mo6oii copmynsl A: A= A\CUMMETPUYHO, T. K. ANs NOGbIX
dopmyn A n B:ecim As B, 10 B = A\TpaH3nUTUBHO, T. K. Ans Nt06bIX ¢hop-
myn AB,C:ecnm A=B n57C.70 A=C.

PaccMOTPUM HECKOJIbKO MpPYMepOoB.

1. x—=y)n (y—>r)-*(r X)= vy)a(yv (zv x)=

2. (xnxnx-~yny—><:jvxv(yAr)v(yAz)=
=(Xn 0—»0—»z)vxv{ynz)v(ynr)=" 10 —=0—=z)vagvi{ynr)=
=(mno—=)vxv(y n2)=ovzvpgv(ynz)=
= XV(ynz)=Ilv (y Nz)=\
3. [lokasaTb PaBHOCM/ILHOCTb (X V y) N1 (X V y) = X.
(xvVy) A(xvy)= xax v yax v xAyv yNly=
=xVvyaxVvxay=nn(lvYry)=A"(lvl) =X.

MpuBegem Tenepb HECKONMbKO MPaBui, ¢ MOMOLLIO KOTOPbIX MOXHO MepexoanTh
OT Of{HUX PaBHOCW/LHOCTEN K APYTUM.
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Teopema 1.1 Myctb A—B H C — npowussonbHas hopmyna. Torga A= B,
AaC=BaC, CnA=CnB, AvVC =BvC, CvA =CVvB,
ANC =B~C,C"A =C"B,A~C=B"~"C,CAAN"NC"B.
[Lokaxem, Hanpumep, popmyny Av C =B v C. Tak kak A=B , To nNpu ofuHa-
KOBOM HaBope BXOAALLMX B HUX MPOCTHIX BbiCKasbiBaHMii A W B npuHumarot
OAMHAKOBbIE NOTMYECKME 3HAYeHUA. TycTb, Hanpumep, 3To 6ygeT ]. MycTb npu
TOM e Habope 3HauyeHne C pasHo 0. Torga 06e 4acT paccMaTpMBaeMoil paBHoO-
CUNLHOCTU NPUHUMAKOT OZHO M TO XK€ 3HAYeHUe 1V o =1V o .

Teopema 12. Mycts A=B u C — dopmyna, B KOTOPOW BbIfeNIEHO OAHO
BXOX/AeHMe nepemeHHoW Xr MycTb C(a) monyuaetcs H3 C 3ameHOii 3Toro
BXOXAeHUs n; na A,a ® ) — n3 C 3ameHoii Toro xe BxoxaeHusa Xxf Ha B .
Torga C(n)= C(s).

OCTaBMM [jaHHYH Teopemy Ge3 [oKasaTenbcTsa, OTMETUM TONbKO, YTO OGO
CMMBON anchaBuTa MOXET HECKONbKO pa3 MosBUTLCA B AaHHON chopmyne. Kaxgoe
TakKoe MosB/eHNe Ha3bIBaeTCA BXOIWEHNEM 3TOrO CUMBONA B hOPMYTY.

Teopema 13. Mycts C(A) — hopmyna, cogepxalias A B KauyecTBe CBOeW
nogcopmynsl. Mycte C(B) nonyuaetca H3 C(A) 3ameHoii A B 3TOM BXOX-
neHun Ha B.Torga,ecnm A= B,1o C(A)= C(8).

®opmyna A HasbiBaeTCs TaBTONOrMel (TOXAECTBEHHO WCTUHHOM), ecin OHa
NPUHUMAET 3HaueHWe 1 NPy BCEX 3HAYEHMSAX BXOAALLMX B Hee MepPeMeHHbIX. dop-

Myna A Ha3blBaeTcs TOX/JECTBEHHO NOXKHOA Wn NPOTHMBOPEUNBON, ecnm oHa
paBHa 0 MPM BCEX 3HAUEHWAX BXOAALLMX B HEe MepeMeHHbIX.

®opmyna A HasblBaeTcs BbINOSHUMOW, €CAN NpU KaKOM-TO HabGope BXOAALLNX
B HEe MepeMeHHbIX OHa NPUHNUMAET 3HAYEHNE 1.

®opmyna A HasbiBaeTCs 0NPOBEPXKMMON, ecrn MPU KaKOM-TO HaBbope BXOAALLNX
B HEe MepeMeHHbIX OHa NPUHMMAET 3HaUeHMe o .

C TOYKM 3pEHWS NOTMNKW TaBTONOTUM 3TO OTMYECKUE 3aKOHbI, T. K. OHU NPUHUMa-
10T UCTWUHHbIE 3HaYeHUs Npu Nto6oM Habope nepemeHHbIX. B npakTU4eckux Bbl-
UMCTIEHMSAX YacTO MCMONb3YOT cnepytowme TasTonorum (A B, C — npoussons-
Hble (DOPMY/bl).

1 Av A — tertium nondatur — 3aKOH WCK/IOYEHHOTO TPeTbero.

2. A3A.

3. N->(B->n).

— LIeMHoe paccyxaeHue.
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5. (A-»(B-»C))-»((A-»B)-»(A-»C)). (14.4)
6. (MInB)-» A, (AnB)-»B.
7. A—(ii —An B).

s. A—>(Av B), B—>(Av B).

s @ (Y
10. (A —B)—=A) —=A — 3akoH lMupca*.

3TN (DOPMYyNbl TOXE MOXHO NErKO MPOBEPUTL MO TaBauLaM Npy NPOM3BOMbHbIX
3HaueHusx A B, C . Mpu foKa3aTenbCTBe YTBEPXKAEHWUIA Pa3NUYHBIX MaTeMaTUye-
CKMX TEOpPUiA OBLIYHO MCMONb3YHOT PACCYXAEHMs, KOTOPble Ha SI3blke NOTUKM
MOXHO BbIPasnTb hopmynamu. Mpy 3TOM paccyxeHne Ha3biBaeTcs NPaBUbHbIM,
€C/IN U3 KOHBIOHKLMU NOCHINOK CledyeT 3aKNUeHue, T. €. BCsKMIA pas, korga Bce
NOCBINKN WCTWUHHBI, 3aKMHOYEHWE TOXE WCTWHHO. [MpaBuno BbIBOAA 3aKIHOUeEHUS

PPy
B 3TOM C/y4yae MOXHO 3anucaTb B Buge —' p N ~—nocbin'

Ku, npudem 3anucb Pi,P2,..,Pfl noHumaetcs kak Pln P?n...n Pit, P — 3a-
K/HoYeHue.

. AB>/N1 A"B.B
PacnpocTpaHeHHble CXeMbl MPaBUbHBIX PACCYXAEHWUMA: ----- —=---- ) ——=
Jlerko nposepuTb, uto hopmynsl ((-4—>B)n A)->B u (v1->8) B)-* A

ABNAIOTCA TOKAECTBEHHO UCTUHHBLIMU. Hanpumep, n0rnueckme 3HaueHus nocnes-
Hell My Bcex HaGopax apryMeHTOB NpuBefeHbl B Tabn. 1.4.1.

Tab6nuua 1.4.1

A B A B n->s (A->B)nB | /7”B)nal A

! 1 0 0 1 0 1

0 0 0 0 1
0 ] 0 0 1
0 0 1

Yapna Mupc (1839-1914) — amepuKaHCKWiA MaTeEMaTUK W NIOTUK.
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OfMH 13 cnoco60oB [0Ka3aTenbcTBa MaTeMaTU4ecknx NPesnoXeHnin — meTopq fo-
KasaTenbcTBa OT MPOTMBHOrO. TIPEANONOXMUM, YTO HEKOTOPOe YTBEPXAEeHMWe
B (hopme umnaukauum J1—>B noxHo. Torga Heo6Xo4MMO NPUIATM K NPOTMBOpE-
uuto, T. e. OKa3aTh, YTO Apyroe yTeepxaeHne C OAHOBPEMEHHO BbIMOAHAETCA W
He BbIMO/HSAETCS.

[loKa3aTeNnbCTBO BbIMOHSAETCA MO CEAYIOLLEl CXeMe:
A—B =(A—B}—>(c ncj= (aa —>(Ca Cj. (1.4.5)

lNpuBefem B 3aK/ntOYeHMe elle fBe 6onee MpocCTble CXeMbl AOKa3aTeNbCTBa OT MPO-
TUBHOrO:

(1.4.6)

1.5. NMpakTuyeckoe 3aHATME Neo 1.
Anrebpa BbicKka3biBaHWA
1.5.1. Cpeau cnefytoLmx NPeanoXeHUid BbIAeNNTb Te, KOTOPbIE SBASKOTCS BbiCKa-
3blBAHUAMU, W YCTaHOBUTb, ECAIN 3TO BOSMOXHO, UCTUHHbI OHW WUAN NOXHBI.
1) Ans npon3BosbHbIX MHOXecTB A 1 B BepHo BkntouyeHne Ac A\JB.
2) Cymma yrnos B TpeyronbHuKe pasHa 180°.
3) V2e N.
4) ConHeyHas cucTeMa HacUMTblBaeT AeBATb GONbLLIMX MAaHeT.
5) Haynuue cBeTUT CONHLE.
6) JleTaiiTe camonetamm AspodpnoTal
7) BcAKoe NOAMHOXECTBO KOHEYHOTO MHOXECTBA KOHEYHO.
1.5.2. [laHbl ABa BblCKa3blBaHWS:
O P ={ uucno 3 aBnsetca genutenem uucna 174 3}, q = { ngetfoxgas }.
B uyem 3aknt04aloTCA BbICKa3blBaHUS
P, PV O PpAQ p—q prg, p<>ql
2) p ={ KOHBIOHKUMA KOMMyTaTMBHAa }, (- { ecnm 4yucno npocrtoe, TO
OHO HeyeTHoe }.
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B uem 3akniouvaloTcs  BbicKasbiBaHus ¢, ¢ p, [pnc])—p,
(v p—*  Kakue 13 3TX BbICKA3bIBAHUI UCTUHHbI, @ KaKue NOXHbI?

15.3. Kakve U3 cnefytolmnx yTBEPXAeHNIA SBASIOTCS BbICKa3blBAHUAMMW U Kakue
13 BbICKa3blBaHMI UCTUHHBI U KaK1e N0XHbI?

1) CymMa KOpHeil NpuBELEHHOrO KBafpaTHOTO YpaBHEHWS paBHa cBO6OA-
HOMY UneHy.

2) Cymma KopHeii n060ro npuBefeHHOro KBaJpaTHOrO ypaBHEHUS paBHa
CBOGOAHOMY UNeHy.

3) CyLyecTByeT NpuBeAEHHOE KBaApaTHOE ypaBHEHUE, CyMMa KOpHeld KOTo-
poro pasHa CBO60AHOMY Y/EHY.

1.5.4. B Kakux cnyyasx npuBefieHHble HUXE JaHHble NPOTUBOPEUMBHI?
1) a=1,anbh=1;
2) o=072a/\b=\\
3) a=1,avh =o;
4) a=0,avh =l
1.5.5. OnpefennTb, IBNAETCA M faHHAs NOCNe[0BaTENLHOCTL (DOPMYNONA:
1) (B, n
2) (4 —4))n 4));
3) (B) =4 )4 VA3,
4 An A LAN;
5 {A—-Av@d —A D).
1.5.6. BbinucaTb Bce nNoachopMynbl Cesytowmnx hopmyn:
((4i - >4 )N (A A))—=A v A,
2) (4 4);
34 n(4 via albvC)).

1.5.7. MpoBepuUTb, He COCTaBNsAS TABNNL, UCTUHHOCTU, SBASIOTCA /U CegytoLlue
hOpMY/Nbl TOXKAECTBEHHO UCTUHHBIMMA:

)prp\
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2)p-»pa(p-»pap);
3) (pv p)->p.
1.5.8. N3BECTHO, 4TO X —» Y WMMeeT 3HayeHne 1. YTO MOXHO CKa3aTb O 3HaYEeHMAX
s —>(x =Y\ X =y =y, (n—>y) —2?
1.5.9. CocTaBUTb Ta6NULbI UCTUHHOCTM 415 POPMYN:
1) (a -» N2)N(4 VA)-
2) (4 =@, =m) ) (A — >(a -4 4));
y(pra)r(pnt);
4) (Pa(2~P))vP;
5 (pn(eyp)n”->p)yn;
6) P—=QaP —=PVR-
7)(PA(evp))A((e-»p)ve);
8) (pre)v(?-4(gAp)).
1.5.10. [lokasaTb BbINOAHUMOCTb CHOPMY:
1) P-4 A
2) (Q-4 PaR)aPvR"Q;
3)
15.11. Kakune 13 BbickasblBaHU P,Q,R [OMKHbI 6biTb UCTUHHDI, @ Kakue N0X-
Hbl, 4TOGbI hopmyna v P a g )~> R 6Gbina UCTUHHOIA?
1.5.12. loka3aTb TOXAECTBEHHYH UCTUHHOCTb hopmyn:
1) P->(e-4Pnb6);
(e a)r{p” a)™i)-
3 (P~ r)*>((QAr)" (P VQ"R)):
4) (Q->/?2)"(PvQ -> Pv.fi);

5)(a” p)*((a” p)”" a);
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6)
7) (P-+Q)-"({Q-"R)-"(P-+R)},
8) P-4f.

1.5.13. MMpu Kaknx 3HauYeHUsx nepeMeHHbIX P,Q>R cneayrowine opmysbl N0XHbI?
1) ((P-+QaR)->(Q-"p))->Q;
2) (PvQ)vR)-"((PvQ)a(PvR),
3) (PvQ)->((?aQ)v(Pas)).

1.5.14. lokasaTb, 4TO:

1) Ecnm cpopmynbl Pv Q u Pv R TOXAECTBEHHO UCTUHHbI, TO hOpMy-
na QV R TOXAECTBEHHO UCTUHHA.

2) Ecnu cpopmynsl Pv Q m Rv Q TOXAECTBEHHO WCTUHHBI, TO hopmy-
na P —>R TOX[eCTBEHHO UCTMHHa.

3) Ecnm cpopmynel PvQ . P AR, Q—W TOXAECTBEHHO WCTWUHHbI,
T0 hopmyna RV Wb TOXAECTBEHHO UCTUHHA.

1.5.15. CKOMbKO MMEETCS PasNuuHbIX (T. €. OT/IMYAKOLLUXCA UCTUHHOCTHBIMK Ta6-
7IMLAMM) ABYMECTHbBIX IOTUYECKUX OMepaLuii?

1.5.16. Bblpa3unTb BCe OCHOBHbIE OMepaLK Yepe3 KOHBIOHKLMIO U OTpULaHue, Ye-
pe3 AN3BIOHKLMIO 1 OTPULLaHMeE.

1.5.17. T1ycTb UMeeTcs HekoTOpaa noruyeckas onepauus © Haf NPOCTbLIMU BblCKa-
spiBaHuaMn A, fl2.  [],. Onepauns ® ¢ TOYHOCTbIO [0 PaBHOCWU/LHO-

CTW XapakTepu3yeTc WCTUMHHOCTHOW Tabnuuei. Hanpumep, BO3bMeM
(Tabn. 1.5.1) HeKOTOPYKO KOHKPETHYK Onepauuto Hajg Tpemsi MpoCTbiMU
BbICKa3bIBAHUAMM:

Tabnuua 15.1

A nz2 4 ® 4 n2 4 ®
1 0 0 1 0
I 0 | 0 0 0
1 0 1 1 0 0 1 1
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Torga onepaumio, UMEIOLLYH0 [aHHYIO WCTUHHOCTHYIO TaBauly, MOXHO
MONYYMTb, NEPEUNCNAA CUTYALMN, B KOTOPbIX BbICKa3blBaHWe © UCTUHHO,

T.e. (An™Na M) (g nA3nAs)v(sgnA2n A)v (g n A2n A3).
O606LWNTb NPUBEAEHHYH KOHCTPYKLIMIO Ha CNyyvail MPOU3BOMbHbIX 10FU-
yeckux onepayuii ©.

1.5.18. loka3aTb CnefytoLL e paBHOCUILHOCTHU:
1) Ar>B= An~B\
2) Aa(AvC)n(Bv C)=(AaB)v (AnC);
3) An As J1;
4) Av(BaA)s A;
5) Av(BaC)s (AvB)a(AvC),
6) (AnB)v ((Av B)n (av it))= Av B;

7) AvB=AnB.
1.5.19. [oka3aTb, 4TO AN5 NOGOW hOPMYNbI CyLLeCTBYET 3KBUBANEHTHas eil dop-

Myna C TECHbIMU OTPULLAHWAMY, T. . POPMY/a, B KOTOPOIA HET CUMBONA —>
1 OTPULLAHUS OTHOCATCS TOMbKO K MPOMO3ULMOHAbHBIM NepeMEHHbIM.

1.6. Anrebpa byns

PaBHocunbHOCTK (1.4.3) roBOPAT 0 TOM, 4TO anre6pa normkuM obnagaet KOMMyTa-

TUBHbIM, aCCOLMATUBHbLIM W AUCTPUGYTUBHBLIM 3aKOHaMWU TOYHO TaK e, Kak an-

re6pa umcen. To 3HAUWT, 4YTO Hag hopmynamm anre6pbl NOTMKU MOXHO MPOMU3BO-

OUTb Te Xe npeobpa3oBaHUs, 4YTO M B anrebpe umcen (packpbiBaTb CKOBKM,

BbIHOCUTb 06LLME MHOXWUTENN UT. 4.).

OfHako 3[eCb eCTb 1 JOMOMHUTENbHbIE BO3MOXHOCTM, OCHOBaHHbIE, Hampumep,
Xa (y vX)=x)

Ha cpopmynax (1.4.1) n (1.4.2), Tuna xvL =1, — 3aKOHbl No-
v (y ax) =X)

rNOLLEHMS, 3aKOHbI ;e MopraHa 1 p. 3TN HOBble BO3MOXHOCTU MO3BONAIOT CAe-

NnaTb HECKOMbKO 0606LLEHNIA B BUAE MHTEpPNpeTaLmMiA chopmyn anrebpbl NOMMKK.

MpejcTaBuM  HemycToe  MHOXecTBO M anemeHToB  nio6oii  mpupogsl

M ={o, 0, z,..}, Ha KOTOpPOM oOnpefeneHbl [ABe ABYMECTHble OMepauuu:

X,y =» X By — YMHOXEHUE N X>Y =» X + Yy — C/IOXEHUEe ¥ OfjHa OJHOMECTHas
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onepauus X=3> X — 0TpULaHUA 1 BbiAeNeHbl 4Ba 3neMeHTa o U 1 e M, npuyem
[0S 3TUX OMNepaLnii 1 31eMeHTOB BbINOMHAKTCA CNEAYHOLLME aKCUOMBI.
5 +6=6+0 .
— KOMMYTATVBHbI 3aKOH.
L w6 - 6 mo |

o+ (o+r) =(o+ 0)+z
- aCCOLMATMBHBIN 3aKOH.

x-{y-z)=(x-y)-z

(4+ 0)-z = (0z) + (6-2) J\_

AMCTPUOYTUBHbIN 3aKOH.
(66) +z=(6+2)"(6+2)J

6+ 6 =0)
f — 3aKOHbl MAEMNOTEHTHOCTU. (1.6.1)
6-6-61J
6+ 6 - 6- 6\
. _> — 3aKOHbl e MopraHa.
0- 6=10+ 0J

4. X =X — 3aKOH JBOMHOI0 OTPULIAHUS.
6+(0m)=6]
0+(6 +0) =0j

3aKOHbI nornoueHns,

Torga Takoe MHOXecTBo M HasbiaeTcs 6yneBoit anre6poil. Ecam nog oCHOBHbI-

MU onepauuaMu , "=" NOHUMaTb AN3bIOHKLMIO, KOHBIOHKLMIO, OTPK-
LlaHWe 1 PaBHOCUALHOCTb, TO K3 dhopmyn (1.4.1)—1.4.3) BUAHO, YTO BCE aKCUOMbI
GyneBoii anre6pbl BbINOMHAOTCA. B Takmx cnyyasx roopsit, 4To UMeeTcs UHTEP-
npeTauns (Mogenb) faHHOR cuCTeMbl akcuoM. WTak, anrebpa normMku— WHTep-
npetaums anre6psl byns.

MOoXHO GbIno Gbl NpW onpegeneHun 6ynesoid anre6pbl UCXOANUTL U3 OAHOI ABYMe-
CTHOI1 omepaLuK, Hanpumep YMHOXeHWs, fOONpeAenvB ApYryto Npy NoMoLmM 3a-
KOHOB e MopraHa.

Bynesbl anre6pbl ABASIOTCA MpUMepamMu aKCUOMaTU4ecku 3afaHHOro anrebpaunye-
CKOro 06bekTa. ITU 06bEKTbI NPEACTABNAKOT COBOW MHOXECTBA, B KOTOPbLIX Bblje-
NleHbl HeKOTOpble 3/1eMeHTbI (Hanpumep o 1 1) 1 onpefeneHbl HEKOTOPbIE OnepaLuy,
TV 3MeMeHTbl 1 OnepaLy A0MKHbI YA0BNETBOPATL KOHEYHOMY Habopy aKcUOM.

CyLLeCTBYIOT U MHble HENOTUYECKMe MHOXECTBA, Takxe o6pasytoliue anreGpy
Byns. Hanpumep, nM3BecTHas MHTepPRpeTauus— TeopUs MHOXECTB, a WM

" O6be,qVIHeHI/Ie, nepeceyeHmne 1 AoMNoONHeHUe B TEOPUN MHOXECTB.
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YKaxewm elle ogHy cuctemy, ygosnetsopsiowyto (1.6.1). Mycte M — orpaHu-
UEHHOE MHOXECTBO [AEMCTBMTENbHbLIX uYmMcen X Takux, uto 0 <x< A A"O.

Monoxmum X =A- s\ X+ y - wax(x,y), X-y =min(x,;y). Ponb Hynesoro
anemMeHTa 6yAeT UrpaTb HUXHAA rpaHb JAHHOTO YMCNOBOTO MHOXECTBA, T. €. YMC-
N0 0, pob eAMHUYHOTO 3/1eMeHTa— BEePXHAS rpaHb— umncno A. 3aKoH NpoTu-
BOpeYMss U 3aKOH WCKNlOYeHHoro TpeTbero w3 (1.4.1) 6yayT wMeTb BUj

X-x =0, X +x =A.Torga MHOXecTBO M ¢ Tak onpegeneHHbIMM onepauuimMm
N TaK onpeaeneHHbIMU 3/1eMEHTaMK o, 1 ABAAeTCa 6ynesoit anrebpoi.

B TOM cnyyae, korga MHoxectBo M coctomT m3 AByx umcen 0 u 1, aTa cuctema
npepcTaBnseT co6oil anre6py BbICKasbiBaHWUIA, B KOTOPOW MCTUHA 3aMEHSETCS Bbl-
[eNeHHON eMHNLEN, @ NOXb — HYNEM.

Mycts M n N — gBe 6ynesbl anre6pbl. OToGpaxeHNe X=$ X , CTaBsALLee Kax-
nomy XE M B cootseTcTBMe 37eMeHT x e N, Ha3biBaeTcs ToMOMOP(UIMOM 6By-
nesoii anre6psl M B 6ynesy anre6py N, ecnm

Qo

1= lyv >

? =, (1.6.2)
XV Yy =XV~y,
XAy =xTrly

ans Bcex X, YE M . HuxHue nHgekcsl y 0 v 1ykasbiBatoT, B Kakoid anrebpe oHu
ABNAKOTCA BbIAENEHHBIMU 3N1IEMEHTaMU.

Ecnu roMmoMopmsm X=3> X ycTaHaBNMWBaeT B3aMMHO OJHO3HAaYHOE COOTBETCTBUE
Mexgy M m N, To oH Ha3biBaeTcs M30MOpM3MOM 6ynesbix anre6p M u N,
a camu 6yneBbl anre6pbl B 3TOM CNyyae HasblBAKOTCS U30MOP(HbIMU. Mpumepos
n3omopdrsma 6ynesbix anrebp o4eHb MHOTO. MepBblii NpumMep — anre6pa BbicKa-
3blBaHWI1 1 anre6pa MHOXeCTB. [Lpyroii BaxHbIii npuMep n3omMopgusma 0OTHOCUTCS
K camoii anre6pe BbickasbiBaHUIA. AkcroMbl (1.6.1) 6yneBoit anre6pbl TakoBbI, YTO

€CNN BCIOZY MOMEHSTb MECTaMW o U 1, AU3BIOHKLUMIO U KOHBIOHKLMIO, TO Mony-
umMTCA Ta XKe akcmomaTuka.

Mycte M — 6ynesa anre6pa. MocTpoum HoByto Gynesy anre6py M + koTopas
6yfieT COCTOSTb W3 TeX Xe 3NeMEHTOB, 4To U M, HO C ApYrUMK OmnepaLuamu.

OnemeHTHl X, Y,... M3 M, paccmaTpuBaemble Kak anemeHTbl M +, 6ysem 0603Ha-

yatb X+ Y +,...; anemeHTsl Q 1 gna M +— uepe3 0+4) 1+. Torga nonoxumm

1. 0+=1+0 8 M+—23T0 18 M)\
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2 1 =0+18B M' —3t008B8 M);

3 x+v Vh={XN 3)T(ansvonkuus 3NEMEHTOB B M +COOTBETCTBYET konbio HK-
LMK 3TUX 3nemeHToB B M)\

4. X ay+—xv )) (KOHbIOHKUMA 3nemeHTOB B M* coBnagaetr ¢ ux AuU3b-
tOHKUpeli B M)-
Bynesa anre6pa M T HasbiBaeTcs ABOMCTBEHHOW K M. OueBugHo, uTO

(M*)* =M.

1.7. PyHKUUM anredpbl 1OTMKU

dopmyna anre6pbl NOTUKKM ABNSETCS (PYHKLMEN BXOAALLMX B Hee 3NEMEHTApPHBbIX
BbICKa3blBaHWA, ee apryMeHTbl NMPUHUMAIOT ABa 3HAUYeHUS: o 1 |, NPW 3TOM 3Haye-
HUe hOpMyNbl MOXET GbITb PaBHO o WM .

OyHKUmeii anrebpbl NOTUKN N nepeMeHHbIX (Unn yHKLMed Byns) HasbiBaeTcs
pyHKUMs 7L NOTMYECKUX MEepPeMEHHbIX, T. €. (PyHKUuMeli anre6pbl 1OrMKK
f{X™ ,XT,...,XN) OT N NepemMeHHbIX JF 2>, XN HasblBaercss yHKLUA, NPUHN-

Maroulaa 3Ha4eHua o, 1, apPrymMeHTbl KOTOpOVI TakKXe NMPUHUMAKOT 3HaYeHUd o, 1.

dyHkuma f(X™,X2,...,XN) 3a4aeTcs CBOEH UCTUHHOCTHOI Tabnuueit (Tabn. 1.7.1).

Tabnuua 1.7.1

o xn le)

0 0 0 0 /(0.0, ,0,0)
i 0 0 0 /(1,0,. ,0,0)
0 /0,1, L0)

1 1 | 1 Jo n)

M3 aTOii TaBNWLbl BUAHO, YTO YMCNO PA3NUYHBIX ABOUYHBIX HABOPOB ANUHBI N

X\iX2)...ixIl koHeuHoi pasHO 2".

WECHO, YTO TaBTONOTMM U TOXAECTBEHHO NOXHble (PYHKLMM anrebpbl NOTUKN Npes-
CTaBAAIOT COBOM NOCTOSHHbBIE (PYHKLIMM, & [ABE PaBHOCM/IbHbIE (HOPMY/bl BbIpaXatoT
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OfHY M Ty Xe yHKuMI. Kaxaas thyHKUMs onpesensietcs TabnuLeid UCTUHHOCTY,
cocTosLeld M3 2" CcTPOK, T. e. NPUHMMAET 2" 3HaueHuWiA (kaxgoe 0 nan 1). O6Lee

yncno Habopos M3 0 W | annHbl 2" paBHO 21 . 3TO YMCNO PaBHO YMCNy pasnnuy-
HbIX (PYHKLWIA anre6pbl NOTUKU N MepeMeHHbIX.

OyHkumna  anrebpbl  normkn  f{x]y...yxi_l,Xi>Xi+....xn) 3aBucuT cywect-
BEHHbIM 06pa3oM OT aprymeHTa X{, ecnu CyllecTBYIOT TakuMe 3HaueHUs
al,..aM,a/ai+,...an NepeMeHHbIX X]=..,xi_],xi,xi+],...,xn, 4To
/(ap..>aM,0,a,+,..,a,))" /(a,,....am Osarh,...,an). B atom cnyyae nepe-
MeHHas Xt Ha3blBaeTcs CYLeCTBEHHOM, B MPOTMBHOM Cly4yae — HECYL|eCT BEH-

HOM,, MM PUKTUBHOR. OYEBMAHO, YTO MOCTOAHHbIE (DYHKLMM He MMEIOT CyLecT-
BEHHbIX MEPEMeHHbIX.

m Mpumep. f{x) — dyHKUWs oaHOI nepemeHHOI. Ee BO3MOXHbIE 3HaUeHUS
npueefeHbl B Tabn. 1.7.2.

Tabnnua 1.7.2

0 1 0
/,(X) =1 (NOCTOAHHa#A, He 3aBUCUT 0T X, X — (PUKTVUBHaA NepemeHHas),
f AX)= o (NOCTOSIHHAS, HE 3aBUCMT OT X, X — (DUKTWUBHAs NepPEMEHHas),

f2{x)=x, fz(X)=X, B 72 M 73 X — CyLeCTBEHHAs MePEMEHHas.

Ecnm 1 =2, To 2°* =16. VIMEHHO CTONMbKO CyLLLECTBYeT PasNnUyHbIX CoyHKLiA
[BYX nepeMeHHbIX. Mepeuncnum nx B Tabnuue UCTUHHoOCTH (Tabn. 1.7.3).

Tabnmya 1.7.3

Xy n 3 n

nnnnn hoi/nj2/03mts e
1 0 0 0 0O 0 0 1 10

0 0100100 01010

0 0 0O 0 1 00 1 00
00 0 0O0O0OOT11O0 0 1 10
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Bbipasum Tenepb BCe 3TU (PyHKUMW 4epe3 3HAYeHMs aprymMeHToB Xuy : /, =1,
f2sXVvy, 3=X, [4=X0Yy, fs=X-¥Y, [6=Y-¥X, [T=UVVy,
ft=X<r)y, Ji)y=Xx, /llo & X <>Y, I = >, nz2 =y, /13 SXA Y,
fl4a=x"y, fs =y-~x, fl6=0.

Onpegenvm Tenepb OMepauuio Cynepnosnuun yHKUWA. VIHTYWTUBHBINA CMbICH
37OV OrepaLyMn COCTOMT B TOM, YTO B apryMeHTbl (OYHKLMM MOACTaBAAIOTCS ApPY-
rve oyHKLUMM, HEKOTOPbIE MEPEMEHHbIE MOTYT OTOXAECTBASTLCS. MycTb

G = {pi *{]>*12— ) o O, 1 EH.2'-" ALX] )} -
KOHeuHas cucTema goyHKUMiA anre6pbl N10TMKU. GYHKLWS W Ha3biBaeTCs cynepno-

3uuMeit NepBoro paHru, WM anemeHTapHoi cynepno3uuymneir xyeG~”, ecim oHa
MOXeT 6bITb NOMyYeHa OfHUM U3 CledytoLMX Crnoco6oB:

1. 3 Kakoii-To doyHKuMM (hEC nepeMMeHOBaHWEM KaKOW-TO ee nepeMeHHOM
xji, Hanpumep W=<(;  ,, X] 2,..., XjJ_,,y,X] M ).

2. TofcTaHOBKOW HEKOTOPOW (hyHKUMM b, € G BMECTO Kakoro-HubyAb aprymeH-
Ta Xy B doyHKUMM chre G, T. €.

Vo= <t>{AX] 2, -, X 11 ipl(xu  XI'2, . XIKi} x i+l -, X 1j:i) .

Cynepnosvumn r-1-1-ro paHra sSBASKOTCA 37eMEHTAPHBIMU  Cynepno3uunamm
(PYHKUWMIA M3 Cynepno3nuymum T -ro padra, T. e. GY4lN=

Kaxpoi chopmyne anreGpbl N10TVKU COOTBETCTBYET CBOS (PYHKLMs. Ecnv chopmynbl
A 1 B 3KBMBaneHTHbl, TO COOTBETCTBYHOLME WM  (DYHKLMW  pPaBHbI:
Ja(x\"" X2 N'-i1xn) — 3TO 3HAYUT, YTO MPY BCEX 3HAUEHUAX Mepe-
MeHHbIX X],X2,...,XN 3HayeHus j Jlu f B coBnagatoT.

1.8. PasnoxeHne 6ynesbix QyHKLU WA
No nepemMeHHbIM

PaccmoTpum  Bonpoc  mpeAcTaBneHus  //-mecTHoii  Gynesoit  dhyHKUMK
'/ (*!',X2,..,,XNN) KakoW-HMGYab chopmynolt anrebpbl BbICKa3bIBAHWIA.

BBefeM 0603HaueHMe: X° =XaVv Xa . 4e C — napameTp, paBHbIA o WM 1.

OuyeBnaHo, 4YTo Y° = {*' °
NMo=1
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Teopema 1.4. Kaxaywo dyHkuuto anrebpbl norukn  (jCj, 12w ) npu nio-
6om W (I <m<n) MOXHO NpeacTaBUTL B crepytoLieit hopme:

f{X,X2,....xmxmM,...,X,,) = v x> IX® n..x°: N
(1.8.1)

rae AM3bLIOHKLMA GepeTca Mo BCEBO3MOXHbLIM HaGopam 3HaueHWii MCPemMeH-
HbIX X],X2,...,XLU.

[lokasaTenscTBO.  YKasaHHOe B Teopeme  MpeAcTasneHue  (PYHKUMM
Ha3blBAaeTCA PasNoXeHneM (yHKUMM mo T nepe-

MeHHbIM X],X2,...,XnL

PaccmMoTpuM Npomn3BO/bHbBIA Habop 3HaYeHW BCeX MepemMeHHbIX AaH-
HOVi oyHKLMW. TToKaxeM, YTO Ha 3TOM Habope NieBas M Npasas YacTb hopmysbl (1.8.1)
NPYHUMAIOT OHO W TO Xe 3HayeHue. JleBas vacTb paBHa / (a,,az2,...,aJ(), Npasas

V. annazan.a*™n/(aloz,..0,,a,%..a,)=a"na? n..a%n

n/(ala2,...a,,a,t..a,)=/(alaz..a,ps,#..a,),

m i

T.K. a™ =1,€ecnn TONbKO a =a , ecimxe a 0o, To a” =o U COOTBETCTBYIO-
LLlee NOTMYECKOE CNaraeMoe MOXHO OTBPOCHUTE.
CneacTaue 1 (pasnoxeHvie No O4HON nepemMeHHOI).

JEa)= 0 fiXG XX, )Y

(1.8.2)
B atom cnyyae doyHkumm f(x 1, x1,.... XTI ,1) un HasblBaloTCA
KOMMOHEHTamu pasnoxeHuns.
CneacTame 2 (pasnoxeHWe Mo BCEM MEPEMEHHbIM).
f(x1,x2,...%,_l.%,,)= v X' xa2 .. X~ N
ai02.."n (1.8.3)

n/(alaz,..a,_|0,)

OuesugHo, yto ecin f(x ],x2,-.-,xn)h 0, 10
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NTak ecnun cpyHKumS He AB/IAETCA TOX/AECTBEHHO NOXHOMN (hYHK-

Lyel, TO OHa MOXeT ObiTb BblpaXeHa PaBHOCW/bHON (DOPMYNON, NpeacTaBnsto-

LLiei COBOV NOTUYECKY0 CYMMY pa3MuHbIX NPOU3BefeHWA Buaa Y3, npuuem Ta-

KOe MpeAcTaBieHNe eMHCTBEHHO.

thopmyna (1.8.3) HasbiBaeTCA AM3bIOHKTUBHOA HOpManbHoi dopmoii. Ee Bug mo-

XeT 6bITb 3HAUMTENbHO yNpoLeH. 3BeCcTHO, YTO BCAkas chopmyna anrebpbl noru-

KN MOXeT 6bITb MyTeM 3KBMBaNeHTHbIX MpeobpasosaHuii no dopmynam (1.4.1)-

(14.3) cBefeHa K hopmyne, COfepxallieil TONbKO KOHBIOHKLMIO 1 OTPULLAHWE UK

AV3BIOHKUMIO 1 OTpULaHKe. B pesynbTaTe MpoBefeHWs 3KBMUBaNeHTHbIX Npeobpa-

30BaHUI MOTYT MOMYYUTLCA HECKONbKO (hOPMYA, OAHAKO TOMbKO 0AHA M3 HWX By-

feT o6nafath cnefytoLMMmn CBOMCTBaMM:

1. Kaxpjoe nornyeckoe cnaraemoe COAepXuT Bce nepemMeHHble, BXOAsALLMe B chop-
myny

2. Hwn ogHO nornyeckoe cnaraemoe He COAePXWT OfHOBPEMEHHO MePEMEHHYIO W
ee oTpuLaHue.

3. Bce norunueckue cnaraemble B oOpmMyne pasinyHbl.

4. Hu ofHO noruyeckoe cnaraemoe He COAePXWT OAHY W Ty XXe MepeMeHHyto
ABaXAbI.

OTM YeTbIpe CBOICTBA Ha3bIBAKOTCSA CBOMCTBAMM COBEPLUIEHCTBA.

Ecm /(x,,x , Xn) 3agaHa Tabnuueii UCTUHHOCTW, TO COOTBETCTBYtOLas hop-

Myna anre6pbl N0rMKU BOCCTaHABNMBAETCA [AOBOMLHO MPOCTO. [N1s BCEX 3HaYeHUid

apryMeHToB X15X2,...,X (, MPU KOTOPbIX / MPUHUMAET 3HAYEHWE 1, HYXHO 3anu-

CaTb KOHBIOHKLMIO 3/1EMEHTApPHbIX MePeMeHHbIX BbICKa3blBaHWIA, B3fB 3a unieH

KOHBIOHKUMM X, ecnn X( =1, n A", ecrm x =0. [M3bIOHKLWA BCEX 3anuncaH-

HbIX KOHBIHOHKLMIA 1 6yaeT Heo6xoAMMOl dhopmynoii. O 3HayeHusax / =0 MOXHO

He 6ecnoKoOMUTLCA, T. K. COOTBETCTBYHOLLEE cnaraemoe B hopmyne 6yfeT paBHO o U

ero MoXHo 0TépocuTb B cuny ycnosua / vo =/.

* MMpumep. 3agaHa Tabnuua UCTUHHOCTK (Tabn. 1.8.1) cpyHkumm F (x,y,z).

Tabnuua 1.8.1

Xy ya X 3 )
1 0 1
1 0 0 0 1 0 1
0 1 0 010 1
0 0 o 0 0 1
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Otcroga f(X, Y, Z) =Xyzv XyzV Xyz Vv Xyz v Xyz. YNpocTum 3Ty chopmyny.
f(X,y,2) =yz(Xvx)v XZ(yvy) V*)Z=yzv *zv jryzs
=YZv(zVvyz)=YZv = (zVy)(zVz)=yzVijc(zV v)=

={yzvn(yzvzvy)sQvivaczy *Nn(yvzvy) N(zvzvy):=

=gy vX)N@zviga@Evyn(yvys=(yvX)A(zv X)=(*v _vA(Xvz)=

=*v(ynz)=*-—>YyZ

1.9. AIN3BbIOHKTUBHAA U KOHBIOHKTUBHASA
HOpMasibHble DOPMbI

dopmyna Axp N..nx°", rge o={o,,02,...,0,,} — Kakoin-HN6yab [ABO-
WYHbIA Habop, a cpeaun MepemMeHHbIX [, MOTYT GbiTh COBMajatoLLMe, HasblBaeTcs
371EMEHTapPHON KOHBIOHKLWEN, MAM KOHBIOHKT OM.

BcsKkas AU3bIOHKLMA 3M1EMEHTapHbIX KOHBIOHKLUMIA Ha3biBAeTCA AW3bIOHKTUBHOI
HOpManbHoii hopmoii (cokpawieHHo AH®). O Heli yxe ynomuHanoch B cneact-
BUW 2 Teopembl 1.4

dneMeHTapHas KOHbIOHKLMA Ha3blBaeTcs ﬂpaBMﬂbHOﬁ, ecnn Kaxpaaa nepemeHHas
BXOAUT B Hee He 6onee OAHOro pasa, BK/AKOYasa BXOXAEHUA NOA4 3HAKOM oTpuua-
Hus. MpaBuibHaa afeMeHTapHas KOHBLIOHKLUWA Ha3blBaeTca NONTHOW OTHOCUTENbHO

NepPeMEHHbIX X{,X23...3XM, eC/IM KaXJas W3 NepeMeHHbIX BXOAWUT B HEe OAWH W
TONbKO OAMH pa3. Hanpumep, Xix2x3x4— nonnas npasuibHas 3nemMeHTapHas
KOHBIOHKLMS, @ XXXXX2 — HenpaBuibHas 3NeMeHTapHas KOHbIOHKLNS.

Lns nto6oit chopmynbl anreGpbl NOTUKU MyTeM 3NeMeHTapHbIX Npeo6pasoBaHuit
MOXHO NonyunTb ee JH®, npuyem He eAMHCTBEHHYIO (He BCe POPMYNbI B Lienou-
Ke npeo6pasoaHuii 6ysyT OH®, HO MHOTME: UMEHHO Te, KOTOpPble COAepXaT

/MW onepauuu , Vv u 4 ). OfHaKo cpegu MHorux AH® nuwb ogHa 6yget
YZOB/ETBOPATL BCEM YC/IOBUSIM COBEPLUEHCTBA.

OH® hopmynbl anre6pbl NOTUKKW, YAOBNETBOPAIOLLE/ BCEM YeTbIPEM YCNOBUAM
COBEPLLUEHCTBA, Ha3bIBAETCA COBEPLUEHHON AN3BIOHKTUBHON HOPManbHO hOpPMON.

YCnoBuAMM COBEPLUIEHCT BA Ha3blBatOTCA CredytoLyme:
1. Bce nornyeckue cnaraemble B JH® pas3ninyHbl.
2. Kax/oe f0rnyeckoe cnaraeMoe COfepXuT BCe NnepeMeHHbIe.
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3 HW 0fHO NOTNYecKoe cnaraemMmoe He COAEPXNT Xt U Xi OfHOBPEMEHHO.

4 Hu ofHO normyeckoe cnaraemoe He cogepxut x{aBaxabl.

Takum 06pa3om, cOBEPLIEHHON JU3LIOHKTUBHOIA hopmoii (CAH®) oTHOCUTENbHO
nepemennbix XI>X2>..,XN HasbiaeTcs Takas [AH®, B KOTOPOI HET OAMHAKOBbIX

anemenTapHbix KOHBIOHKLWI W BCE 3MEMEHTapHbIe KOHBIOHKLMW NpaBUNbHbI 1
NO/HbI OTHOCKUTENBHO NepeMeHHbIX X{ XT,...bXJ1 WTaK, 4ns BCAKON pyHKumMm an-

re6pbl norvkn f{xi,Xx2,,..)Xn), He paBHOI TOXAECTBEHHO HYNtO, CNpaBeavBoO ee
cnegytoluee npeacTasneqme B suge CAH®:

7(*X2,..%,)= nola.a (19.1)

rae CUMBOA V. 03HAYaeT, YTo GepyTcs AM3BIOHKLWM MO TeM HaGopam MNepemeH-
HbIX, KOTOPbIE YKa3aHbl N0 HUM.

Ecnu doyHkums /7 (g™ ) 3afjaHa He UCTUHHOCTHOW Tabnuueld, a hopMynoii,

T0 ee CAH® MOXHO NOMYYnTb MyTEM PaBHOCW/bHbLIX NPeo6pasoBaHuil. 3ameTnM,
4To hopmynsl, sBnatoLwmecs AH®, MOXHO oxapakTepm3oBaTb Kak popmynbl, co-
[iepxatme TONbKO AU3BIOHKUMIO, KOHBIOHKLMIO U OTPULIAHWUE, B KOTOPbLIX OTpU-
LiaH1A CTOAT TONbKO Haj aprymMeHTaMu, ¥ BHauane BbIMONHAIOTCA BCE KOHBIOHK-
LMK, @ NOTOM AU3bIOHKLMUN.

WTak, anroputm nonyyeHns CAH® Takos:

1 [na dopmynsl A nonydaem nobyo AHD.

2. Ecm B [OH® ectb cnaraemoe B, He copgepxauiee A\, TO 3aMeHseMm
B=Bn(x(v Xi)=(BaX)v(Ba Xi.

3. Ecnm B JH® BCTPeTMTCA fBa OAWHAKOBLIX CNaraemblX B, TO NMWHee MOXHO
oTépocuTb, T. K. Bv B =B .

4. Ecnu B HekoTopoe cnaraemoe B B JH® A Xt BXOAMT ABaXAbl, TO NNLLIHIOW
MOXHO 0TO6POCUTb, TaK Kak Xta A( = X;.

5. Ecnn cnaraemoe B B OH® A cofepXuT KOHBbIOHKUMO ar/nn:/, TO
Xtn Xi =0 n B =0, 13T0 cnaraemoe MoXHo oT6poCUT.

®opmyna Buga Xfl v xp v ..v x°'1 HasbiBaeTcs 3NeMeHTapHO JU3bIOHKLMEN

UMM U3bIOHKTOM. TIyCTbIM JU3BIOHKTOM Ha3blBaeTcsi KOHCTaHTa 0. [IM3bIOHKT
HEBLIMONHNUM B TOM M TONILKO B TOM C/lyuae, eCivt OH MyCTOM.
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KOHBIOHKTUBHON HOpManbHoit popmoii (KH®) chopmynbl A HasbiBaeTCcs pasHO-
cunbHas el chopmyna, npeAcTaBnftoLLan COGOM KOHBLIOHKLMIO 3MEMEHTAPHbIX
AN3BIOHKUMNA. Ecnin KH® He cOfepXUT HI OAHOTO AW3LIOHKTA, T. €. MyCTa, TO OHa
9KBUBANEHTHA 1.

3nemMeHTapHan AW3bIOHKLWS Ha3biBaeTCs NPaBU/bHONA, ecnn B Hee Kaxzgas nepe-
MeHHasl BXOAWT He GoNee O4HOTO pasa, BK/IKOUAs WM BXOXAEHWS MOZ 3HAKOM OTpH-
LaHus. MpasunbHas 3NeMeHTapHas AU3bIOHKLMA Ha3biBAeTCs MOMHON OTHOCUTENb-
HO nepeMeHHbIX X[,X2,...)XN, ecnu Kaxpas W3 3TUX MepeMeHHbIX BXOAUT B Hee

OAVH ¥ TONbKO OAMH pa3.

Myctb R, x2 — Habop NOrMYeckMx NepemeHHbIx, a a =(0j,02,..,,01) —
NPOU3BONbHbBIA ABOWYHbIA HAGOP 3TUX MepeMeHHbIX. KOHCNT TYeHTON eauHMLbI
Habopa O Ha3blBaeTCA KOMBIOHKT X°[X°2..X°mM .KOHCTHTYeHT Ol nynq Habopa o
HasblBaeTcA AU3bIOHKT X]'tl v X2 2v...v xha'. OueBugHO, uto X°Jx?2..x°" =1

A"V X2°2V ...V X*='1 =0 TOTAA M TOMbKO TOTA], Korda X] =0,, X2 =02,

CoBEPLIEHHON KOHBIOHKTUBHON HOpManbHoli hopmoit (CKH®) oTHOCUTeNbHO Ne-
pemMeHHbIX X],X2,...iXit Ha3biBaETCA KOHBLIOHKTWMBHAA HOPMabHas (opMa, B KOTO-
PO/ HET OAWHAKOBbIX 3N1EMEHTAPHbIX AU3LIOHKLMIA U BCe 3/MeMeHTapHble AU3b-
IOHKLWN NPaBubHbI U NOSHbI OTHOCUTENLHO MepeMeHHbIX X], % ..., X1

Beskyto pyHkumio f{xy, X2,...,XM), 0TAMYaloLytocs OT TOXAECTBEHHO WCTUH-
HOI, MOXHO npefcTaBuTh B Buge CKH® cnegyrowmm o6pasom:
/(X,,X2,...%,)= __ N *Tyx? V- ovx e n-9-2)
/@102..a,)=0
rAe cMmMBON 1~ 0O3Ha4aeT, YTO KOHBIOHKLMK GepyTca No Tem Habopam nepemeH-
HbIX, KOTOpPbIE YKa3aHbl MOJ HUM.

3hecb cUTyaums Ta xe, 4to u ana AH®. Ons noGoii hopmynbl A cyliecTsyeT
Heckonbko KH®, cpegn HUX ecTb TONbKO OfHA, YAOBNETBOPSAIOLLAs YCNIOBUAM CO-
BepLlueHcTBa. 3Ta KH® HasblBaeTcs COBEPLIEHHON KOHBIOHKTWBHON HOpManbHoi
thopMmoit.

CsolicTBa coBeplueHcTBa AN KH®:

1. Bce COMHOXWTENW (AN3bHOHKLMM) PasnnyHbl.

2. Kaxfblii COMHOXWUTENb COAEPXUT BCE MepeMeHHbIe.
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3 Hu 0anH 13 COMHOXMTeNe He COAEPXUT X. M X, OLHOBPEMEHHO.

4 HV OfVH 13 COMHOXMTENel He COAEPXUT ABYX OAWHAKOBbIX NepeMeHHbIX.
CKH®, Tak xe kak n CAH®, moxeT 6bITb NonyyeHa ABymMs crnocobamu: m3 Tab-

ANUBI UCTUHHOCT AnA popMynbl A 1 NyTeM 3KBMUBaNEHTHbLIX NpPeobpasoBaHuii.
[eiicTBnTeNbHO, Haiigem cBasb Mexay CAH® n CKH®. Mpu 3TOM Hafo NOMHWTbL
cnefytolwime  akTbl:  NOMAHAs  MpaBUbHAf  3NeMeHTapHas  AWU3bIOHKLWA

jta v X°2v v jt®' paBHa Hyn Wb Ha Habope c 1sa2,...,a/; aHaNOTMYHO
nofHas npasufibHaa 3neMeHTapHas KOHBLIOHKUMA JI% a X~2 n .1 x°"  paBHa

eAMHULLE Ha OfHOM HaGope a, .a 2.....q 1. Torga ecm

COH® / = Vo X AxIL .0 xCk,
y(ol,02-f7)=
TOCAH® 7 =,V X"1A X2 N .. N Xo»
/11, @2-%2)=0
NCAH® 7 - v X2 AAV 1. AJF -
/0C2.. <0
= N _ R NARN px = M x\' VXj2V..Vx°”-
/©],02..0,)=0 ! )=0

Takum 06pa3om,

CKH® / =CAH® 7- (1-9.3)

Anroput™m nonyyeHus CKH® nyTem 3KBMBaNeHTHbIX Npeo6pa3oBaHUii MOXOX Ha
anropuT™ nonyyeHns CoH®:

1. Ans cpopmynsl A nonyuaem no6yto KHO.

2. Ecnu anemeHTapHasn AnsbloHKUMA B, Bxogswas B KH®, He cogepxmn] x(. T0
B =Bv(Xj Ax,) =(Bv x;)a(BvX,).

3. ECAM B HEKOTOPYHO 371EMEHTAPHYIO AU3BIOHKLUMIO B A\ BXOAWT ABaXAbl, TO NN~
HIOKO MEPEMEHHYHO X; MOXHO 0TGPOCUTB, T. K. X. V |\ = n*.

4. Ecnv KH® copepxXuT fABa OAWHAKOBbIX COMHOXWTeNns B, TO nuwHio0 ane-
MEHTApPHYIO AVU3bIOHKLMIO MOXHO 0TGpPOCKTb, T. K. Bn B =B.

5. ECNM B 3/1eMeHTapHYI0 AM3bIOHKUMIO B BXOAWMT mapa xtvx;, TO ee MOXHO

oT6poCUTb, T, K. X/V X- =i,a Bta 1=B..
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CoBepLUeHHble HOpMabHble hOpPMbl MNO3BONAOT faTb KPUTEPWIA PaBHOCWUNBHOCTM
[BYX NPOM3BONbHLIX chopMyn A 1 B . B camom pgene, KakoBbl 6bl HW Gbinu chop-
Mynbl A v B, B TOM cnyyae ecnim OHU COAePXaT OAHW W Te e MepeMeHHble, NX
MOXHO 3aMeHUTb PaBHOCW/IbHLIMU UM (hOpPMynamu, KOTOpble HEOGXOAMMO Npu-
BECTU K COBEPLUEHHbIM AU3LIOHKTUBHBIM WM KOHBIOHKTUBHBIM HOPMaNbHbIM
¢hopmam. Ecnn A 1 B — paBHOCMNbHbIE (HOPMY/bI, TO B CUAY €AUHCTBEHHOCTU
COBEpLUEHHbIX HOPMa/bHbIX POPM KaK KOHBIOHKTWUBHbIE, TaK W AU3bIOHKTUBHbIE
HOpManbHble hOpPMbl ITUX POPMYN JO/MKHBI NOSHOCTLIO COBNagaTb. Takum o6pa-
30M, CpaBHEHMe COBepLUEHHbIX HOpManbHbIX hopm chopmyn A U B peluaeT Bo-
npoc 06 UX PaBHOCWU/LHOCTH.

Mpu ynpoweHun AH® mnn KH® ygo6HO nonb3oBaTbCs CRefytoluMnM paBHO-
CU/IbHOCTAMMU:

XV XY= X,
X(XVy) =X,
xv XYy = xv Yy, (1.9.4)
xv XY= xv Yy, o
y)= Xy,
X(Xvy)= Xy

1.10. 3akoH ABOCTBEHHOCTU

Onepauus KOHbLIOHKUMM Ha3biBaeTcs ABOMCTBEHHOW omepaLun AW3BIOHKUAU W
Hao60poT, onepauus AM3bLIOHKLWM Ha3biBaeTcs ABONCTBEHHOM onepaunyM KOHb-
HOHKUMK.

DyHkuna  f*(xI>x2,...txn")= :  X,) HasbliBaeTcs [BOMCTBEHHOA K

yHkummn f{xp * 2 ®YHKUWSA, PaBHOCW/IbHAA CBOEN [BOMCTBEHHOMW, T. €.

Takas, uto f{xI,x2,...ixn)= f*{xI>x2t..txH=/(",*2,.Ha3blBaeTCA
CaMO0jABONCTBEHHO!. OUeBUAHO, YTO CaMOABOIMCTBEHHAA (PYHKLMS NPUHMMAET Ha
NPOTUBOMONOXHbLIX Habopax a(,az,...,aH U al,az,...,an MNPOTUBOMONOXHbIE
3HaueHMs.

Cpeawn anemMeHTapHbIX OyHKUWIA anre6pbl normkm 0, 1, X, X, XN x2, x]v x2

O [iBoiicTBEHHA 1; 1 [BOICTBEHHA o; X ABOMCTBEHHa X\ X [ABOicTBEHHa X\
x] a % ppoiicTBeHHa X] Vv X*; X]V X2 fBoiicTBeHHa "~ 4 " .
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V13 onpegeneHns ABOWCTBEHHOCTM CedyeT, uto /** =(/*) =/, T. e. yHKU¥A

Y fABnfeTCs ABOWCTBEHHOW K /* (CBOMCTBO B3aMMHOCTK).

chopmynbl anrebpbl NOrUKM A M A HasbiBatOTCA ABOACTBEHHbIMY, ecnu A* no-
nyyaeTcs U3 A MNyTeM 3aMeHbl KaX0i onepaLuy Ha JBOVCTBEHHYHO eii onepauuto.

PaccmoTpum cpopmyny A=XNYyy (X~ >y) A X =XNy Vv (Xv y)n X. [OBoiicT-
BEHHas eii chopmyna 6yfeT UMeTb BUE AF =XV y 1 ((xn J)v *)= X)(XyV X).

Mycts Tenepb f(X,y) =Xxny v (Xx—y) n x. MNo onpegeneHnto ABONCTBEHHON
dyHkumm f{x,y)= /72X y)=x/\yu{x _ym X=xny “F~y)n X&

&Xy n y)ax =Xy a (XvyVvx)= Xy(xy Vn).

Teopema 15, ®yHKL WA, ABONCTBEHHAS CYNePNO3HLHH HEKOTOPbIX (WYHKL WA,
paBHOCWMbHA COOTBETCTBYHOLWEN Cynepno3numMn ABOWCTBEHHbIX (DYHKLWIA,
T.e.ecnu

LL/(X,,*2,000,%,) =

\rxiz =
J(pF(FLLFL2>-%1% ) ©2A2,172.2. - LA ) Oy (*TAV 2.V *, ) -)
rae depes X}HX2,'-.,X 0603HayeHbl BCe PasNMUHble CMMBO/bI MEpPeMeH-
HbIX, BCTpeyatouimecs B HaGopax (1, 2me*L* )y &2\>x22>->x2h")’
(*1**111.2'—»*hi K, }*
JokasaTenscTBo. Mo onpeseneHnto [BOCTBEHHOW (PYHKLMK
»-0= w*,) =

STAINT . FU -5 U D) 027122251 2) -> O(ANTT IV * . Jovee)=

....... KLX). O TA L% 2,2 .- A )pe> <PH(v, IV, 25>V % )e-)=
= /AF(-FLLAL2 -5 U ) 9R 2021022 X2M ), L., O A V2.---Va., )e-)=

~7 @ (XD 1LX 12,0 t] ] ). @ FATA 12,2 - "N 2,%2)e--m O O IWXT ,2'-" X Tk, ) ")~
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B 3akntoueHune npusegem Ge3 foKasaTenbCcTBa elle Be TeOpembl O iBOACTBEHHbIX

PYHKLMAX.

Teopema 16. Ecnu ans dpyHkuum f{X~x2,...,Xn") ABOIWCTBEHHOI sBNAETCS
TO ChpaBejnnBa  PaBHOCUNBLHOCTb

=/ (X\,Xr,...,xn). 3Ta chopmyna 4OKa3bIBAETCS METOAOM MaTeMaTUUECKON WH-

AyKumm.

Ha ocHoBaHuK Teopembl 1.6 N1erko AoKa3biBaeTca cnefyroLLas.

Teopema 1.7. Ecnn dopmynsl A 1 B paBHOCWNbHbLI, TO PaBHOCUJIbHbI

1 BONCTBEHHbIE UM popMynbl, T. . A=B —=A* = 5*,

1.11. MpakTuyeckoe 3aHATME Neo 2,
PyHKUMN anrebpbl NOTUKN. 3aKOH
OBOMCTBEHHOCTM

1.11.1. Moka3aTb, YTO Kaxpaol chopmyne A anreGpbl BbICKa3blBAHWIA MOXHO CO-
noctasuTb doyHkumo / (A) anrebpbl NOrukK Tak, yto ecnm [ = A2, 10

/M=/M-
1.11.2. CKONbKO NMeETCs PasnnyHbIX yHKLMI anre6pbl NOTMKK OT M NepemMeHHbIX?
1.11.3. Mo Tabnuue NCTUHHOCTW, MpuBeAeHHON B Tabn. 1.11.1, HaiiTn dhopmynsbl,
onpegenstolime yHKLUN f2( x /3Ca[s-*2>x3)’
/4 X2,Xj), nnpugatb um 6onee NpocToii BUA.
Tabmua 1.11.1

" X3 /(X XAX,) ft (41 *X2W3) Y M * 1 xR f4 ,x2,x3)

1 1 1 0 0 0 1
1 0 0 0

0 1 1 0 1

0 0 0 0 1
0 0 0 0
0 0 0 0
0 0 1 1 1 1
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1114,

1.115.

1.116.

111.7.

1118

1-11.9.

HaiiTu BCe CyLLeCTBEHHbIE NePEMEHHbIE CNEAYIOLLMX (PYHKLNIA:
1) (xAJ')V(yAz);

2) (XAY)VX:

3 (x->(y 1) (Vory) o (v->1)).

BbIpasnTh C MOMOLLBHO CYNepnosnLuii:

1) 4, N — Yyepes v K

2) a UV 4epes —» U

3) uepes —» u o .

4) v yepes —» .
MpWBECTU K AN3BIOHKTUBHO W KOHBIOHKTUBHOM HOpManbHol dhopme:

D (1% a)-> (c-> a))->(s ->c).
2) ((((n B)->1)-» 5)-> c).
3) (a ->(e ->C))->((n-4 c)-4 (a -4 B)).

Mo AaHHOMY HaBopy 3Ha4eHWii MepPeMeHHbIX MOCTPOUTL 3N1EMEHTAPHYHO
KOHBIOHKLMIO, UCTUHHYIO AN JAHHOTO HaGopa 3HauYeHNii NepeMeHHbIX.

Lns cnegytownx doopmyn Haiitn CAH®, npu atom ans copmyn 1, 2,3 n5
1CMonb30BaTh fBa crocoba.

D) ((n-»8)-4{(BnC)-"(An Q));
2) ((A-> B)->a)->(A->(AnB))-,
3) (AnB)-"An (AnB)-" B;
HA->A-> @ -» A.)-))
5) re)—B 3 A

Cnegytolne hopMynbl NPUBECTU K COBEPLUEHHOW KOHBIOHKTUBHOW HOp-
ManbHOI chopme:

)(c”™ a)(bwvc-+a),

2) (AnB)—>Av (Aa(Bv C'j);
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1.11.10.

1.11.11.

1.11.12.

1.11.13.

1.11.14.

1.11.15.

YacTb |. MaTemaTuyeckas norvka
3) An(BvC)->(AaB)vC;
4) (avB-» Anc)—»A—-»AvBncC,;
5) Ajv Asv..v Ai—=B{n B2n..n
Haiitn CAH® ana BCAKOW TOXAECTBEHHO MCTUHHOW pOpMy/bl, COAep-
Xaueit:
1) OfHYy NepemMeHHYto.
2) [1Be nepeMeHHbIX.

3) Tpu nepeMeHHbIX.

Hailtn CKH® pns BCAKON TOXAECTBEHHO NOXHOW (hOPMynbl, COfep-
Kallei:

1) OfHY NepeMeHHyt0.

2) [1Be nepeMeHHbIX.

3) Tpu nepemeHHbIX.

MocTpouTb hopmyny OT Tpex NepeMeHHbIX, KOTOpas UCTWHHA B TOM U
TONbKO TOM CNyyYae, KOrfa poBHO fiBE NEPEMEHHBIE NOXHbI.

MocTpouTts chopmyny OT Tpex NepemMeHHbIX, KOTOpas MPUHUMaeT Takoe
Xe 3HaueHwue, Kak 1 60MbLINHCTBO (MEHbLLWHCTBO) MepeMeHHbIX.

MocTtpouts chopmyny f  OT NepemMeHHbIX X, Y, Z Tak, 4To6bl
[xn/~xny,
[xv/ =xv z

Mo pgaHHbiM CAH®NT wn CAH®T noctpout: CAH® (NyN) w
CKH® (nv 5).

1.11.16. Mo CKH® A noctpouts COAH® A*, rge A* — opmyna, 4BONCTBEHHAS

K A

1.11.17. TNOCTPONTL OYHKLMN, ABOWCTBEHHBIE CNEAYIOLLUM OYHKLIUAM:

1) OCHOBHbIM NOTMYECKMM OMepauusM 1 KoHCTaHTam 0, 1

2) OyHKUMU OT TPex MepemMeHHbIX, PaBHOM I, ecin YeTHoe umcno ne-
pEMEeHHbIX PaBHO eLuHULLE.

1.11.18. MokasaTb, YTO PyHKLMA XYV XZV YZ SBNSETCH CAMOfBOWCTBEHHOM.

1.11.19. CKONbKO MMEETCS CaMOABOMCTBEHHbIX (OYHKLMIA OT N NepemMeHHbIX?
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1.11.20. [laHa NPOM3BONbHAS HECAMOZBONCTBEHHAA (PYHKLMS. OTOXAECTBUTL Y Hee
nepemMeHHble Tak, YTOBbl MOMy4YmMnack NecamofiBONCTBEHNas (OYHKLWS OT
BO3MOXHO MEHbLLIEr0 YMC/a NepeMeHHbIX. Kakum MOXET GbiTb 3TO YMCN0?

1.12. MuHumMmnzauuns 6ynesbix PyHKL WA
B knacce AH®

KapTbl KapHo™

Kak 6bi10 paHee MOKa3aHO, NMPOM3BO/bHaA GyneBa (HyHKLMS MOXET 6blTb Mpes-
CTaB/eHa B AN3bIOHKTUBHOM W KOHbLIOHKTUBHOW HOpManbHOM hopme. OueBUAHO,
uTo cpeau 3TMX hopm GYAYT Takue, Kakme COAEPXAT MEHbLUEE YWUCNO MEPEMEH-
HbIX, YeM UCXOAHaS.

[V3bIOHKTUBHAS HOpManbHas (hopMa HasblBaeTcs MUHUMANbHOW, ecniu OHa co-
LEPXNT HaMMeHbLLEE YMCNO BXOXZAEHWI MepeMeHHbIX MO CPaBHEHWIO CO BCEMU
paBHOCW/bHBIMK el AH®.

dopmyna HasblBaeTcss UMNAUKAHTON chopmynsl B(x1x2,.--,xn),
ecnm A — npaBunbHas 31eMeHTapHas KOHbIOHKUMA M An B =B . MiMnavkaHTa
thopmynbl B HasbiBaeTcA NpocTOW, ecnu nocne

0TGpacbiBaHMA NOGOV NepeMeHHONR 13 A He nonydyaetcs hopmyna, ABAAIOLLAACS
UMNNVKaHTOW cpopmynbl B .

m [pumep. NMyctb A=XyZ v XyZ v XyZ v Xyz . Haiilem BCe UMNNKaUTbI U
NpOCTbIe UMMNKAHTbI 3TOW hopMy/bl N0 Tabn. 1.12.1.

Tabnmya 1.12.1

X vy z X 3 r Xy X yz
1 I 1 0 0 0 1 1 1 0
1 0 0 0 1 1 0 0 0
1 0 1 0 1 0 0 0 0
0 0 0 1 | 0 0 0 0
0 1 1 1 0 0 0 0 1 1
0 0 1 0 1 0 0 0 1
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0

whoap Hukona KapHo (Camot)( 1753-1823) — hpaHLy3ckuidi MaTeMaTuk.
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Xz

Xyz

yr
0 0
0 0
1 0
0 0
0 0
0 0
1 1
0 1

Xyz  Xxyz
0 0
0 0
0 0
0 0
0 0
0 1
1 0
0 0

Xy

Xyz

Xr

Xyz

Xyz

Xz

YacTb . MaTemaTuyeckas normka

Ta6nuya 1.12.1 (npogon>KeHue)

—_—

7y > X2 xyz
0 0 1 0

1 0 0 0

0 0 0 0

0 1 0 0

0 0 0 1
1 0 0 0

0 0 0 0

0 1 0 0

Ta6nuya 1.12.1 (okoH4aHue)

Xyz VXyz — Xyzv Xyz A

0 0 0
1 0 1
1 0 1
0 1 1
0 0 0
0 0 0
0 1 1
0 0 0

MpaBUAbHBIX 3N1eMEHTAPHbIX KOHBHOHKLWMIA Y 3TO hopMynbl 26, oun BCe NpuBese-
Hbl B Tabn. 1.12.1. VIMNAIMKaHTbI MO TabinLe HaxoAsTCA OUYeHb JIerKo; UMMINKaHT

BCEro CeMb: yZ, XY, Xz, XYz, Xyz>Xyz W Xy Z. KaXfyt0 13 HUX MOXHO Mpo-

BEPUTb aHaNIUTUYECKN,

Hanpumep,

Anyz —xyzv Xyzv Xyz v ayryn yz =

=XYZyzZ v Xyzyz v Xyzyz v Xyzyz S xyz v xyz =yz(x v x)= yz. [lpocTbl-

MU UMMNAWKaHTaMKU SBASIOTCA OpMyNbl YyZ, XY W XZ - Takum 06pasoM, cokpa-
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LeHHas JH® chopmynbl A GyfeT AN3bIOHKLMEN 3TUX NPOCTHIX UMMANKAHT: CO-
KpaweHHas JH®A =xj v XZv yr.

OueBMAHO, YTO BcAKas GyneBa (DyHKLMSA, He paBHas HyNt, NpeicTaBMMa B BUAe
cokpawerHoit AH®. CokpaleHHas JH® moxeT cofepxatb NULLIHNE UMMINKAH-
Xbl ypaneHune KOTOPbIX He MEHAET TabnuLbl UCTUHHOCTW. Ecnn yaanuTb 3Ty nuw-
HWE UMMAMKAHTBI, TO Nonydaetcs JH®, HasbiBaemas TYNUKOBOIA.

Tynukosas JH®, cofepxallias HAMMEHbLLIEE YNCI0 BXOXAEHWUA NepeMeHHbIX Bbl-
OKa3blBaHMIA, Ha3blBAeTCA MUHUMaNbHO AH® (MOH®).

'CoKpaLLeHHy0 JH® MOXHO MOAYyYUTb W C NOMOLLLI0 aHAIMTUYECKUX Npeobpaso-
BaHWIA 63 TaBNNLbI UCTUHHOCTU. [I1st 3TOrO MCMOMb3YHOTCS TPU OMepaLun:

1, MonHoe cknempaHre AXv AX =a(x v x) = A
2, HenonHoe cknenBaHne AXV AX =a(x v x)v Axv Ax = Av AXv AX.

3, 3nemeHTapHoe nornoweHre Axc v A =a(x° v 1)s A J&{0,i}.

Teopema 1.8 (Teopema KgaiHa). Ecnm B CAH® chopmynsl A npoussecTy Bce
BO3MOXHbIe OMepaLuy HenonHoOro CkNemBaHWsA, a 3aTeM Ornepauun 3n1emMeH-
TapHOro MOrfoLWeHns, To NONYYUTCA COKpaleHHas AH®, T. e. AU3BIOHKLUSA
BCEX MPOCTLIX UMMINKAHT.

PaccmoTpum chopmyny A 13 npefpiayliero npumepa. poussegem B Heil Bce
BO3MOXHbIe OMepaLun HernosIHOro CKNemBaHWA, a 3aTeM 3/eMEHTapHOro Mnorno-
LeHua. Torga

A=Xyz v Xyzv Xyz v Xyz =
=xz(y vV y~rvyz(xV X)v xy(zv z)v xyzv xyz Vxyz v xyz = XZVyzV
VXYV XYZV XYyZV XyzZV XyZ = XZ(lv YW YZ(UV X))V xy(lv Z)V Xyz =

=xzv Xyvyz(lv x)= Xyv Xzvyz.

Ana nonyyeHWs MUHUManbHOW [H® W3 COKpalLeHHON MCMonb3yeTcs MaTpuua
KBaiiHa, MMetoLLas cnefytoLyto CTPYKTYpy: B 3ar0f0BKM CTONGLOB MaTpULibl 3a-
MUCLIBAIOTCA KOHCTUTYEHTbl eAunHuubl CAH®, a B 3arofioBKM CTPOK— MPOCTbIE
UMM/IMKaHTbI COKpaLleHHol AH®. B maTpuue 3Be3404KaMy OTMeYaroTCs Te nepe-
CeyYeHus CTPOK 1 cToN6LO0B, A9 KOTOPbIX 3/eMeHTapHaa KOHBLIOHKLMS, CTOALLan
B 3ar0/I0BKe CTPOKW, BXOAMT B KOHCTUTYEHTY eAWHWLbI, CTOALLYIO B 3arosoBke
Cron6ua.
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Coctasum maTpuuy KsaiiHa gns cpopmynsl A B Tabn. 1.12.2. Mockonbky hopmy-
na A paHa B Buge CAH® (cm. Tabn. 1.12.1), maTpuua GyAeT WMeTb cnefyto-
NI BUA.

Tabnua 1.12.2
MpocTsie KoHcTUTyeHThl eauHubl CAH®
MUMMINKaNThI
Xyz Xyz Xyz Xyz
* *
* *
)Q -
* *
yz )

B tynukosyto AH® BbIOMpaeTcs MWHUMANbHOE YMCNO MPOCTbIX WMMMAWUKAHT,
OVN3BIOVKLMA KOTOPLIX COXPAHAET BCE KOHCTUTYEHTbI eAnHuLbl CAH®, T. e. Kax-
Ablii cTon6el, maTpuubl KBaiiHa cofepXuT MO KpaiiHel Mepe OfHY 3BE3A0YKY,
CTOALLYIO Ha NepeceyeHnn CO CTPOKOW, COOTBETCTBYIOLLLE OfHON 13 BbIGPAHHbIX
UMNAVKAHT. 3aTeM W3 TYNUKOBOMW BbIGMpPaeTcs MuUHUManbHas AH®. B Hawem

cnyyae Tynukosaa JH® pasHaXzZ v yz, oHaxe 6yaeT pasHa MAH®.

Ewe oauH, Ha Haw B3r/isg, 60/ee rpOMO3AKMIA COCco6 NO/yueHUs MUHUMANbHOM
OH® paet ncnonb3osaHue kapT KapHo. KapTa Kapro cogepxuT 2n Knetok, Kax-
Las U3 KOTOPbIX COOTBETCTBYET OAHOW M3 2N BO3MOXHbIX KOMOUHALMIA 3Haue-
HW/A N NOTWMYECKUX NepeMeHHbIX X1X2,...,XN. O6bI4HO KapTa CTPOMTCA B BUAE

MaTpuLbl pasMepoMm 2K Ha 2M~K TaK, 4TO ee CTON6Lbl COOTBETCTBYIOT 3HAUYEHMUSM
nepeMeHHbIX X1,X2,...,XK, CTPOKM— 3HAYEHUAM MepeMeHHbIX XW ,XK+2...,XM,
a CoCefiHMe KMEeTKN OT/IMYAlOTCA TObKO 3HAYEHWMEM OAHOW MepeMeHHON Kak no
BEPTMKaW, Tak 1 N0 ropu3oHTaNU. [N KaxXA0A (yHKLUMN MOXET BbiTb MOCTPOEHO
HECKO/bKO pasnnyHbIX KapT KapHo.

Lns chopmynbl A, codepxalleii TpyU MepeMeHHbIX, KapTa KapHO MOXeT UMeTb
BWUZ, MOKasaHHbIA Ha puc. L1 n 12. B 3aTMx KapTax BCe KIETKW, OTMEUEHHble
CKOGKOM, NpeAcTaBNAOT KOMOUHALIMM COOTBETCTBYIOLL e/l MepeMeHHOl O 3Haye-
HVEM "efMHMLA", HEOTMEUYEHHbIe KNETKM COOTBETCTBYIOT MEPEMEHHON CO 3Haue-
HUEM "Hynb”.

B kapTe KapHO Kax/as KneTka MOXeT MMeTb He 60/iee YeTbipex COCe[HUX KNeTOK
(MO ropusoHTaNIM 1 MO BEPTUKaNWU), NO3TOMY A8 NpPeACcTaB/eHUa TOYeK, OT/n-
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vawunxca TONbKO Ha OJHY KOOPAWHATY, 4acTo GblBaeT HEOGXOAMMO WCMOMb30-
BaTb 6ONee yAaneHHbIe KNeTKu.

Bynesa hyHKUMS MOXET GbiTb MpefcTaBneHa Ha kapTe KapHO BbideneHueM Kne-
TOK B KOTOPbIX OHa MPUHMMaeT 3HauyeHWe, paBHOe efuHMLUe. [N MoCcTpoeHWs
NPOCTbIX UMNANKAHT GepyTCcs BCEBO3MOXHblE HAbOPbl KNETOK, 06pasyroLmx Bep-

LUMHbI HEKOTOPOTO K -Ky6a, T. 8. 2K TOYeK Tak1X, YTO napbl COCEAHWUX OTUYAIOT-
cl POBHO OfHOI KoopAuHaToi. CoBnajatrolive KOOPAMHATHI 06pasyloT Habop

1 HYKHas WMNANKaLWS UMeeT BUA X?'XN ..X7*~* rge X}—

nepemMeHHas, COOTBETCTBYHOLLad

S
000 010 110 100

001 o011 1ur 101

000 100
001 101
o1 1
010 110
Puc. 1.1 Puc. 1,2

Mocne npocmoTpa BCex Map Touek, 06pasytoLnx 1-Ky6bl, HYXXHO Nepebpatb yeT-
BEPKW TOYeK, BXOAALMX B 2-Ky6bl W T. 4. Cnefyet oTMETWUTb, YTO NPOCTble UM-
NANKaHTbl HaXOAATCA TOMbKO B K -Ky6ax, He cofepxalimxcs B Ky6ax 6onee BbiCO-
KOro nopsaka.

Ons  cpopmynsl  A(X, Y, Z)= XyzZ Vv XyZ v Xyz v Xyz KkapTa KapHo npeg-
cTasneHa Ha pwuc. 1.3. 3pgecb A(0,0,0)= /1(0,1,0)= A(O44)= A(LLA)=0, a
A(1A.0)=A(1,0,0)= a(o,08)= a(1oA)=1.

Ha atoii kapTe Ana chopmynbl JT MOXHO BblfeNNTb TONbKO 1-KyGbl, 2-Ky6OB 34ech
Her. Nmeetca Tpy napsbl Toyek (1,1,0)-,0,0), (1,0,0)—1,0,1) ¥ (1,0,1)—0,0,1),
OT/IMYAIOLLMXCA 3HAYEHMEM POBHO OAHOM KoopAwHaThl. COOTBETCTBYIOLLME MPO-

CTble UMMMKAHTbI UMEIOT BUA ANS NepBO Napbl: XZ (MANXYZ V XYz =XZ ), ans
BTOPOI XY 1 A4ns TpeTbeit napbl Yz . Takum 06pasom, cokpalyeHHas JH® 6yget

paBHa Xy V XZ V yZ .
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Puc. 1.3

[locne HaxoXAeHWA NPOCTbIX UMMAUKAHT nocTpoeHne MAH® csoauTea K nU3yye-
HUto mMaTpuubl KBaiiHa. Ha kapTax KapHO mpocToii CTpyKTypbl yAaeTcs Henocpes-
CTBEHHO HaxoAuTb MAH®, BbIGMpPas Te NPOCTble UMMANKAHTbI, KOTOPbIE MOKPbI-
BalOT BCE eAWHULbI W UMEKT HaWMeHbllee BO3MOXHOE YMCNO BXOXAEHWI
nepemeHHbIX. B cnyyae Hawero npumepa 3aTo fse napbl Toyek: (1,1,0)—1,0,0) u

(0,0,1)-(1,0,1), T.e. MOAH® =Xz v yz .
B cuny npuHUMNa ABOWCTBEHHOCTU BCE MPUBEJEHHbIE PACCYyXAEHWUS MOTYT BbiTh

NpyMeHeHbl Nocne Heo6X0AMMOro Npeo6pas3oBaHNA AN HAXOX/AEHWUS MUHUMANb-
HbIX KOHBIOHKTUBHbIX HOPMasbHbIX hopM (MKH®).

1.13. NMpob6nema pa3pewinMocTu

Bce dhopmynbl anre6pbl 10rMKM LeNATCA HaTPWU Knacca:
1. TasTonorum.

2. TOX[EeCTBEHHO NI0XHble.

3. BbinosiHumble.

®opmyny A HasblBatOT BbINOMHUMON, €CIM OHa MPUHUMAET 3HauYeHWe eauHULbI
XOTs Gbl HAa OAHOM Habope BXOASLLMX B Hee NMepeMeHHbIX 1 He ABNSETCH TOXAECT-
BEHHO WCTUHHOIA.

Bonpoc, kK KakoMy Knaccy qpopmyn oTHOCUTCS Tekylan chopmyna A, 1 HasblBaeT-
s Npo6aemoii paspelMMocT i, KOTopas 3/EMEHTAPHO PELLAeTCs C MOMOLLbIO Ta6-
ALl UCTUHHOCTY, OAHAKO ANs GOMbLIMX POPMYN TaBNWLbl OYeHb FPOMO3AKN U
VX UCMONb30BaHWe 3aTPYAHUTENbHO.

[Opyroit cnoco6 ocHoBaH Ha mpwusegeHun doopmynbl A k KH® nam AH® u ne-
NONb30BAHUM CMELWNANLHOTO aNropUTMa, KOTOPLIA MO3BONAET ONpeaenuTh, SBIA-
eTcs NN faHHan hopMyna TOXZECTBEHHO WCTUHHOW UAM HeT. OJHOBPEMeHHO
¢ 3TUM peLuaeTcs Npo6iema paspeLmmMocTy.
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BbilweHasBaHHbIi aNrOpuTM TakoB. CHayana paccmatpusaetcs copmyna A. Ecim
[ 3 1 TO 3ajaya pelleHa. Ecnm 3To He Tak, TO paccmatpuBaetcs cpopmyna Jl.
Ecrm A=1 1o A=0 1 3agaya pelueHa. Ecnm 310 He Tak. TO A — BbINONHUMasA
chopmyna. Y CTaHOBNEHWE TOXAECTBEHHOW UCTUHHOCTM hopMynbl A OCHOBaHO Ha
CnefytoLmx Teopemax.

Teopema 1.9. ina TOoro 4toGbl 3NeMeHTapHas AU3bIOHKLMU Gblna TOXAeECT-
BEHHO WCTUHHOW, HEO6XOAMMO U JOCTaTOUHO, YTOGHI B Heli cojepxanach ne-
pemMeHHas 1 ee oTpuULaHme.

Hanpuwmep, (Vv X, si.

Teopema 1.10. Ans Toro 4to6bl 3NeMeHTapHas KOHbIOHKLMWA Gblna TOXAECT-
BEHHO NIOXHOIA, HEOBXOAUMO M JOCTATOUHO, YTOGbI B MeH COAepXxanach nepe-
MeWHas H ee OTpULLaHME.

3[ech TO Xe camMoe: Ans OAHOW nepeMeHHOl 3To oueBMAHO /14 f+ s 0, Ans Ha6o-
pa N nepemMeHHbIX 3TO YTBEPX/EHME Nerko 40Ka3blBaeTCH.

Teopema 1.11. ins Toro utobbl hopmyna anrebpbl norMkn A 6bina TOXAeCT-
BEHHO WCTUHHA, Heob6X0AWMO W AOCTAaTOYHO, 4TO6bI Nto6as 3nemeHTapHas
AN3BIOHKLMSA, BXOAALas B KH® A, cofepxana nepemMeHHYI0 1 ee OTpuLaHme.

[lokasaTenscTso.
1 HeobxogMMocTh. MycTb A=1 Torpa KH® A=1 "
KH®N = Axa A2a A3a ..a A=l un V/ A-=1. Tak kak Al — 3nemeH-

TapHas AU3bIOHKUKA, TO Mo Teopeme 1.7 A( COAEPXWUT NEPEMEHHYIO 1 ee OT-
puvuaHue.

2. OocTaTo4yHocTh. MycTs A COAEPXMT NEpPEeMEHHYH U ee oTpuuaHue. Torga

- N
o Teopeme 1.7 A=1, /=1n. Ho KH®/4 =T1"TA' s 1. CnepjoBaTenbHo
/41
A — TOXAECTBEHHO UCTUHHas hopmyna.
Teopema 1.12. ina Toro 4to6bl hopmyna anre6pbl nornkn A 6bina Toxae-
CTBEHHO NOXHOM, HEO6XOANMO U JOCTATOUHO, YTOGbl N06asa anemMeHTapHas

KOHBIOHKLMU, BXoaswas B AH® A, cofepxana nepeMeHHyl H ee oTpu-
LaHue.

* TMpumep. A=(Xy—>x) n (nry—y). Moayumte CAH® n CKH® ¢
noMoLLpto Tabiuubl MCTUHHOCTM (Tabn. 1.13.1) m nyTem 3nemMeHTapHbIX
npeo6pasoBaHUid.
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Tabnmua 1.13.1

XY x oy oxy my—=>X XY xy->y oy oAy A g
1 0 0 0 1 0 1 1 0
1 0 0 1 0 0 1 0 0 1
0 0 0 0 1 0 0 1
0 0 1 1 1 1 0 | 0 0 1

W3 1abn. 1.13.1 cpasy nonyyaem COAH® A =X gy . V3 3Toli Xe Tabauubl BUAHO,
uto chopmyna A — BbINoHUMas chopmyna. Haiigem Tenepb CKH @ no cpopmyne

CKH® A=CAH® A, COAH® s (xny)v (Xxn v (x1Y).
CKH® 4 =(xay)v(xny)v (xnyY)=(xn_yn

n(xAY)V (XAYSs (xvy)n(xAy)Axny) = (xvy) AOvy) A(Xv
ANeMeHTapHbIMM NPeo6pasoBaHMAMU UCXOAHOW hopmynbl nonyunts CAH® u
CKH® uyacTo 6bIBaeT 3HaUMTENLHO CNOXHEN, YeM 13 TabNULLbl UCTUHHOCTH

A=(xy —2x) A(Xy —>y) S (Xy v X)a(Xyvy) =

=(ryv X)a (Xy Ay) =(xyv x)n (aryn y) =(xyv xX) AX>) =nry(xv 1) =
=ay=xay —cpasy AH® n CAH® CAH® — AU3BLIOHKLMA 3NeMeHTap-
HbIX KOHBIOHKUUIA. B Heli TONbKO OfHO cnaraemoe Ary, Apyrux Het. Haiigem Te-
nepb CKH®, gng 3toro HyxHa xoTb Kakas-To KH®. Hanpumep, ary —
KH®, T.K. X M1y MOXHO CUMTaTb 3NEMEHTAPHbIMU AN3bIOHKLMAMN.

y= (Xv(yAaynn(yvxnX)=(xvy)a(xvy)n(yvx)A(yvx)-=

=(Xvy)a(Xxvy)a(xv j).
MonyueHHaa CAH® A He aBNseTCA TOX/AECTBEHHO NOXHOI, T. K. BXOAALLan
B Hee 3/1eMeHTapHasA KOHBIOHKLMUA He COAEPXMT MEPeMEHHYI0 U ee OTpuLaHMe.
CnegosaTenbHo, hopmyna A Unm TOXAECTBEHHO WCTUHHA UM BbINMOAHUMA.
CKH® A He sBNsieTCA TOXAECTBEHHO UCTUHHOM, T. K. BCE 3/1eMEHTapHbIe AN3b-

IOHKLMM He COAEepXaT KaKyto-TO MepemMeHHYH W ee oTpuLiaHWe. TakuM 06pasom,
A — BbINONHUMas hopmyna.
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1.14. MNMonnHombl XKeranknHa*

Koubvlonkyus XY B 6ynesoii anre6pe {Of} coBnagaeT ¢ apuchmeTnyeckoii onepa-
Lmeli yMHOXeHUA Hag umcnamu. OBbIYHOE apUthMETUYECKOE CNOXEHUE BbIBOAWUT
3a npefenbl MHOXecTBa {Of}, HO MOXHO MCMO/b30BaTb COXKEHUE MO MOAYNIO 2.

paccMOTPUM NOTMYECKYHO CBA3b, onpegensemyto B Tabn. 1.14.1.

Tabnmua 1.14.1

X y X0y
1 1 0
1 0 1
0 1
0 0 0

B pesynbTaTe BO3HMKaeT HOBas /0rMYeckas onepawus, KOTOpYl Mbl 6yaem 060-
3HayaTb X® y . XKerankuH V. V. npegnoxun 3Ty NOrMYeckyto CBA3b HasblBaTb

CyMMOM X M y ¥ 0603HadyaTb X ® y . CyMMa WUCTUHHA TOTAA W TONbKO TOTAQ,

KOrfja UCTUHHO Of{HO 1 TONIbKO OJHO COCTaBNAOLLEe BbiCKa3blBaHUe, T. €. 3HaK &
3/ecb 03HAYAeT COK3 "WUAK", yNoTPe6/IeHHbI B CTPOTrO Pa3feNINTeNbHOM CMbICTE.

CpaBHMBasA TabnuULbl MCTUHHOCTU OCHOBHbIX NOTMYECKMX CBA3OK, 3aMETUM, 4TO
X 0 y =X «>Y . Mogo6HbIM e 06pasoM MOryT GbiTb apUMeTU3NPOBaHbI BCe
16 onepauuii, paHee paccMaTpUBaBLLUMXCS ANS (DYHKLMIA ABYX NePEMEHHBbIX.

[Ons ABYX BBeAEHHbIX Orepauuii: BBEAEHHOTO CNOXEHUA MO MOZYMHO 2 U YMHOXe-
HUS (KOHBHOHKLIMN) MMEHOT MECTO BCE OCHOBHbIE NIOTMYECKME 3aKOHbI: KOMMYTaTMB-
HOCTb, aCCOLMATUBHOCTb, AUCTPUBYTUBHOCTb YMHOXEHWS OTHOCUTENBHO CNIOXKEHMS.
Onepawus CNOXeHNA N0 MOJY/HO 2 UCMONb3YeTCA B NOTUYECKUX (DYHKLMAX, Ha3bl-
BaeMblX MONIMHOMaMK (MHOToYNeHaMu) XKerankuxa,

MHorouneHom >KeraskMHa HasblBaeTCS MHOTOYNEH, ABNAOWMIACA CYMMOW KOH-
CTaHTbl 0 AW 1 U PA3NIUYHBIX OfHOUNEHOB, B KOTOPbIX BCE NMEPEMEHHbIE BXOAAT He
BblLLE, YEM B I'IepBOVI CTEMeHun:

X.,--nm ww)

L. 'K

>KerankuH VigaH MBaHoBny (1869-1947) — coBeTCKMiA MaTeMaTUK.
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npuyeM Ha Kaxpaom Habope BCE 0 =140—4) pasnnyHbl,
a ailil.it e {OO4}.

MoAcuMTaeM 4MCNO NONMHOMOB >KerankMHa OT nepemeHHbIX X]iX2i...Xi>T. e.
umncno BblpaxeHwii Buga (1.14.1). Yucno uneHoB X™X- ..XIK paBHO KonuyecTsy
NoAMHOXeCTB Buaa {/ e} MHOXecTBa M3 N uucen {1,2,..,n}, T.e. 25.Mo-

CKOJIbKY ik =0 wm 1, To obuiee uncno MHOrOUNEHOB 22 . TaK Kak 4Mcno

6yneBbIX (OYHKLWIA OT N MNepeMeHHbIX TaKXe PaBHO 22 , TO Kaxpas Gynesa
hyHKLUMA MOXeT 6blTb MpeAcTaBneHa MHOrouneHoMm MKerankuHa. 3ameTUM, 4TO
KakoBa Obl HW Gblna 6ynesa PyHKLUMS OT BYX NepeMeHHbIX / (X,, X2), ee norunye-

CKOe 3HauyeHue npu nto6om Habope (a,,a?2) BbipaxaeTcs hopmynoi
/(“1.*2)=/(10)a,a2© /(10)a,(1©a2)© /(0.1XI©a, )az ©
©/(0,0XI®a, XI®az), (1.14.2)
B CNpaBef/IMBOCTY KOTOPOIA Nerko y6eamnThes.

PaccMOTpUM HEeCKO/IbKO NpuMepoB. CHayana ¢ MOMOLLb TaGauLbl UCTUHHOCTY

1.14.2 HalifieM, KaK BblpaxaeTc MHorouneH YKerankvmHa gns X.

Ta6bnuua 1.14.2

X X *01
1 0 0
0 1 1

1. Takum obpasom, X —* 1.

*1vx2=*1J1X2=(* ©IX*20 1)© 1=XX20 X,© X20© 10 1=
=xIX2®x]®x2. To xe camoe nosnydyaetcs no copmyne (1.14.1):
1 Vx2 ~BXjx2 ® AP x2®d, npu X}=x2=0 wumeem d =o; npn
Xi =0, X2=1, ¢ =1;0pu X, =1,X2 =0, b=1; NpU XX=X2=1, a =1, TO-
raa Xiv X2 =xx2 ® xxo x2.
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2. XvX2v X =X nx2n x3=(x, © X2 ®
= XXXLO X3 D X, X3P x3D x,x20 x2® X ® 1® 1=xjx2x3 ® X, X2 h

© Xtx}© x, © x2 ® Xx3.

B-3aknoueHue NMPUBEAEM BHOBbL TabnuLy Bcex GyneBblX (PyHKUMiA (Tabn. 1.14.3)
oT AABYX nepemeHHbIX U UX NPeACTaBNeHNe mHorouneHamu XKerankuHa.

X y /,
1 1 1
1 0 1
0 1 1
(e} 0 1
-Nn n /o
0 0
0
0
/m1l =1
fi =x=x,

/58 X—=y =xy © X,
/T=xvy =xy©Ox0Oy© 1,
/79 =X=xb0 1,
fitsy=yol,

fa =Xay =xy ® 1,

/15 =y —=>X=Xy dy o L

/2

©0® 1=

Tabnmua | 14.3

n L /5 N
1 1 0 0
1 0 1 0
0 0 0
0 0 0 0

/2 /n m A3
0
0 0
0
0

/2 =XVYy=Xy®d Xy,
/4= XAy =AY,
/6=Y->x=xydy,
/8=X<»ry=Xdy,

70 = X<y =X0yodl
/n=y=y.

74 =[1->Y=xy©X0O1,

=0=0.

o o o o
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1.15. MNonHoTa 1 3aMKHYTOCTb (DYHKLLNIA
anre6pbl NTOTNKK

CucTema 6ynesbix doyHKUMin G = {/],/ 2,.*,/,,} Ha3blBaeTCA NONHON, ecnn ntobas

Gynesa (OyHKLMS MOXET ObiTb BbIpaXeHa Yepe3 yHKLUMU M3 G ¢ MOMOLLbO CY-

nepnosuumii. Cuctema P2 — MHOXecTBO BCex GyneBbIX (DYHKUUIA — sBnseTcs

NOMHOI CUCTEMONA.

Teopema 113, TMyctb faHbl ABe cuCTeMbl (YHKUWU {/],/2>e>/,} H

{gftg 2»eee»£*}> 0THOCMTENLHO KOTOPBIX M3BECTHO, YTO MepBas cucTema non-

Ha H nto6as 13 ee MPYHKUUIA MOXET 6blTb BblpaXKeHa C NOMOLLbI Cynepnosun-

uum uepes dpyHkuuu §i,2i—8K' Torga cuctema { 2 | *  } Takke sAB-

NAeTcs NOAHOW CUCTEMOIA.

,ﬂ,OKaSaTeanTBO.

Myctb ¢ — npousBonbHas (oyHKuMs u3  P2. Tak Kak cucTema (OyHKUWiA
nonHa, To = npuyeM nepemMeHHbIX B  MOXET

6bITb NH060E KOHEYHOe Yncno ot 1 g0 T .

/i =<pi(si.s2.-.5j

o ycnosuio Teopembl ~ fei. 8k\ Tenepb hyHKUMA ) MOXET 6biTb

/,, =4>»(Si.52.-.5t)
BbIpaXEHa Yepe3 cUCTEMY (PYHKUMIA fei>E£2 > <} ¢ nomoLyplo cynepnonyum

tgii—tgk)" Takum 06pasom, npowsBoibHas CoyHK-

ums 13 P2 BbipaxeHa uvepe3 doyHKumm cuctemsl { g i, # * , . T. e. 3Ta cucTema
dhyHKLMIA NonHa.
PaccMOTPMM HECKOMbKO MPUMEPOB U [OKaXEM MONHOTY CNefyloLnX CUCTeM
PyHKLWIA:
1 { ,n,v}. TlonHoTa 3TOM CUCTEMbl HEMOCPEACTBEHHO CredyeT w3 hopmyn

(1.9.1) n (1.9.2).

{ ,v}n {, n} Onsa pgokasaTenbcTea NONHOTHI cucTembl { , vV} BOCNO/b3yemMcs

Teopemoii 1.8. 3gecb ponb cuctembl {/p/r*/*} wrpatot dyHkumm { , n, v}
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a ponb cuctemsl {g,,02} — dyHkumm { v}. Torga /, =g, f3-¢ 2,
f1=Xivx2=<2(gi,q2).

Monvota cuctembl { ,n| AOKa3bIBaeTCA aHaNOTMYHO C WCMONb30BAHWEM PaB-
HOOMBHCIM AV —X AX2m

{5 ®,1}— cwuctema, cBazaHHas c nonuHomamn >KerankuHa. [okasaTeNb-
CTBO €e MOMHOTbI MpPOBOAMTCA aHanoruyHo: Bosbmem {/,'f 2}={""NT'
a Torga nockonbky X=x®\, TO /1=¢|("2>53)>
f2=g], 1. e. cuctema coyHkumii £ @, 1} nonHa.

Takum 06pasoM, Mbl MOMY4YMAM pe3ynbTaT, KOTOPbIA MOXHO CChOpMynnpoBaTh
B BUfe Cefytolueli Teopemsl.

Teopema 1.14. Kaxgas dhyHKUUS 13 P2 MOXeT 6biTb BbipaXKeHa npy nomouiu
noanHoma no moaynto 2 (nonnHoma XerankuHa).

Knacc dpyHkumit G HasbiBaeTcA (DYHKLMOHANbHO 3aMKHYyTbIM, ecin BMecTe
C (OyHKLMAMN M3 3TOTO K/Iacca OH COAEPXUT U BCe X Cynepno3numn. ®yHKLuo-

Ha/IbHO 3aMKHYTBIMW Knaccamu fBASKOTCA Knacc Bcex 6ynesbix yHkuuii P2,
Knacc, cofepxalinii TONbKO TOXAECTBEHHble (byHKUMM Buaa f(X)= X, knacc

(pyHKLMIA OT OZHOI NepeMeHHON, T. K. BCe Cyneprno3nuuu Hag yHKLUSMA U3 3TUX
K/accoB He BbIBOAAT Pe3yNbTaT U3 COOTBETCTBYHOLLMX K/AcCOB.

OYHKLMOHALHO 3aMKHYTbIE K/AcChl, OT/IMYHbIE OT MyCTOro Kaacca W OT COBO-
KyMHOCTW BCeX (DYHKLMIA anre6pbl NOTUKN, Ha3biBAOTCA COGCTBEHHBIMU (YHK-
LIMOHA/bHO 3aMKHYTbIMI KnaccamMu. PaccMOTpUM HEKOTOpble BaxKHeiiLune 3amK-

HyTble Knaccbl yHKUWA 13 P2.
1. O603Haunm yepe3 /5 knacc Bcex GyneBblX OyHKLWMiA coxpa-
HAKOLLMX HYMb, T. €. doyHKLWiA, ans koTopblx /(0,0,...,0) =0. OueBUAHO, 4TO
B 3TOT KMacC BXOAAT doyHKUmmM 0, X, X] a X2, 15 v 12, x, ® , @ hyHkuun 1 mn
X He BXOfSAT B Hero.
[Ona  o6ocHOBaHMA 3aMKHYTOCTM PO [OCTaTOMHO MOKasaTh, 4TO  (PyHKUWA
Ww=ouJ2..7,)eP0. ecom T 2..fme PO. Ho  (0,0,.,0)=
=pN\ (O O0..,0),7/200...,0),.,7/,, (0 0,., 0)=0. CnegosatensHo, qe PO.
2- Yepe3 P] o6o3Haumm knacc 6ynesbix doyHkumii f(X1,X2,...,X,,), coxpaHsio-
LLyx eguHmnLy, T. e. doyHkumid, ans kotopbix 7 (1, 1,.., 1) = 1. K aTomy Kknaccy
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npuHagnexat dyHkummn 1, X, X{a x2, X}v X2, HanpoTus, yHKUMN 0 1 X He
BxoaaT B P{. [loKa3aTenbCTBO 3aMKHYTOCTM 3TOFO K/iacca aHaNorMyHo npefbl-
_ Aywewmy.
3. O603HauMM Yepes S K/acc BCEX CAMOABOCTBEHHBIX (OYHKUMIA, T. €. (PyHKLUiA
/ G P2, gns koTopbix /* = /. [loKaXeM, 4To Knacc S 3aMKHYT. [ins camo-

[BOVCTBEHHO hyHKLMN nmeeT MecTo TOX/ECTBO
X (X ].X2,...X,,)= =/(x, Ons  pokasaTenscrsa
3aMKHYTOCTW Nokaxem, uto p=<p(/|./r.-/1)e 5,ecnru ¥ | , e S.
Haligem o* S.
JTOT Xe pe3ynbTar cnefyet n u3 teopems 1.5.

4. OyHKUMS /(XNXT ..., XN) HasblBaeTcs NINHENHOIA, ecnm

f(x1,x2,...xn)=a0®alxl ¢ ...® nifga,
roe at£ {O1}. Knacc nuHeliHbIx dyHKUmMiA 0603HavaeTcs vepes L. OH, oue-

BUAHO, COAEPXWT KOHCTaHTbl 0 ¥ ], TOXAECTBEHHYIO (DYHKLMIO X, (OyHKLMM
X, X, ® X2. ®yHkuun x1g x2wux, v X2£ L.

Knacc  nWHeliHbIX  oyHKUMI L  dyHKumMoHanbHO  3aMKHYT.  Ecnn
n /2=ba®blxt®...®bnixnie L, TO

200 «1N © 03, {p0®bX1®...®bIxIr)®awxm ®...®anx,le L.
JTO 0YEBUAHO, ECAN BCMOMHUTBL, 4TO X @ X =0, X x —X, O® x =Xx. lMepe-
MMeHOBaHWe NepeMEHHbIX TakXe He BbIBOAUT n3 L.

5. MocnegHuii knacc Hanbonee BaXHbIX 3aMKHYTbIX GYNeBbIX (PYHKLUA— MOHO-
TOHHbIE.

BBeAeM OTHOLLIEHMS YaCTUYHOTO MOPAAKa Ha Habopax mepemeHHbIX X, XT,...,XM.
Ons nByx HabopoB a =(a,,a2, . u B=(p,,p2,.->Pn) BbINONHEHO OTHOLUE-
HVWe npeawecTsoBaHus a<p.ecam a(<pj,a2”p2,...,a, - P«e Hanpuwmep,
(0, 1,0,1)=*(1,1,0,1). OugHku (0, 1,0,1) u (1,1,0,1) Ha3bIBAIOTCA CpaBHUMbI-
MU, a oueHkn (0,1,0,1) n (1,0,1,1) — HecpaBHUMbIMU. BBefieHHOe OTHOLLEHWE
4 1K $ecTb OTHOLLIEHME HYaCTUYHOTO MOPAZKa.

dyHkumna f(pC\,xli...ixn) Ha3biBaeTCS MOHOTOHHOIA, ecnn Ans NOGLIX ABYX Ha-

60poB a M P Takmx, 4To a”p, MMmeeT MecTo HepaseHcTBO /(a)< /(p). Knacc
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MoHOTOHHbIX (PYHKLWIA 0603Hauaetcs yepes M . O4eBMAHO, YTO MOHOTOHHbLIMU
pyHKumamm 6yayT 0, 1, X, ax2ux, vx2. PyHKUMA » X2 He MOHOTOHHa,

* . (0,0-C(L.0), Ho /(0,0)= /(1,0)= 0.
Mokaxem, 4To KNACC MOHOTOHHbIX COYHKLWA 3aMKHYT. [ YCTaHOBNEHUA 3aMK-

HyTOCTH Knacca M [I0CTaTOYHO MnoKasarb, uTo ChyHKUMSA
o=@ (/,/2..L)eM, ecnm M, /.72, t M. Myctb
o= (% 2enn ), X = (Mj L xt2,---X1A), x = (a2],.r2 Yoerir vV o=
=§m,I" Xi«2" - " x,nJ,,,)— Habopbl nepeMeHHbIX PYHKLMIA mm/, cooT-

BETCTBEHHO, MPKUYEM MHOXECTBO MepeMeHHbIX (YHKLMM (b COCTOUT U3 Tex U

Tonbko TEX MEPEMEHHbIX, KOTOPbIE BCTpeyatoTes y pyHkumii /1, /2 /,,,. MycTb

aunp — fABa Habopa nepemMeHHbIX x. Npuyem a <(@3. 3Tn fBa Habopa onpefe-
0) ©0) @7Q) () () 0) )

« ~
naw T Haﬁopbl a P a b nepeMeHHbI X X W X

npuyem Takue, YTo c / ¢ [/ \

OyHKUMN b ,/,,/2,..../,,e M T.e./Na()r</"p(l)j,

noatomy A/ ~a(Dl /~a@) .../ . laC* <A/ 1pOI/*p@].../ . 1p()" . B
cuny MOHOTOHHOCTHU (no YCNOBUIO) yHKLMK [os] nony4mm:

wd (BBI)),  T..

Knaccsl PO,PAS,Ln M HenonHble M NONApHO pasnnyHbIe, T. K. MOXHO MpUBeC-

TV NpuMepbl GyNeBbIX (OYHKLWIA, He MPUHAANeXALMX HU OZHOMY M3 3TMX KMac-
COB, U NPUMEPbI (OYHKLMIA, NPUHAANEXALLUX OLHOMY U3 MHOGLIX ABYX KNaccos, HO
He npuHagnexallnx gpyromy. Ho okasbiBaeTcs, UTo 4ns NPOBEPKW MOMHOTLI CUC-
TeMbl 6YNeBbIX (DYHKLMIA MOXHO OTPaHUUMUTLCS PACCMOTPEHHBLIMU MATHIO (OyHK-
LiMOHANbHO 3aMKHYTBIMW Kaccamu.

Teopema 1.15 (Teopema MocTa*o hyHKLMOHANLHONA NOAHOTE). [N TOro 4YTOGHI
cuctema 6ynesbix yHkunii {7, /,,} 6bina NOAHON, Heo6XOAMMO

AMunb SleoH MocT (1897-1954) — amepuKaHCKWiA MaTeMaTUK U NOTUK.
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H pocTaTouHO, 4TO6bl OHa LENMKOM He COfepKanacb HH B OAHOM U3 NATK
3aMkHyTbIx knaccos Pg,P{S,L u M.

[N npoBepku, BLIMOMHAOTCA /M AN HEKOTOPOW  cuCTeMbl  CHYHKLUIA

—*/n|} ycnosus Teopembl MocTa, MOXHO COCTaBAATbL TabnULLbl, KOTOPble
HasbiBatoTcs Tabnur\amm ocTa. PaccmMoTpum credytoluii Npumep: A0KasaTh
NONHOTY cucTeMbl PyHKuMii X® y® z,Xyt0,1. Tabnuua Mocta 6yneT MMeTb
cnefyrowunii Bug (tabn. 1.15.1).

Tabnmua 1.1S.]
DyHKUMA p* S L "
X® y® z + + + + -
Xy + + - - +
0 + - - +
1 R + .
B kneTkax 3TOW Tab6nuubl NWLIETCH 3HaK "+ wau B 3aBMCMMOCTW OT TOTrO,

NPVHaANeXMT paccmaTpuBaemasn (OyHKUMA 3adaHHOMY (DYHKLIMOHANbHO 3aMKHY-

TOMYy Knaccy unu Het. ns NOAHOTHI CUCTeMbl (PYHKLMIA He06X0ANMO 1 fOCTATOu-

HO, 4TOGbI B KaX4OM CTON6LE 6bln XOTH 6bl OAUH MUHYC.

1L ft(x,y,z2)= x®y® z. f — yHKUWs, coxpaHalOwWas Hynb, 160
O® O® 0 =0, aHaNOTMYHO OHa COXpaHfeT eauHuuy 1® 1d 1=1. Haiigem
[BOVCTBEHHYIO ell oyHKumto /* =/ i(x,y,z)= (x® )© (y® I)® (z® 1)© | =
=XxPydrol1o1d1d1l =n:dyoOTr,T. e G S . OuesugHo, uto f —
NNHeHaa  doyHKuma.  OcTanocb  MpOBEPUTb  €e  Ha  MOHOTOHHOCT.
Bbi6epem ABa  Habopa  3HaueHuMii  nepemeHHbix  (0,1,0)u (0,1, 1),
/,(0,1,0)=1>/,(0,1,1)=0. NTaK, /,rM.

2. /2(*,y) =Xy. MNMpoBepuM NPUHAANEXHOCTb /2 K KaXAOMY W3 MATU Knaccos
tyHkumii. 0-0 =0, /2e PO, 1-1=1, /2e /; =f2(x,y)=xAy=xvy,
T*e- J1 — HecamofBOWCTBEHHass (OyHKUMA. /2 He NUHENHa, T. K. CORepXUT

npoussefeHne nepemeHHbix Xy. HakoHey, /26 M, notomy 4TO MMeeTcs
CeMb  CpPaBHWMMbIX ~ HaBopoB  3HauyeHuii  nepemeHHbIx:  (0,0)<(0,0),
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(0,0)-<(1,0), (0,0)-c(og), (i,0)~(u), (o0,1)"(1,1), (0,0)-<(I,I) wm
(I, )< (1, 1). OueBnaHo, 4TO ANg NOBOrO U3 HUX

3. /3=0wn /4 =1npoBeparoTca 3NeMeHTapHO.

CoG6CTBEHHbI (DYHKLMOHANBHO 3aMKHYTbIM Knacc HasbiBaeTcs NMPeAMnoHbIM, ecnu
OH He COAEPXMTCA N B KaKOM (hyHKLMOHANbHO 3aMKHYTOM Knacce, OTIUYHOM OT
camoro cebs v 0T knacca Bcex (hyHKLUMIA anre6pbl NOrmku. WTak, kakoii-To knacc
thyHKUMIA K HasblBaeTcs NPeanonHbIM (MM MakcManbHbeiM), ecnn K — Henon-
HbIA, @ gns mobot / GP2 n / € K, knacc K W{/} — nonHeiii. V3 onpegene-
HUS cnefyeT, YTO MPeANOAHbIA Knace SBNAETCS 3aMKHYTbIM. B anreGpe noruku
CYLLLECTBYIOT TONLKO NATb MPEAMONHbIX KNAcCoB, a UMeHHO: Pq,P1}S,L n M .

Cuctema cyHkunii G = HasblBaeTCs He3aBUCMMON, ecu HUKaKas
cyHkums  f;  cuctembl G He npepcTaBMMa CynepnosvuuaMn  (yHKUWMA 13
G\{/.}.

Hesasucumas cuctema yHkumii G HasbiBaeTcss 0a3McOM 3amkHyToro knacca K,
ecnm Beskasa pyHkuma n3 K ecTb cynepnosuums dyHkumii 3 G . Takum o6pasom,

cucTema cpyHKUmMiA G 13 3aMKHYTOro Knacca K HasblBaeTcs ero 6asucom, ecnv oHa
nonHa B K, a BcAikas ee coGCTBEHHas noAcvcTeMa He sBaseTcs nonHoii B K .

Teopema 1.16. Kaxablii 3aMKHYTbIA knacc U3 P2 nMeeT KOHEeUYHbI 6asHc.

1.16. MpomnsBogHble 0T ByneBbIX PYHKL NI

B AMCKPETHOI MaTeMaTuke 1 MaTemMaTU4ecKoii NOrMKe OTCYTCTBYET MOHATME npe-
Zena, OfiHaKO MCMOo/b3yeTcA TepMUH NPOM3BOLHAA. TO CBA3AHO C PasfoXeHWeM

6yneBoii (PyHKUMM B psf, aHanorMuHbI psgy MaknopeHa B Touke (Ha Habope)
(O O.,..., O) unn pag Teiinopa** B NPON3BONLHON TOUKE (HA NPOM3BOSILHOM Habope).

Mpon3sogHol nepBoro nopsgka 3& ot 6ynesoii cpyHkummn / (x ,X2 ) no

NepeMeHHOM X- HasblBaeTCs

rf
faT =f(XI.*2.-. e )® /(ML mX\0'YH X)) (116.1)

Konnu Maknopen (1698-1746) — wWoOTNaHACKUIE MaTeMaTUK.
Bpyk Temnop (1685-1731) — aHrnuitickmii Matematuk.
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rae XH) —  eAWHUYHas  ocTaToyHaa  (YHKLUA,

—-HyneBas ocTaTouyHas PyHKLMs, ® — onepayus
CYMMUpPOBAHMs N0 MOAYNIO fBa.

Mpon3sBoaHas Nepsoro nopsiaka % ot 6yneson dyHkuun f(xi,x2t...,xn") on-

pefensieT yCnoBus, Npu KOTOPbIX 3Ta (DYHKLNA U3MEHSET 3HaYeHMe NpU nepeknto-
YeHUN nepemMeHHOoW XTI

o o dkf .
CMeLLiaHHOV NPOM3BOAHON —— ———-—-— oT 6Gynesoi pyHkuum f(Xx]>x2,...,xn)
Bxitdxi2..dxit

Has3blBaeTCA BblpaxxeHne Bnja

a*/ w9

(1.16.2)
aar,.,a”...an  dxk

3Ty NPOM3BOAHYH BbIUMCAAIOT, NPUMEHAN cOOTHOWeHMe (1.16.1) K pa3 npu duk-
caunu nepemeHHbix XN ,Xi2,.,.,XiK no nopagky (NopagoK dMuUKcayuu nepemeHHbIX
He CYLLeCTBEHEH).

[Mpon3BOAHOM K-r0 NOpsAKa oT 6ynesolt dyHKLUYU no nepemeH-
HbIM Xj]tXi2,...,XKK HasbiBaeTCs BbIpaXeHWe, paBHOe CyMMe MO MOAY/M0 uncna 2

BCEX MPOW3BOAHbLIX MEPBOro MNOPsfAKa, BTOPbIX, TPETbUX,..., K-X CMellaHHbIX
NPOU3BOAHbLIX NPU (uKcaLnu nepemeHHbix  X;r>..,X1k:

, Y= \=Y — ©. Y " - Yy —.. 1
) idx: ”’xlftjdxflep dxfixftx. @
cy (1.16.3)
X 3K, ...OX,

rfe CyMMMUpOBaHME MO/ 3HAKOM CyMMbl B 3TOW W mocnegytolinx (opmynax, no-
CBALLEHHBIX NMPOU3BOAHBIM OT BYNEBbIX (YHKLUIA, NPOM3BOAMTCS TakxKe Mo MOAY-
nio fBa.

MpounsBogHas /c-ro nopsgka onpefenseT YCnoBus, Npu KOTOPbIX (YHKLUS
fW X 2,...X,,) W3MeHsieT 3HayeHne Npu OLHOBPEMEHHOM W3MEHEHUU 3HAueHui

nepemMeHHbIX JO-
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PaccmoTpum npumep. Mycts J (M y) = {xy—>X)n (.Xy—» y). OueBugHo,1
f(X,y)~ xy Vvx)nl XYAY\=(xyVx)n Xys (*Vy)n Xy =
= XXy V XYy = Xy .

T ~ =1-y®0-y =y, -f-=x-1® x 0= x,
orga ox y y =y & X X X

y® x®1 =

i X =A T ~ =1@o0 = 1, =
Xy yraxJ 3(x,y) 3 3y Xy
=Sy dX=(ynx)v(yax)sxyVxy, 7. K Xo )'=X<»y =

s (xny)v(rny),ax=xao 1

MpakKTuyeckoe WCMONb30BaHNE BBEAEHHbIe MOHATUS MPOM3BOAHbLIX OT GyneBbiX
(YHKLUIA HaXOAAT NpW MPOEKTUPOBAHWMU U pacyeTe NOrNYecKnX CXem nepekntoya-
Te/bHbIX YCTPOICTB, @ UMEHHO: YCNOBUS NepekNtoYeHUs PasfinyHbIX KaHanoB Ta-
KMX CXeM 3aBMCAT OT 3HAYEHW NPOU3BOAHBIX OT GyneBblX QYHKLUIA.

BblpaxeHue (1.14.1) AR MHOrouneHa >XKerankuHa (4acTHbIii cnyyaid (1.14.2))
MOXHO 60nee NoApo6GHO pacnucaTb B Cnefytoluem Buge:

f(x,, X2,...,xm)= *peee* = /00 E /[ ® ®~®
1,720 W 1= 1-2=1

X N 't hXhX4 —Xh ® —®.f\l i,XIX1--Xi,” (1.16,4)
1
1%72.14,3... ' k-\*'k

fpe«0=/oeah =fhwut g, /0.4 ,flih /]2 ,e {on}.

MocnefoBatenbHo npoandtepeHyMpyemM nonnHoM XKerankmHa oT  yHKUUK
f{y\,Xx2,...,xn) no nepemeHHbIM X"n7,...," U HaiijeM 3HAaueHWs Bcex Npoms-
BOAHbIX B Touke (O, 0,..., O). Mpn 3TOM NOCKONbKY NONMHOMBI XerankuHa cocToaT
13 OHOYNIEHOB, B KOTOPble BCE MepeMeHHble BXOAAT He Bbille, YeM B NepBOi CTe-

a
ax'
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3(/0g)_j/l o 8 Torga nocne  AuddepeHUNpOBaHUS  monyyaem
0X

X ox
X. , / cl
=l . Ayi = [#e
bX, 00...0) dx-dxj 00..0) an,9x,...9x4 ©00..0)

[OeiicTBUTENbHO, MoOcie AUGdepeHLnpoBaHus no nepemeHHsiM X],X2,...,X). Bce
unexbl B pasnoxenun (1.16.4) go f nk o6pawatoTcs B Hy/b, a B pe3ynbTarte noa-
cTaHoBKM XKV = XK+2 —EB—XN = 0 0CTa/lbHble YeHbl 3TOr0 PasfoXeHus, Kpo-
me Takxe 6yAyT paBHbl Hynto. Torga us (1.16.4) nocne HeCNOXHbIX NPeod-
pa3oBaHUil Nonyyaem cnefylolyto Teopemy.

Teopema 1.17. No6as 6ynesa pyHKLUSA npeAcTaBMMa CBOWUM

3HayeHuem Ha Habope (0,0,...,0) H 3HAYeHUAMM BCEX MPOU3BOAHbLIX -----

r-—

—j- — ,/,j =12,.,n, i®j HaasTom Habope B BUAE
Ax/pxj oxigx2...ox1

I X, )= /(04 ....0)© X A &2

(©0..0) ' <+/-1>,&1 (go..0)
y a7 AXX X, ®..

/*12,<1«3,.8* 00,..0)

3y

(1.16.5)
AxEX2..3X) (4 g

3T0 pasnoxeHne aHanOrMYHO pasnoxeHuto B pag MaknopeHa Ans (yHkuum N
nepemMeHHbIX. [Nf NoNyyeHUs pasnoxxeHus Gynesoit QyHKLMW B psaf, aHanoruy-
Hblli pagy Telinopa Ha Habope (a,,a2,...,0/r), BOCNONb3yeMcA napannenbHbiM
NepeHoCcoM Hauana KoopanHar.

nyctb X2—X2®o02,., ~ =xg®ou, Torga TouKa
(0,,T2,...>0;2) B cUCTEME KOOPAMHAT X}X2,...,X 6yfeT COOTBETCTBOBATL TOUKE

(0,0,..., 0) B cucteme Xj,x2,...,xA.
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Pasnoxum 6ynesy qyHkymo f(x],x2,....xil) no dopmyne (1.16.5) B Touke
(0, 0,..., O) v 3ameHNUM Kaxayto nepemenHytlo X[ Ha x- © c.; monyuum opmyny
1 TeopemMy O pasnoxeHwn 6ynesoi pyHKkummn /(x,,X 2,...,x/;) Ha NpPON3BONbHOM
Habope (0”cT3.-.M0,,).

Teopema 118. Nio6as 6ynesa pyukuyua f{x1,x2,...,xil) npegcrasuma csoum

3HayeHneMm Ha Haﬁope (opCb,...~) H 3HAYeHWSAMMN BCEX CBOHX NpPOH3BOA-

\Y; 92 97 ..
HbIX -T—, -T—— A » 1,7 =1,2,...,M J*/, Ha 3TOM Habope
ox-  oXjdX; [IX,0%-Y...0X,,
u(x
101,02- *«/
nx, ect)(x/©a,)d...
sjt\ axlox/ ( 0C )
(J.16.6)
a*/
x ©o, )q
) . oX X, ..9X,
Y
X,3X,...9X,, 10{02. -0 *-1

PaccmoTpum Bce 3Tanbl nonyyveHwus pasnoxeHus no dopmyne (1.16.5) Ana KoH-
KpeTHoii 6ynesoit dyHkuun  fix, y, 3) = (xy —=>yz)-* ((* = >) —=* (- ¥))-
YnpocTum aty opmyny.

f(x,y,z)~xyvyzv|xvij'vzv vi=\xyAyzjvVIXNAyjv zV vl
SCEYn(yvz)v (iv/iv z)sXyyvxyzvxvyvz~rxvyvz.
Monyunm BHauvane npegctaBneHune 3T0W PYyHKLUN NONMHOMOM XKerankuHa
f{x,y,2)=XVyVZ=XnyAz=x® )y ®\)z© 1=
=(Xy© VO x© )z® 1=xyz® yz0© X20©z0© 1.
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Haiigem Tenepb BCe HE06X0AMMbIE NPON3BOAHbBIE:

gr: lv_yvz®O0v;yvE = 1@ ;yvE = yVzZ~Yyze
X

To e camoe nonyyaetca u3 gudhepeHLMpPoBaHNA camoro nonnHoma XerankuHa
0X
my _ _ o —_ ¥
mz~~xvlvz®xvOvz =I® xvz =xvz~xz, ~ =XV yv\® xv yvO =
oy oz

=3T®P 0P r®0® 0 =yrdr=r()'®1)=ry- [Janee aHanormyHo:

=xvj® l=xvr=x7; 3N =ATO=1r®o.r=r;
AXpy  Ayy AX]

3 & '1(&)— 0- 1-

Torpa chopmyna (1.16.5) ons faHHol 6yneBoit yHKUUW OT TpexX NepeMeHHbIX 6y-
et UMeTb BUA

/I(x,38)=/(0,0,0)© n*,©¢£ -ff- A XIXI ®
w1 °X' 1000) .
(0.00) ,T. e

23

A X, x2x3
3x, X, X,

0,0,0)
/0 eY.z)= xvyvz= 10 i# | (opo)l *© U (ogo) n y © ~>-)[(opo0)"
nr®Uo.o.0)n” ®MN,00)nn ®01000N ®11000)n =

=100®001-r©0©1-n'rP1’>'r®L" xyz =

=1® z® xz® yz® xyze
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1.17. /c-3HauHbIE JIOTUKU

PaccMoTpeHHas B NpefblAyLIUX pasfenax fBy3HayHas Nnoruka fonyckaet 0606-
LeHne na /c-3HauHblii cnyyaid. Mpy 3TOM XO0TA B A'-3HaUMbIX NOTUKaX COXPaHSAOT-
€A MHOrMe CBOWCTBA W pe3ynbTaTbl ABY3HAYHOW NOrMKKW, 4yacto Habnwpgaemble
(haKTbl U ABNEHUA 06HAPYXWBAKOT NPUHLUUNNANBHOE OTNIMYME OT PacCMOTPEHHOMN
anre6pbl NOrMKU. MHOTUe pelleHHble 3aa4u [BY3HAUYHOI NOTNKM He UMET Tako-
ro MCYepNbIBAKOLLLEro pelleHns B A'-3HaUHOI NOTUKeE, @ NHbIe 1 BOBCE He peLUeHbl.
dyHKumMsa /(g.* ,n2,...,A'() HasbiBaeTcsa (OyHKUWE K -3Haunoii noruku, ecnm ee ap-
rymMeHTbl onpegenedsl Ha MHoxectse {01 2,..., k- 1}, coctoswem us K anemen-
TOB, @ cama (PYHKLMS NPUHUMAET 3HaYeHUS U3 TOTO >Ke MHOXeCTBa.

MHOXeCTBO BCex PyHKUMIA /c-3Haunoii norukm o6o3Havaetcs vepes K. Ouesua-

HO, 4TO d)yHKLlI/IH MONHOCTbIO OMnpejefnieHa, ecnn 3ajgaHa ee UC-

TWHHOCTHasA Tabnuua (Tabn. 1.17.1).

Tabnuua 1.17.1

v, X, I (n-,n2,...,0H,n)
0 0 0 0 /(0 4...,0,0)
0 0 0 1 /(0,0,...,0,1)
0 0 0 2 /(0,0,....0,2)
0 0 0 /c-1 /(04...,0,/c-1)
0 0 1 0 /(0,0,.,.0,0)
0 0 1 1 /(04...4,1)
0 0 1 /c-1 /(0,0,..4,/c-1)
/c-1 K- 1 /c-1 /c-1 I(lc-1,/t-1,...,fc-1,/c-1)

3 3ak. 4306
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Tak Kak 4ncno /c-3HayHblx Ha6opoB AAWHBLI N paBHO /c", TO yucno

M nepemMeHHbIX B /c-3HauHOl nornke PX paBHOKK .

hyHKUMIA oT

W3 cKa3aHHOro fiCHO, 4YTO B Fy, B 3HAUMTENbHOI CTeneHn BO3pacTalT TPYAHOCTK NOo

cpaBHeHuo ¢ P2, paxe B BO3MOXHOCTM nepe6opa (yHKUwii. Hanpumep, eciu

(yHKLUIA OT ABYX NepemMeHHbIX B P2 Bcero 16, To yxe B ux 33 =39=19683.

Ynucno cTPOK B UCTWHHOCTHOW Tabnuue, paBHoe KT, TOXe pacTeT ou4eHb BbICTPO.
Hanpuwmep, npn K =N =3 Tabnuua umeeT cnegytownii sug (tabn. 1.17.2).

Tabnmua 1.17.2
*2 *2 *3 2,X)
0 0 0 1(0,0,0) 1 2 10,1,2)
0 0 1(0,0,1) 1 2 0 10,2,0)
0 0 2 1(0,0,2) 1 2 10,2,1)
0 0 1(0,1,0) 1 2 2 10,2,2)
0 1 1 0,1,1) 2 0 0 /(2,0,0)
0 2 1(0,1,2) 2 0 1(2,0,1)
0 2 0 1(0,2,0) 2 0 2 1(2,0,2)
0 2 1 1(0,2,1) 2 0 1(2,1,0)
0 2 2 1(0,2,2) 2 1 1(20,1)
1 0 0 /(1,0,0) 2 1 2 1(2,1,2)
0 1 10,0,1) 2 2 0 /(2,2,0)
1 0 2 10,0,2) 2 2 1(2,2,1)
1 0 10,1,0) 2 2 2 1(2,2,2)
1 1 /0,1,1)

B Pkt kak u B Plt BBOAATCA MOHSATUS CYLLECTBEHHOW M HECYLLECTBEHHON ((PuK-

TWBHOIA) NepeMeHHOl, MOHATNE PaBEHCTBA W CYNeprno3nLuu GyHKLWiA.
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paccMoTpUM NpUMEpPbI HEKOTOPbIX KOHKPETHbLIX PyHKLWA U3 PK, KOTopble MOXHO
CUMTaTh 371EMEHTaPHBIMM.

1 X = (X+1)mod& — oTpuuanue Mocra. (1.17.1)
X B 9TOW (yHKUWM npepcTaBnfeT coboil 0606leHne OTPULAHUA B CMbICIe

"LLMKINYECKOro" cABura  3HauyeHuid. Hanpumep, npu K=3 ans

X=(n-rl)mod3 6ygem uMeTb cneaylolWwy Tabnauuy  UCTUHHOCTM
(tabn. 1.17.3).

Tabnmya 1.17.3 Ta6mmya 1.17.4
X x= (n"*M)Tocl3 X T=y
0 1 0 2
2 1 1
2 0 2 0
2. ~x= Nx=K-\- x. (1.17.2)

3710 Apyroe 0606LeHne OTPULAHWUSA B CMbiCNe “3epKanbHOro" oTo6paxeHws
3HaueHUn. JTa yHKLMS HOCUT HasBaHue OTPULAHNA JlykaceBnya . ins K ~ 3
Tabnuua MCTUHHOCTW 3TOW (yYHKLUWUM NpuBedeHa B Tabn. 1.17.4.

{ K-\, x-i,

I\
SN e t=on 2. k-1

(1.17.3)
3Ta (yHKUMA HasblBaeTcs XapakTepucTU4ecKon (hyHKUMeid BTOpOro poga

uucna i M 0606WaeT HeKoTopble CBO/iCcTBAa OTpuuaHus. Ecim K= 3, TO
() 2,X - |,
Ji EH) =\ A s, aTabnnua UCTUHHOCTW NpeAcTaBneHa B Tabn. 1.17.5.
[0,x *i,(i =0,1,2)

Tabnuua 1.17.5

i Jt{x) X Ji(x) n N to
0 0 2 0 1 0 0 2 0

0 0 2 2 0
2 0 0 2 0 2 2 2

AH NlykaceBny (1878-1956) — noNbCKUii MaTeMaTuK W NOTUK.
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4 nn(tn\) y 1x= . (1.17.4)
Yoox *i (i=0,1,2,..4 - 1)
(xapakTepucTnyeckas (DyHKLMs NepBOro poja 3HaueHus /).
rrn(x,,x2), (1.17.5)
(nepBoe 0606LeHNe KOHBIOHKLNW).
5. (m *Xx2)modfc (1.17.6)

(npou3BeaeHune nNo Mogynto K v BTopoe 0606LLeHNe KOHBIOHKLMN).

Tabnnubl UCTUHHOCTW ANSA 3TUX PYHKUWIA npuBefeHsbl B Tabn. 1.17.6 n 1.17.7
(k=3)

Ta6bnuuya 1.17.6 Tabnuua 1.17.7
X1 * min(~tx2) XF (n, *\2)mod3
0 0 0 0 0 0
0 1 0 0 1 0
0 2 0 0 2 0
1 0 0 1 0 0
1 1 1 1 1 1
1 2 1 1 2 2
2 0 0 2 0 0
2 1 1 2 1 2
2 2 2 2 2 1
6. Tax(p”,x2) (1.17.7)

(0606LeHne Anu3blOHKLMK) (cM. Tabn. 1.17.8).
7. (x;+x2)mod/: (1.17.8)
(cymma no mogynto/c) (cm. Tabn. 1.17.9).
O 0<x<y<k-1,

8. YceuyeHHas pasHOCTb X + Y -
X—Yy, 0<y<x<k-1.
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K-1 0<x<y<k-1.
O Vmnankauma x —»y = e, y
V(K-1)-x +y, O<y<x<k-~1.

Mpwn K- 3 onepauus UMnNAnKayum nmeet BUA
f 2, 0<x<y<2

X y=< " , a ee Tabnuua WCTUHHOCTM [aHa
[2- x4y, 0<y<x<2

BTabn. 1.17.10.

Tabnmuya 1.17.8 Tabnuua 1.17.9
N X Tax(x,,x,) X * (X, Hx2)mod3
0 0 0 0 0 0
0 1 1 0 L 1
0 2 2 0 2 2
1 0 1 1 0 1
1 | 1 2
1 2 2 1 2 0
2 0 2 2 0 2
2 1 2 2 1 0
2 2 2 2 2 1

Ta6bauua 1.17.10

X y X y X 3 X —»Yy X \% X —»y
0 0 2 1 0 2 0 0
0 1 2 J 1 2 2 [ 1
0 2 2 2 2 2 2 2

10. dyHkuyua Be6ba: (Tax(x>y)+ I)mod£E .

X-y,0<y<x<k-1,

H’- Pasnocts no MOAY N0 {(: X-y= s
Vk-{y-x\0<x<y<k-1.
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-y, 0<y<x<2,

Mpu K =3 nonyunm X-y = Ta6nuua MCTUH-

3-Cu-4 0<x<y<2

HOCTK 3TOI onepayuu npueegeHa B Tabn. 1.17.11.

Tabmmua 1.17.11

Y (x-_y)mod3 X ¥ (x-y)mod3 X Y (x-jmod3

0 0 1 0 2 0 2
1 2 11 0 2 1 1
2 1 1 2 2 2 2 0

W3 aToro cnucka hyHKLMUA BUAHO, YTO 37eMeHTapHble (hYHKLUM anre6pbl no-
TMKU MMEIT Npu K >3 M0 HECKONbKO aHanoroB, Kaxiblii U3 KOTOpbIX 0606-
L4aeT COOTBETCTBYIOLLEE CBONCTBO (DYHKLUN.

DyHKYUMM min, max,+,-(uAn- ) obnagaloT cBONCTBAMN KOMMYTaTUBHOCTH
1 accoLNaTUBHOCTM:

X

Xx-x2 =x2-xX\

XX+ X2=x2+*|;
(*r*z)_*az*l_(*z_*3);

(* +r2)s 03 =% +(X2+*3)

Kpome Toro, cnpaBef/inBbl CnefytoLne COOTHOLIEHNSA:

1

(*i +x2)’Xb= (7, #3)+ {X2m3) — AUCTPUBYTUBHOCTb YMHOXEHUSA
OTHOCUTENIbHO CMOXEHUS.

Tax (17(g; ,X1\x1)=min(max(®,XipTax(*2,jc,)) — ANCTPUBYTHB-
HOCTb OMepaLnu Wax OTHOCUTENbHO onepauuu min.

min(max(”,,X2), )=Tax(r71(n;, ) min(x,,Xj)) — anctpnbytmns-
HOCTb OnepaLuy min OTHOCUTENbHO OMepauunm max.

Tax(n™ g) = X, min(x, f) = X — WAeMNOTEHTHOCTb onepauuii min un
max.

min(* 'x2) =~Tax(n;,x>{,
~ ~ . — aHanoru npasun ge MopraHa.
Tax( Xy, Xx2)= mm(jcj,x2).
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O x=0

K- X, X ®O.

GyHkuma /(.x1,n:2,....xm)e P HasbiBaeTcs CYLIECTBEHHOW, ecnn OHa Cylect-
BEHHO 3aBMUCUT He MeHee YeM OT AABYX NepeMeHHbIX W NPUHUMaeT Bce K 3HauyeHuit
u3 mHoxectsa {Of, 2,...,K-1}.

O606WMM Tenepb MOHATWE COBEPLUEHHOW AW3bIOHKTUBHOW HOPManbHOR (hopmbl
na /c-3HauHbI cnyvail. ATO MOXHO CAenaTb He eAMHCTBEHHbIM 06pa3om. bygem
0603HayaTb (yHKLUUN n  Tax(g",n:2) cooTBETCTBEHHO uepe3
fa n*r) u fa v x2).

pyHkuns J, a X2a ..a = min(.Y, 2 ) HasbiBaeTCs KOHBIOHKUMENH Ha
k -3HauyHOii norvke. Torga snemeHTapHas KOHBIOHKLMA 6YAeT WMeTb BuUj
N, (%) AT, (x2) /1 ma] CO- OHa oTAMYHa OT Hyna nuwb na Habope

(al,o2»-"a«) u Pa&Ha K —1 Ha aTom Habope.
Ans  dyHKLUK COH® npn K-2  umeer Bug (1.8.3)

f(X],XZ...,)dI):O]OZV_Q/(01,02,...,0,()Ax;11nxzzA...AA" . TIC Q/Bb

IOHKLMS GepeTcs no BCEM BOMYHbIM Habopam.

DyHKUMA OT M nepeMeHHbIX A'-3Ha4HOW NOTUKW eANHCTBEHHbIM 06pa3oM npea-
cTaBnseTcs B BUAE

/fa ,X2 x,) o ,.,0o,)nd fa)nd fa)n..nJy fa,)=

= v /(o ,
g,02- 20
= max {min(/(ol,02,...,0,),i,ifa),i(;fa),...,it, fa,)} (1.17.9)
n1-°2...°H

3Jta opmyna — aHanor CAH® ana pyHkumm /(x, ,x2,...,X,) B /C-3Ha4HON no-
rnke. B iuTepaType AaHHOE pasfoXeHue HasbliBaeTcs NEPBON (HOPMON. [lokasbiBa-
eTca (hopmyna NpAMoii NPOBEpPKON.
/fa, *2,..,xn) B dopmyne (1.17.9) pasnoxeHa No cucTeme QYHKUNii
{0,1,2,..., K - ,JO(x\ J|fa),..., In(ac), minfa,,.t2), maxfa,x2)}.  Mockonbky
3TO pasnoXeHue cnpaseAnnBo 415 N060i NponsBonbHON yHKuun /(-V, ,x 2

TO AaHHaa cuctema yHKUMA nonHa. C 3TON MONHOW CUCTEMON CBA3AHO HECKONb-
KO Fpynn TOXAECTB, KOTOPble NMO3BONAIT MepeiiTu oT no6oi hopMynbl Haj AaH-
HbIM MHOXeCTBOM (DYHKLUIA K ApYroil 3KBUBaNeHTHOI eii thopmyne.
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K-3nayHas noruka, onpegensemas nonHoi cucTemoit hyHKL NI
{0,1,2,....,k -1, JO(X), Jj(X),...,7R((x), min(xj,x2), T a x ~ ,X2)}, HasbiBaeTcs B

nuTepatype anrebpoii Poccepa -TblokeTa*. [lpyruMu 4acto BCTpedaowumucs
/C-3HAUHLIMM JIOTUKAMU ABASIOTCS JIOTUKW, OMPEAENsieMble CNeAYIOLWNMN NONHbI-
MU cucTeMamm yHKLUNIA:

O anrebpa Mocta { O , -1, max(xj,x2), ~}, rae ~x = (x + )mod£ ;
O anre6pa Be66a {0,1,...& -1,° }, rae X}0x2 =(max(x|,x2)+ l)modA:.
m Mpumep. Nycts f{X, jy)= ( a:v~)v( yvx). MNpeacrasum 3ty opmyny

npn K =3 awanorom CAH® B dopme (1.17.9). MeTos paBHOCU/bHBLIX NPeo6-

pa3oBaHWii, KOTOPbIM Mbl MoNb3oBanuch B P2, 3geck NPUMEHUTb 3HAUNTENbHO
TpyAHee. [lns 3T0Oro Heo6xoAMMO UMeTb BCe ToxaecTsa B P3, cBfsaHHble ¢ cuc-
Temoii  dyHkumii - {0,1,2,30(x), J|(x), J2(®)>m in(j,,x2), max(x|,x2)}

Bocnonb3yemcs UCTUHHOCTHOM Tabnuuei ana f(x,y) (taén. 1.17.12).

Tabnmua 1.17.12
Xy - -~y Wy ~yvX y)  AXY)
0 0 2 2 2 2 0 2
0 2 2 0 1
0 2 2 0 2 0 0 0
1 1 2 2 1 2
1 1 1 1 1 1 1 1
1 2 1 0 2 1 0 1
2 0 0 2 0 2 2 2
2 1 0 1 1 2 1 2
2 2 0 2 2 0 2

* [I>xoH bapkneit Poccep (1907-1989) — amepuKaHCKMiAi MaTeMaTuk.
**31Ben Pydyc TbkxeT (p. 1914) — amepuKaHCKunii MaTemMaTuk.
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COH® /(*, v)= g‘\.{z / (0,,0,)nd 1(x)n J 1(y): (/(0,0) n JO(x) n ,/0(y)) v
V(/(og) N1 0(Xx)nJd, (y) Vv (/(0,2) n YO(*) nI2(y)) v (/(1,0) n J, (M) n
alo(>7))v (/(U)ad, (mnY, (y)V (U(1,2)n /W al(i-))v(/(2,0)a 7,(n)n
n70Y))v C/(20)a¥Y2W n  (y))v (/(2,2) n ¥Y2(n)nJ2(y))= 2ni0(*)n
AIXy)NV@AnYo(x)nd, (y)VONJIafx)nl2(y)V@ni, (t)nJo(y))V
v@and, (nad,(y)v @n/ (onlry)v 2nd2(x)ndg(y))v (2a/2(n)n
nlo(y)vo@a Y2(X)n 2(y))
MpoBepuM, Hanpumep, 3HaveHne yHKLUK Ha Habope (1, 2):
/(1,2)=1=(@NIo@Wn N (2)V@ndoqn/ (2)VvV©OnNJIOnn (2)v
v (2n,,(1)nJo2)v @n/(1)ni,(2))v (Ind,(DHad,(2)v @n./I(Hn
n/o2)v@ndi2)n./,(2)v 2nd,(i)ad,(2))=@2n0n0)v(In0n0)v
vOnon2)v2n2n0)v In2n0)v@n2n2)v 2n0n0)v 2n0n0)v
v(2a0a2) =0vOvOvOoOvOoOv1ivOovoOo = 1

Mpwn ucnons3oBaHum topmynbl (1.17.9) oco60 0TMCTUM HEO6XOAMMOCTL MPUCYT-
cTBUA KOHCTaHT O, 2., K—, uero He 6bi0 B P-, T.K. TaM MOXHO 6biN0
B CAH® onycTuTb KO3hdULMeHTbI, Nepeiigs K AN3bIOHKLKMM MO Habopam, Ha Ko-
TopbiX /(0,,02,...,afl)= 1.

Ecnm B pasnoxedun f(Xi,X2,...,Xil) ucnonbsosats xapakTtepuctuyeckme gyHK-
LMK1 NepBoro poga, To Ana Noboi dyHKuun n3 PX umeet mecto

npeAcTaBeHune, HasbiBaemoe BTOPOIA hopMOii:

F(x1,x2,...,%,.)= (.r)/:(@2)..;0(x,)/(0, a,.....c,))mod£ . (1.17.10)

JTa hopMyna Ho CTPYKType aHanoruyHa opmyne (1.9.1).

B /c-3HAUHOW NOTMKE MOXHO PaccMOTPeTb BOMPOC O MPeACTaBUMOCTU (YHKLWI
NONMHOMaMK (aHanoru NonAuHOMOoB XKerankuHa). MNpu 3TOM OKasblBaeTcs, uTo Ta-
KOe NpeACcTaBaeHNne BO3MOXKHO TONLKO ANA NPOCTbIX K .

Teopema 1.19. Cuctema nonuHomos no mod/c nonHa B PL Torga u Tonbko

Torga, korga K- p,rae p — npocToe 4ucho.
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B Teopun /c-3HauHbIX NOTUK B MOCNeAHee BPeMs MONy4YeHbl 3HAUUTeNbHble pe-
3ynbTaTbl. OHM NOKa3blBalOT CyLeCTBEHHOE OTANYME /C-3HAUHBIX NOTWUK OT ABY-
3HAaUHOro cNyyasi, KPOMe TOro, MHOTMe pe3ynbTaTbl 3aBUCAT OT 3HaUeHMs yncna K .

1.18. NpakTnyeckoe 3aHATUE Ne 3.

MnHnmmnsayma B knacce AU3bHOHKTUBHbBIX
HOpPMa/1bHbIX POPM. 3aMKHYTbIE K/1acChbl

M NOJIHOTa cucTeM (PYHKUWIA anrebpbl SIOTUKN.
k-3Ha4Hble NOrnKmn

1.18.1. HaliTu cokpaljeHHyl, BCe TYNWKOBble U MWHUManbHble AH® 6yneBoii

dyHkunn fix, y,z) psymsa cnocobamun: a) metogom KBsaiiHa n 6) ¢ no-
MoLLblo KapT KapHo. Kakum knaccam lMocTa npuHagnexuT aTa yHKUmna?

1) /(0.0,0) = /(0,0,1)= /(1,0,1)=/(1,1,1)= 1,
2) /(0,0,0)= /(1,1,1)= /(1,1,0)= 0;
3) /(1,0,0)= /(0,1,1)= /(0,1,0)= 0;
4) /(0,1,1)=/(0,1,0)= /(1,0,1)=/(14,1)=1;
5) /(0,1,1)= /(1,0,0)=/(1,04)=1.
1.18.2. Mpegctasuts X® y B Buge CAH® n CKH®, Hattn (XD y)*.
1.18.3. MpepacTaBuTb NoAnHoMamu XKerankuHa:
1) OCHOBHbIe NOrNYecKne onepayuu.
2) XV YV 2.
3) XyV yzv Xxz.
4) XYZV XYZV XYyZV XYyZ.

1.18.4. [okasaTb, YTO (PYHKLMWSA, NpeacTaBAeHHas NONMHOMOM XXerankuHa, cyuye-
CTBEHHO 3aBMCMUT OT BCEX BXOAALMX B HET0 NepemMeHHbIX.

1.18.5. MpepcTaBuB (YHKUUIO / MONUHOMOM, BbIACHWUTb, ABNAETCA NN OHA NU-
HeWiHO:
)/ = (x->y)®xy;

2) | = XYV XyvVz;
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1.18.6.
1.18.7.

1.18.8.

1.18.9.

1.18.10.
1.18.11.

1.18.12.

3 f =xy (xy):

4) f ={xvyz)® xyz.

HaliTn uncno Bcex NUHENHbIX QYHKLMWA OT N NepeMeHHbIX.
HaiiTm uncno nuHeitHbix  yHkumnii  f{x{x2,...,xu) Takux,
/(0,0,..,0)=/(i,u,i)=i.

BbISCHUTb, NpUHagNexuT nu gyHkuus f mHoxectey  \

»f {1 Xexxe  XIX?3 X1

2) I = N{X,,x1,xi)-

3) / = xIXxXiv x,x, v X, ;

4) ] =(@vn2 v AnRv a2.

Kakue 13 yKasaHHbIX YHKUWUIA SBNAOTCA MOHOTOHHLIMU?

1) XyV XZV XZ ;

2) X->(X-4-y);

) NVY<XvY;

4) NIvy <>Xy;

5) myv v .xzm

MepeyncnnTb Bce MOHOTOHHbIE (YHKLNM OT ABYX NeEPEMEHHbIX.
MOXHO nn U3 PyHKuUnM / = xyz v /(ny —>T) NOAy4nTb:

1) hyHKUMIO .V OTOXAECTBNEHNEM MEPEMEHHbIX:

2) yHKLMIO X NOACTAHOBKOW KOHCTAHT 0, 1;
3) (YHKLNIO Z OTOX/eECTBNEHMEM NepeMeHHbIX?
[lokasaTb NONHOTY CNeAyoLWmnX cucTeM PYHKLUIA:

D xy, x;

2) xv y,

x

3) XVy;
4) X® vy, xvy, 1
5)x =y, 0.

69
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1.18.13.
1.18.14.

1.18.15.

1.18.16.

1.18.17.

1.18.18.

1.18.19.

1.18.20.

YacTb |. MaTemaTnyeckas noruka

MokasaTb, YTO NOMIHbIE CUCTEMbI H3 3agaun 1.18.12 sBnswTca 6asucamu.
[lokasaTb, 4TO 6a3nC He MOXET COfepPXaThb:
1. Bonee NATU PYHKLMWIA.

2) Bonee yeTbipex yHKLUNIA.

M3 nonHoit B P2 cuctembl yHKuuii G BbIAENNTb BCEBO3MOXHbIE 6a3NChI:
1) G={0x®y, x =Y, xy<=>xz};

2) G={xdy,Xyd z,Xx®yd zd 1, acy® yzod xz}\

3) G ={xyv Xz, X ,Xx—>Y, 0, g:® yz\.

Ans dpynkunn F{x{,x2,x$)= NN,x2v X]x3 HaiiTn BCce ee NpPoMU3BOAHbIE

(B TOM 4ncne CMellaHHble) 0 TPeTbero NOpsAAKa BKNOUNTENbHO.

MpepcTaBuTh cnefytowne 6ynesbl MYHKLUUW 3HAYEHNAMU B TOUKe
(0, O,..., O) 1 3Ha4YeHNeM BCeX MPOU3BOAHBIX B 3TON e TOouKe:

1) f{x,y,2)=xvy—2;

2) F(x,y)=xv yr(x<A> y)\

3) f(x,y,2)=(x z\y ->z)-> (x->y).
flokasaTb cNpaBeAnMBOCTL CNeAyIOWNX PaBeHCTB:
1 -(x)=~.x;

2)

3) min(x,y)+ J,(y+x)~ jk_ (x)my =min(x,y).

Ona 3agaHHoro /c npegctasuts yHkumio f B nepsoii u BTOpON dop-
Max (MonyYeHHble BblPaXEHUS YNPOCTUTB):

Hf-x K=3;

2)/ X, K=4;

)/ =*+1/, lc=3.

Pa3noxuTb B NOAVHOM N0 MOAYNt0 /c yHKUM / 13
1) f = x1-mx, k - S\

2) | = max(2x+ _y,xmy), fc= 3.
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1.19. CxeMbl U3 (PYHKLNOHA/IbHbIX 3/1EMEHTOB.
PeneiHoO-KOHTaKTHbIe CXeMbl, OLLeHKa
C/I0)KHOCTUN CXeM

CxeMoii U3 (hyHKUMOHANbHBIX 31EMEHTOB (CP3) HasblBaeTCH OpUEHTUPOBaHHas
6eCKOHTAKTHaf CeTb C MOMeYEeHHbIMU BeplMHamMu. [lyCTb KMMeeTcs HekoTopoe
YCTPOACTBO C M ynopsfOYeHHbIMU BXOAaMW W OAHUM Bbixogom (puc. 1.4). Ha
KaXAblii 13 BXOA0B MOXET N0AaBaTbCA ABa CMrHana, KOTopble MOXHO 0603Ha4YNTb
cumsonamu 0 n |. OuyeBnAHO, 4TO Habop CUrHaNOB Ha BXOAAax OAHO3HAYHO oOmnpe-
[enseT curHan Ha Bbixode. Takoe yCTPOWCTBO Ha3sbiBaeTcs (PYHKLMOHAMbHBIM 3ne-
MEHTOM. ficHo, 410 KaxAOMy (YHKLMOHaNbHOMY 3/MeMeHTy OoTBevaeT (yHKLUs
anre6psl 10rUKN j (1%, %, ,...,J1'(). CXema n3 (YHKLMOHANbHBIX 3N1EMEHTOB Mony-
4aeTca NyTem NpoBeAeHUs Cnefytownx onepawmii:

1. OAMH M3 BXOAOB KaKOro-ro yHKLWOHANbHOTO 3/eMeHTa COeAUHSETCS C Bbl-
XOAOM ApYroro GyHKLMOHabHOTO 3/eMeHTa.

2. HekoTopble BXOAbl (YHKLNOHaNbHOTO 37eMeHTa 0TOXAECTBAATCA, T. €. Ma
3TU BXOAbl MOAAETCS OAMH M TOT Xe curHan. Ha puc. 1.5 nsoGpaxeHa gonyc-
TUMas cxema U3 PYHKLMOHANbHbIX 3N1EMEHTOB.

F1CHO, 4TO (PYHKLMA, KOTOpas peann3yeTca 3TON CXeMOWA, ABNAeTCA cynepnosunyu-
el (DyHKUMIA, peanusyembiX TeMU (YHKLUOHANbHLIMW 3N1EMEHTaMM, W3 KOTOPbIX
3Ta cxema noctpoeHa. CxeMbl, NONyYeHHbIe C NOMOLbIO onepaunuii 1-2, HasbiBa-
toTcs A0NYyCTUMbI M
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BXx0f X (YHKLMOHANLHOTO 3/eMeHTa /  HasbiBaeTcs (DUKTUBHBIM, v npu o -
60M Habope CUrHanoOB Ha OCTaNlbHbIX BXOAax CWUrHan Ha BbIXOfEe He 3aBUCUT OT
curHana Ha Bxoge X. ®yHKUMOHaNbHble 3NE€MEHTbl HasblBaloTCA IKBUBANEHTHbI-
MW, eCnn OHM OTANYAIOTCSA NULWb HYMepaumuei BXOA0B U PUKTUBHBIMW BXOAAMU.
OYeBUAHO, HYTO A3bIK CXEM W3 PYHKLUOHANbHbIX 3M1€MEHTOB B LieNIOM 3KBUBaNEH-
TeH A3blKY cynepno3unuuu yHKUniA anrebpbl norukn. OAHaKo nNpu NOCTPOEHUM
CXeM BO3HMKAIOT HEKOTOPbIE OrpaHUYeHms:

1. He MOryT coefiMHATLCA BbIXOAbI.

2. Y cXeMbl LO/MKEH 6biTb MAWb O4WNH BbIXOA.

3. Henb3s COEAMHATbL KAKOA-TO BXOZ 37€MeHTa CXeMbl C BbIXOA4OM, T. €. ue fo-
NyCKalTCs LUK/bI.

COBOKYMHOCTb 3N1EMEHTOB HasblBaeTca LWKNOM (puc. 1.6), ecnu Bbl-
XOf 3NeMeHTa COEAMHEH C KAKUM-TO BXOJOM 3/eMeHTa / 2, BbIXO4 3/1eMeHTa
f 2 ¢ kakum-To BXOLOM nT. 4., Bbixog fk}— c kakum- 10 Bxogom fK, a Bbi-
xo4 fk c kakum-To BxogoMm . B Takom ciyuae roBopsT, YTO B COEAUHEHUN 3ie-

MEHTOB CyLyecTByeT 00paTHaA CBA3b. Pa6oTa CXeM M3 (YHKLMOHANbHBIX 3/1IEMEH-
TOB MOXET MPONCXOANUTL ABYMS cnoco6amu. MepBblii COCTOMT B NPeANON0XeHUM,
4TO 3/1EMEHTbl CXeMbl CpPabaTbiBAlOT MFHOBEHHO. [lpyroe MpeAnonoxeHune 3aknto-
YaeTcs B TOM, YTO A8 MOMYYEHUS BbIXOAHOTO CUFHANA KaXA0ro yHKLMOHaNbHO-
ro 37eMeHTa TpebyeTcs HeKoTopoe Bpems. TOrga Ha BXOAbl BHYTPEHHUX 3/71€MEH-
TOB CXeMbl CUTHanbl MOTYT MPUXOAUTb He OJHOBPEMEHHO, T. K. UM He0o6X0AuMo
NpOATU pasHOe YMC/O 371eMEeHTOB, ja U BpeMs, TpelGyloLyeecs pasnnyHbiM QyHK-
LMOHANbHbIM 3MeMeHTaM Ans 06paGOTKN CUFHANO0B, MOXET 6bITb pasnnyHbiM. Of-
HaKo MOXHO MNpPeAnofoXNTb, YTO CUTHaNbl MOAANTCA Ha BXOAbl CXeMbl CKOJb
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YrofHO fONTO A0 TeX Mop, MoKa Ha Bbixo4e He MOSBUTCA CUTHAN, COOTBETCTBYHO-
Wi TeM curHanam, 4To MOZAlOTCS Ma BXO4 CXeMbl. BTopoe npegnonoxeHue 60-
Nee COOTBETCTBYET peasbHOM CUTyaunu, OAHAKO OKO TpeGyeT BBEAEHMS BPEMEHM
33[1€PXKU PYHKLMOHANBLHOTO 31EMEHTa — BPEMEHM /, KOTOPOE MPOXOANUT MexXay
nofayeil BXOAHbIX CUTHANO0B 1 NOSABJIEHUEM BbIXOLHOTO.

Kpome Toro, BBOAUTCS MOHATKE TakTa. Bpems paboTbl hYHKLMOHANbHbIX 3MEMEH-
TOB W3MEHNeTCs AWCKPETHO M MPUHUMaeT HaTypanbHble 3HauyeHus 1,2,.../:,...
EfvHMua BpemMeHU HasbiBaeTc TaKTOM. COCTOSIHUS BXOJOB W BbIXO/OB 3/€MeH-
TOB NCCNEAYIOTCA NULLIb B MOMEHTbI BPEMEHM, KpaTHble TakTy.

O6bIYHO NPU PAcCMOTPEHWUU CXeM W3 PYHKLMOHANbHbBIX 3/1EMEHTOB BBOASAT YNpo-
walole NpefnonoXeHus, Hanpumep, BCe CXEMbl PaccMaTpUBalOTCS KakK OAHO-
TaKTHblE, T. €. MeXJy CUTHanamy Ha BXOfe U Pe3yNbTUPYIOLWNM CUTHANOM Ha Bbl-
XOfie MPOMCXOANT OAMH TaKT, CUTHAMbl TakXXe MOXHO NojaBaTb Yepes OAMH TaKT.

Cxema M3 (PYHKLMOHaNbHbIX 31EMEHTOB peannu3yeT HeKOoTopyl (yHKUuio anre6-
pbl OTUKKM /€ 3aAepPXKOW /. ecnn ee BXOAbl MOXHO OTOXZAECTBUT], C apryMmeH-
Tamn f Tak, uto npu nogade B N106ON MOMEHT BPEMEHN Ha BXOAbl CXEMbl HEKO-
Toporo Habopa CWrHanoB Ha BbixoAe ueped 1 TakTOB BO3HMKAET CUrHan,
COOTBETCTBYIOW NI 3HAYeHUIO (yHKuun f  npu 3HauyeHusix aprymeHToB, oTse-

yaloLlnx NojaHHbIM curHanam. Cxema, peannsyrolyas Kakyl-n16o yHKUWIO an-
re6pbl NOrMKK, HasbiBaeTcs NPaBUNLHOMN.

Cxembl U3 (YHKLMNOHANbHBIX 3N€MEHTOB, paboTatolie MIHOBEHHO, Ha3biBAlOTCA
HYNbTaKTMbIMA\ CXeMbl W3 OJHOTAKTHBIX (YHKLMOHANbHbLIX 3N1EMEHTOB — MIO-
roTaKkTubIMA.

B o6Liem cnyvae npu paccCMOTPEHUN CXeM W3 OAHOTaKTHbIX 3/1eMEHTOB Y4MTbiBa-
1oTca o6paTHble cBasu (puc, 1.6). OkasblBaeTCs, BO MHOMMX CAy4asX MOXHO He-
npoTUBOpeunBbLIM 06pa3om onucatb pa6oty CPI c obpaTHbIMK cBA3AMU. [anb-
Heifllee nccnegoBaHne 3TOro BONpoca NPUBOAUT K MOHATUIO KOHEUHOTO aBToMaTa.

PaccmoTpum ewle ognH cnocob peanusauuy GyHKUMiA anrebpbl NOrMkn — PenerLlo-
KOUTaKMWble cXembl (PKC), WMWPOKO  UCNOMb3yemMble B 3M1EKTPOHHO-
BbIYNCNIMTENbHOI TeXHNKe. ONncaHne 1 KOHCTPYMPOBaHME TakMX CXeM B CUNY UX
rpOMO3AKOCTU BecbMa 3aTpyfHMTeNbHO. OfjHaKo 0Kas3anocb, YTO MpU KOHCTPyU-
poBaHun PKC MOXHO 1CMONb30BaTh annapat 6yneBbiX QYHKLNIA.

McxopHoe 3aMevaHne COCTOMT B TOM, YTO eCu JI0OTNYecKoil nepemeHHoi A no-
CTaBUTb B COOTBETCTBME MPOBOAHUK, MO KOTOPOMY WAET MM HET TOK B 3aBUCUMO-
€T 0T TOoro, X= | nam jc= 0, To NocnegoBaTeNbHOMY COE[UHEHWIO NMPOBOAHM-
KOB OTBEYAeT KOHBIOHKLWA MepeMeHHbIX, a napanienbHOMYy— [AU3bIOHKLNSA.
YacTo MPOBOAHMKM Ha CXeMaxX 3aMeHST 0603HaYeHWeM cheuuanbHbIX YCT-
poiicTB— nepekntoyaTeneid, KOTopble MOTYT 6bITb MeXaHUYECKMMU U 3NEKTPOH-
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HbIMU. MHOrOKpaTHO WCMONb3ys napannenbHO-NoCNef0BaTeNbHbIe COEANHEHMS,
MOXHO CTPOUTbL CNIOXKHbIE CXeMbl. OUEBUAHO, YTO MPKU 3TOM MOXHO peanns3oBaTb
NV b MOHOTOHHbIE (DYHKLMN.

[ns peanu3auuu NpousBONbHBIX (YHKLMIA HEO6XOAMMO yMeTb peannsoBaTb 0Tpu-
LaHue. 3TO MOXHO cfAenaTb NpW MOMOLLW YCTPOICTBA, HasbiBaeMoro pefe C pas-
MbIKaIOLLYM KOMNaKTOM (puc. 1.7). Ecnu no o6moTke KaTywkum A TOK He
nAeT(a;=0), To MpyXuWHa OTTArMBaeT KOHTAKT B BBepx, n Lenb 3ambikaeTcs.
B pesynbTate Ha knemme C 6ypet Tok (X —1). Ecnm xe no o6moTke A nget Tok
(x —1), To KoHTaKT B nputarueaetcs BHW3 1 Ha BbIxoge C HeT Toka (X = 0).

c

Puc. 1.7 Puc. 1.8

Ans PKC Takxe cyljecTByeT npo6nema 3afep>Ki CUTHaN0B Ha 3NIeMeHTaX CXeMbl.
Mbl He 6yaem paccmMaTpuBaTb 3Ty MpoGiemy, a OrpaHUUYUMCS TONLKO CXeMamu, B
KOTOPbIX COEAMHAITCA NUWb KOHTaKTbl. KOHTaKT unu nepekniovatens 6Gygem
1306paxatb 0TPe3KOM WK MPSMOYTONbHUKOM, KOHLbl KOHTAKTa HasblBaTb MOJI0-
camu. KoHcTpykuus, nzobpaxeHHas Ha puc. 1.8, HasbiaeTcs [BYXMONOCHUKOM.
[IByXNONOCHUK 6yfieM CHa6XaTb CUMBONIOM MePeMEHHON X, eCnu KOHTaKT 3aMbl-
KalowWmig, 1 X , ecnu pasMmblKatoLWnii. [ByXnonoCHUKN COAUHAIOTCA MOMKOCaMU.
B pesynbTate cxema 6yaeT npeAcTaBnaTh U3 cebs rpad.

Fpad I ¢ /c nonocamun, B KOTOPOM Kaxfoe pebpo nomeyeHo 6yKBOi u3 anasu-
Ta X0 —{x|,X2,...,xn,x],X2,...,XxN}, HasbiBaeTcs K-MOMKOCHOI KOHTaKTHOI
CXEeMOIA, peanusytowieit 6yneebl GyHKUMn nepemeHHbix X1,X2,..)x1, nm

cxeMoli. KOHTaKTHas cxema HasbiBaeTcsi CBA3HOMN (CMNbHO CBA3HOI, NapannensbHo-
nocneaoBaTeNbHOW), ecnu  TakoBbiM — siBnseTcs ee  rpad. [apannensHo-
nocnegoBatesibHaa cxXeMa HasblBaeTCA n-CXeMOﬁ. ABQ CXeMbl Ha3blBalOTCA WU30-
MOPMHBIMU, ecny ux rpadbl W30MOPQHBLI U MpU 3TOM COOTBETCTBYlOWME pebpa v
nositoca NoMeyeHbl 0AWHAKOBO. B rpade BbigenstoTcs gBe BepLWHbl: BXO[ v Bbl-
X0f. YacTto Bxof M306paxkaeT NOMOC B BUAE CBETNOTO KPYXKa, OCTanbHble NOM0-
ca V|306pa)KaIOTC$| TEMHbIMU KPY>XXKaMu.

PeneiiHo-KOHTaKTHble CXeMbl OTIMYAKOTCSA OT CXeM W3 (DYHKLMOHANbHbIX 3/1IEMEHTOB
TeM, uTo B COI Kaxabli MMELWNAcs curHan MoxHo BblN0 pasmMHOXUTL 6e3 f0-
MOMHNTENbHbIX YCTPOUCTB (BbIXOZ 3/1€MEHTA MOXHO COEAMHSATb C MO6LIM YMC/IOM
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BXOfI0B), B TO BPeMSA KakK ANs pasMHOXeHWs curHana B PKC ero HyHO nogaTb Ha
06MOTKY KaTyLUKN C HYXHbIM YMCNIOM MOMOXMTENbHbIX KOHTaKTOB. BTopoe pasnu-
yune 3aKnoyaeTca B TOM, YTo B PKC AN3BIOHKLMA peanusyeTca nyTem napanienbHo-
0 COeAVHEHNS NPOBOAHNKOB, B CPI ANs 3TOr0 HEO6XOANM CMeLanbHbIii 3NeMeHT.
Kakyto e hyHKUWI0 anre6pbl NOTUKN peann3yeT KOHTaKTHas cxema? dTa hyHK-
LMs paBHa efuHULE NPU TeX 3HAYeHUAX apryMeHTOB, MPU KOTOPbIX B CXeMe ecTb
NpOBOAMMOCTb, W HYO, ecniu NpoBOAMMOCTM HeT. MycTb & U b — paBa nontoca
KOHTaKTHO cxembl £, [1,/?]— HekoTopas Luenb, coeguHsiowas a m b n

KRb] — KoHblOHKUMS GyKB, npunucaHHbix pe6pam uenn [«,E£]. DyHKUuS

fab (11)> onpenensiemas popmynoii

(M9'1)
B KOTOPOW AN3bIOHKLMUA GepeTcs Mo BeeM MPOCTbIM LEensAiM CXeMbl, COEANHAILLUM
nontoca @ u b, HasbiBaeTcs (PYHKLME NPOBOAUMOCTY Mexay nontocamu a u b
cxembl £. Ha camom fgene Ans nonyvyeHns QyHKUUM NPOBOAUMOCTU [OCTATOHHO
6paTb AN3BIOHKUMIO He Mo BCEM LenAaMm, a InWb N0 HEKOTOPbLIM.

Llenb I, HasbiBaeTcs CYLUECTBEHHOMW, eCnv OHa HU Yepe3 Kakyl BepliuvHy rpaga
He MPOXOAUT ABaxXAbl. OKasblBAeTCH, YTO AN3BIOHKLMUA KOHBLIOHKLWIA, COOTBETCT-
BYIOLMX CYLLECTBEHHbIM LeNsM, paBHOCUNbHA (DYHKLWM NpoBOAWMOCTU. [eicT-
BUTE/NbHO, NYCTb MMEETCS HEeKOTopas Lienb, B KOTOPOI HEKOTOpas BepliMHa BCTpe-
yaeTca ABaxabl. OT6POCUM BCE KOHTaKTbl, KOTOPbIE BCTPEYAKOTCA MeXAy ABYMs
NPOXOXAEHNAMMN Yepe3 3Ty BeplIMHY. FCHO, YTO MPU 3TOM Mbl BHOBb MOMYYUM
Lenb, MpUYeM ecnn BCe KOHTaKTbl WCXOAHOW Lenu 6binu 3aMKHYTbl, TO 6ygyT
3aMKHYTbl 1 BCE KOHTAaKTbl BHOBb NOMyYeHHOI Lenu. Takum obpasom, nocnegosa-
TeNbHO COKpaLLas Lenb, MOXHO MOMYYUTb CYLLECTBEHHYIO Lienb, B KOTOPOi GygeT
NpoBOAMMOCTb, €CNK BblNa NPOBOAUMOCTb U UCXOLHOM Lienw.

MocmoTpum Tenepb, Kak 06CTOMT Aeno ¢ o6paTHON 3ajayeil: NocTpoeHwem no
(hyHKLMN peanusytouieii ce cxembl. MpegcTaBum yHkumio B Buge AH®. Kaxgoi
BxogAwei B IH® snemMeHTapHON KOHblOHKUMM X°la a...a/lg‘ nocrasum
B COOTBETCTBME CXeMYy (puc. 1.9), COCTOALLYI0 W3 NOCNEeJ0BaTENbHO COEANHEHHbIX
KOHTaKToB /0, X “2>..X°KK.

3T0 CXxema 371eMEHTapHOI KOHBbIOHKUMM. Ha puc. 1.9 u 1.10 Bennunubl X/ 060-

3HauyeHbl yepe3 Y,. [ocne oTOXAECTBNAEHNA MeXAY CO60 C OAHOW CTOPOHbI BXO-
[l0B BCEX 3TUX CXeM, C APYroi CTOPOHbI — BbIXOAOB, NONYHYUM (PYHKLMIO, COOT-
BETCTBYIOLYIO 3aJaHHOI cxeme. ECTECTBEHHO, MOXHO peann3oBaTb MYHKLWUIO NO
cxemam Takxe ucxoas u3 KH®. Kaxpaoil aneMeHTapHOW  AU3bIOHKLUK
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** v X22v ...v XB noctaBuM B COOTBETCTBME CXEMY, N306paXKEHHYI0 Ha puc. 1.10.

3aTeM nocnefoBaTeNbHO COEAWHUM BCE 3TU CXEMbl [/l BCEX 3NeMEHTapHbIX
LU3BIOHKLWIA, BXoAAwmx B KH®, Tak, 4To6bl BXOA nocneAytolleil cxembl coBna-
[ian C BbIXOAOM MpefblAyLleit.

Puc. 1.9 Puc. 1.10

CXeMy, COCTOALYYI0 W3 OAHOTO KOHTAKTa, Ha3blBaloT 3NEMEHTAapHON. fAcHo, uTo
no6as N-cxema MOXeT GbiTb MOMy4eHa U3 3/1eMeHTapHbIX 3a HEKOTOPOe 4MCNo
WaroB nNpy NOMOLLY NapannenbHbIX 1 NOCNef0BaTeNbHbIX COeAUHEHNA. Kaxgomy
CMocoBy NOCTPOEHUS 5 -CXeMbl U3 3/1EMEHTapHbIX CXeM 0TBeyaeT MpefcTaBieHune
(YHKUUN NPOBOAMMOCTW B BUAE (DOPMYNbl, COAEpXalieli TONbKO AU3BIOHKLUU,
KOHBIOHKLMYU 1 OTPULLAHMSA.

Ecnn KOHTaKTHas cxema SBNAETCA A -CXeMOWi, TO ee MOXHO pa3buTb Ha HECKO/bKO
CXeM, COefiuHEeHHbIX NM60 nocneaosaTensHO, NM60 napannensHo. O6paTHOE ToXe
BepHo. Ecnu cxema He gonyckaeT pasbueHWs Ha [Be CXeMbl, COefUHeHHble NM60
nocnefoBartenbHO, NM60 NapannenbHoO, OHa He ABNAETCA A -CXeMoii. Ans npumepa
paccMoTpum cxemy “"MocTuK" (puc. 1.11), KoTOpas He fABASETCH 3NeMeHTapHONA.
Ecnn fBe cxembl COefMHEHbl NOCNef0BaTeNIbHO, TO Y NOAYYEHHOWR 06Lieli CXembl
BCE MOJIOCHI, KPOME COEAMHSIOLLEr0, NM60 HEe UMEKDT 06LWMX KOHTAKTOB HU C BXO-
[lOM, HW C BbIXOOM BCeli CXeMbl, TM60 UMEKT 06N KOHTAKT UM TONBKO C BXO-
[OM, WA TONbKO C BbIXOAOM. O4YEBUAHO, YTO Kakoi Gbl U3 BHYTPEHHUX MOKOCOB
Ha puc. 1.11 Mbl He NMPUHANU 3a COEAMHAIOLWMIA NOACXEMbl, OCTaBLUMACA nontoc
6yaeT MMeTb O6WMIA KOHTAKT Kak C BXOAOM, TaK U C BbIXOAOM CXeMbl. [o3Tomy
cxemy "MOCTUK” He/b3f NOAYUYUTb NOCNef0BaTe/lbHbIM COEANHEHNEM [BYX CXEM.

Ecnu obwasn cxema — pesynbTaT napannenbHOro COefUHEHWUs ABYX CXeM, TO ee
KOHTaKTbl M MOMOCbI MOXHO Pa3buTb Ha fiBe 4acTu Tak, 4Tobbl 1160 B OAHON Yac-
TV COAEPXKANNCh KOHTAKTbl, HEMOCPEACTBEHHO COEAMHSAIOLLME BXOA U BbIXOA, N160
NonChl, BXOAALME B paccMaTpyBaeMble pasfiyuHblie ABe 4acTu CXeMbl W OT/IMY-
Hble OT BXOZAa W BbIX0Aa, He BYAYT UMeTb 06 NX KOHTAKTOB. HU nepsas, HW BTO-
pas BO3MOXHOCTb Ha cxeme puc. 1.11 He MoxeT peanusosaTbcs. CnefjoBaTenbHO,
3Ta CXema He IBNSETCA N-CXeMOiA.
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[1Be KOHTaKTHbIe CXeMbl Ha3blBalOTCA IKBUBAIEHTHbIMI, ecnvi OHU peanusyioT of-

HY 1 Ty Xe 6yneBy QyHKLWIO UAK OAHY U Ty Xe cuctemy PyHKuniAi. Cxema Hasbl-

BaeTCA MUHUMANBHOMW, eCv OHA COAEPXUT HaWMeHbluee BO3MOXHOE YMCNO KOH-

TaKTOB CPeAM BCEX CXeM, MMeLWNX Ty Xe (YyHKLNIO0 NPOBOANMOCTU.

MycTb — OGyneBa (yHKUMA N nepeMeHHbIX. O603Ha4YMM uepes

||f) UMCNO KOHTAKTOB B peannsylolieii ee MWHUManbHON cxeme, a u4epes
— YWUCNO KOHTAKTOB B MUHUMaNbHON M-CXeMe 3TOW QyHKLWK, Toraa

L (f)< LK(f). (1.19.2)
Haun6onbwee 3nauenne L (f) ans /(x{ x2 ) HasbiBaeTcs (PYHKUMeld LLleH-
HoHa™ lii'i). Benuuuna L (/) wam @ ) HasbiBaeTcs CNOXKHOCTbLIO OyneBoii

yHKUMM f B Knacce KOHTaKTHbIX cxeM waM B knacce TT-cxeM. CNOXKHOCTLIO

6yneBoii hyHKLMM / B knacce hopmyn (Hag MHOXECTBOM CBSI30K |y, /1, ~Ha3bl-
BAeTCA YWUCNO BXOXAEHWUIi CUMBONOB nepemMeHHbIX. CnoXHOCTb (yHKuuu / B
3TOM Knacce hopmyn o603HavaeTcs yepes (1.

OueHum L(n) ceepxy, ucnonb3ys WHAYKTUBHBIA CNOCOG peanusauuu (YHKLWM.
Pasnoxum (hyHKL IO 1(.*,, X2 ) no nepemeHHo NAH
I =™ Ho(x,x2,..;, AMv XkRAWNI(X[[x2,...,xk). Ecnu pyHKumn <p u th yxe pea-
nn3oBaHbl, T0 dyHKuMa f peanusyetca, kak nokasaHo Ha puc. 1.12. Ecnn gnsa
peanusauuun QyHKUMUA OT /c nepeMeHHbIX TpebyeTca He 6onee CK KOHTaKTOB, TO

[Ons peanusauum / WX HYXHO He 6onee 2CK+ 2, T.e. cM+1< 2CK+ 2. Tak Kak

Cl=1,T0 CK<2KJI2*_| + 2K~b+... + 22+2 = 3-2*~' -2 . UTaK,

L{n)< 3-2"m -2. (1.19.3)

Knog 9nByg LW eHHOH ([916-2001) — amepuKaHCKW MaTemaTuk.
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PaccmoTpum Tenepb cnoco6 peannsaynu yHKUUA, He NPUBOAALMA K TT-CXeMaM.
Mpun noctpoeHUn cxembl ¢ nomowbio CAH® HyXHO OTAENbHO peann3oBaTb Kax-
AYI0 371eMEHTapHYI0 KOHBIOHKLMIO, a NOTOM NapannenbHo COeAMHWUTb BCe MONy-
YeHHble CXeMbl. MOXHO, OfjHaKO, peann3oBaTb BCE 3/NeMeHTapHble KOHbIOHKLUMN
0[JHOBPEMEHHO. DTO AenaeTcs C NOMOLLbI0 MHOTOMONIOCHUKOB Cnedytownm obpa-
30M. Cxema ¢ K -bl nonocamu Hasbisaetcst (\,K)-NOAOCUMKOM C OfFHUM BXOZOM

n /c Bbixogamu. Ha Bbixogax (1,&)-MONIOCHMKA peannsyeTcs OAHOBPEMEHHO K
(yHKUWIE anre6pbl 10rMkn. YHusepcanbHbiM (I, 2M)-N0NIOCHUKOM Ha3biBaeTCs

(I, 2" M-nomochuk (puc. 1.13), Ha BbIX04ax KOTOPOro peanusytoTcs Bce MOfHbIe

npaBUbHbIE 31EMEHTAPHbIE KOHBHOHKUUK OT I NepeMeHHbIX.

Puc. 1.13

OH nony4aetcs Npu OTOX/AECTBNEHWUM BXOAOB 3NEMEHTapHbIX KOHBIOHKLUIA
(puc. 1.9) nnn metogom, usobpaxeHHbIM Ha puc. 1.13. Ykaxem cnocob nocrpoe-
HMA CXeMbl ANS QYHKLWUKU anrebpbl NOTUKKU, NCMONb3YIOWNIA YHUBEPCANbHbIA MHO-
ronontocHuK. MycTb HyXHO peanusosatb dyHkumio /{X" ,X2,...,xn). MpegcTa-

BuM ee B Buge CAH®. OtoxpecTBum y yHusepcanbHoro (I,2”)-nontocHuka

BbIXOAbl, Ha KOTOPbIX PeannsyloTcs 31eMeHTapHble KOHBIOHKLMW, BXOAALLME
B CAH®. O6bABMM NONy4YMBLUMIACA B pe3ynbTaTe MOMIOC BbIXOAOM CXeMbl. JTa

cxema, o4esuaHo, peanusyet f(x1,X2,...,xtl).

MOXHO MOX0XWUM 06pa3oM onucaTb CXeMy, peanusytoLlyto nobyto 6ynesy yHK-

Luio pasfnoxeHHyio B CAH® no nocnegHum N —K nepe-
MEHHbIM:
I(jep ... Xt;xt+,,...,.r,,))= \ (1.19.4)

g on)(Pntﬂ--. (Xewoone
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Cxema ans qopmynsl 1.19.4 cocTouT U3 fABYX uacTeil (puc. 1.14): nepBas uacTb

M, npeacTaBnsieT cob6oit yHuBepcanbHbli (I, 2 *)-NONOCHUK AN NepeMeHHbIX

TapHoii KoHbloHKUMKM X°1\' a XLL2 n ...a X°" B (popmyne (1.19.4). BTopas 4acTb

M2 npeacTaBnsieT co6oil COBOKYMHOCTb CXeM Ans BCeX 2? (yHKUWii g oT K
MepemMeHHbIX XX, X2,...,XK, Y KOTOPbIX OTOXAECTB/EHbl Bbixogbl. 1 n3 3TUX
YHKUNA — KOIPPULMEHTbI NPU 31eMeHTapHbIX KOHbIOHKUMAX B (1.19.4).

Cxema anst j (x,,/12,...,xfJ) KOHCTpympyeTcs credylowum 06pasoM: OTOXAECTB-
nsetcs Bxo4 M2, cooTBeTcTBYOWMUIA PYHKLMUM ¢, CTOAWENH KOIPDULUEHTOM npu
KOHBIOHKUMM X~} 1nx”.}2a...ax°" € BbIXOgoOM M ,, oTBevawWu™m 3TON
KOHBIOHKUMU. Ecnu nposecT OTOXAECTBleHMe Bcex Bbixogos M3, nonyunum

cxemy ana dpyHkunm ./(x,,x2,...,x(QJ).

Mpumep 1. HaliTn yHKUWKM, peanusyemble cxemamu Ha puc. 1.15.

MepBble ABe QYHKLMM NpefCcTaBneHbl TT-CXeMaMu, NO3TOMY MX BOCCTaHOB/e-
HUe 0BOIbHO NPOCTO:

O f(xA,x2) = XxX2V x,x2 = Xrf2 AX\X2 ={x](x2®@ )@ IX (Ai ®1>20 1)1 =

= (X,x20 x, © I)- (XX2© x>© |) = x, © x2;
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[ns nocnefHero nyHkTa coctaBum no gopmyne (1.19.1) dyHKLMO NpoBO-
auMocTW. [ns 3TOro Heo6XOAWMO MepeynciuTb BCE LEenu, COeAnHAIOLLMe
HavanbHbIi a " KOHEYHbI b notoChbl CXeMbl:

= I(* |>*3) = X\X2 V V|*2 V X 2X3X2 V X2X2X2 V NrJ3ICIC, V

v XIXI X225 XX2V X2V X2X3 =X,X2a x.x2a x3x2 = (X, (x2® 1)th ])e
(X, @ D2 IX("3 hrz d L)p 1= (*| p m2® PX2@0® 1=
= XXX3D X2 D X{P X2= x,x2x3 P X, D X2.

Mpumep 2. MOCTPOUTL KOHTAKTHYHO CXEMY CNOXHOCTW, He NpeBblluatoLL el

/, peanusytowyio pyHkumio /(a 3)= XIX20 XXro x , o 1, /=5.

Mpegctasum yHkuuio / B 6asuce {v,n, }. Ecnu uncno Gyks okaxeTcs
paBHbIM /, TO NOCTPOMM COOTBETCTBYIOLLYIO CXeMy. Ecnun xe uncno 6yks 6y-
neT 6onblie /, TO peanusyem OTAeNbHble NOAPOPMYNbI CXEMaMMU U MOMbiTa-
eMCcA COBMECTUTb KyCKW CXeM Tak, 4TO6bl He BO3HUKO "NOXHbIX" Lenei.

Tak kak x® y = Xy v Xy, 1o f(XxIfXx2ix3) =x,x2d x %3 dx,x3P1 =

= x2(xj ©X3)@X]X3 = X0AX-, VX3 [)® X [X3 —X]X2X3V X]X2X3 ® x X 3 -

— (] X2X3 V X| X2X37X[X3 V X]X3 A X|X2X3 V X] X2X3 — X| A2X3X3 V X|X2X3X| V
VX3)rV *2vx3)(x] VX2VX3)=X[X, vxtx2x3v x tx2VX2X3V

VX, X3VX2X3=X]X2vx2x3vx,x3=X2(xjV X3)v X]x3.

MNTaK, 4NCNo BXOXAEHWI CUMBONOB MepeMeHHbIX PaBHO MATW. MMocTpoum

Tenepsb cxemy (puc. 1.16) ans dyHkummn /(x) = X, X2® x2x3® x,x3P 1.
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paccMOTpUM B 3aK/OUYEHWE MEeTOA KackafjoB, MPUMEHseMblii Anf MNOCTPOeHUs
KOHTaKTHbIX cxeM. [ycTb TpeGyeTcs MOCTPOUTb cxeMmy Ans GyneBoil (yHKUUM
n- 2-0603Hauum yepes Un i=1.2,...n, COBOKYMHOCTb BCEX

noadyHkunii /(o |,...,0(,xj*l,...,xJ, Gj 6 {oa} j=\J, dyHkyuu / wn nycrtb
U* - MHOXeCTBO, COCTaBNEHHOE M3 MOMApHO PasnuuHbIX ByHKunMA n3 UX. Kax-

oMy mHokectey Uj, i=1,n-i B3aMMHO 04HO3HAYHO COMOCTABUM MHOXECTBO
M Touyek NNOCKOCTM, HasbiBaeMbix BEPLUMHAMM /-T0O paHra. K Hum go6asnsetcs

elle TpK NoNoca: BXOAHONM NOMOC @ M BbixoAHble nontoca b u C.Momoc a se-
NIAeTCA BEPLUMHOI MyNeBoro paMra, nomoca b u ¢ — BepwuHamu //-ro paura.
Montocy a conoctasum dyHkumio f(x1,x2,...,xIl), nonocam b u ¢ — «kou-

cTaHTbl 11 0, PaccmoTpum MHoxectBo V= {a,£>,c}nuK 1 pasobbem ero Ha

Knaccbl 3KBMBANIEHTHOCTU, OTHECA K O4HOMY KnacCy BepLWMWHbl pasHbIX PaHros
TONbKO TOrAa, Korga oOHM COOTBETCTBYHT paBHbIM d)yHKLI,I/IHM.

MycTb v — npousBosibHas BepwuHa /-ro padra, a ¢ V{x"[,Xi+ ,...,xn) — coor-
BeTCTBYyloWas el pyHkuua. Ecam ,,(1,x/+2 )* dv(0,IG+2 »n,), coepm-
HWUM BEpLIMHY V paHra i KOHTaKTOM X/ C BepwuHoii W paHra /+1, KoTopas
COOTBETCTBYET MoAdyHKuuM o, (1,A*+2,...,A',), U KOHTaKToM ,vH C BepLINHON
W, COOTBETCTBYIOLL eI noAdYHKL UK ®,,(0,x/+2,...,n-/1). Ecnu xe

)= ®,, (0,X(+2,..., XW), To 06e NOADYHKLUN TOXAECTBEHHO PaBHbl

(hyHKUMM By , Xj+2 ,...,XN) 1 KOHTAKTbI MEXAY COOTBETCTBYIOLMMMU BepLIN-

HaMmu He MPOBOAATCSA. Bce BepLUMHbI U3 OAHOTO Knacca SKBUMBANEHTHOCTU OTOXfe-
cTBasloTcA. B pesynbTate  6yfeT  monydeHa cxema £ Takas,  4TO

)~ /(* L)>a fa,c(*()~/(* n)-BepwmnHa C MOXeT 6bITb yaaneHa BMme-
CTe C MHUMWAEHTHBIMU eii KOHTaKTaMU.
MocTponm ¢ ncnonb3oBaHMEM MeTofa KackafoB KOHTaKTHYK CXeMy Ans (yHK-
umm j (x3)= xn2xs ® x2x3 P x3O1. Bblpasum tyHKuu0 B 6asuce {v,a, j
" BbISICHUM, MOXHO m ans Hee nocTpouTs TT-CXEMY.
/(*1,X2,X3)= -AX3CA © N© X3 = X}X2X3 ® 3= XIX2X3XAV X\X2X3X3 =
=X1X2 X}V (X, V X2V X,)xj" = N'x2X3V A, X, V 12X}V X. = A X, X3V X3, 71.k.

X(h y=XYyv XYy. Tc-cxema 3Toi yHKLUM n3obpaxeHa Ha puc. 1.17.
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2T r \
Puc. 117

MocTpouM Tenepb CXeMy METOAOM KacKafoB:
n-3, /=123; /=1 f(p\>x2,x3), /(1,a2,x3)=x3d 1,
/(0,X2,X3)=X2X3©X301.
r=2, |/I2:/(0,,02,x3), I1(1,1,x3)=x3®1, /(1,0,x3)=x3®1,
/(0,1,x3)=1, /(0,0,x3)=x3®1.
r=3, £/3:/(o0,02>03),/(l,1,1)=0, /(1,1,0)=1, /(1,0,1)=0,
/(],0,0)=1, /(0,1,0=1, /(0, 1,0)=0, /(0,0,1)= 0, /(0, 0,0)=1.

1 2
X3d1, X2X3 d X3¢ 1

[/; =jx3© uj, N, =jo,1.

1. a — BeplwuHa Hynesoro paHra. pa(l, X2,x3) = n3® 1 Phii(0, X2,x3) =
=x2m3 ® g3 d 1, cnepoBaTeNbHO, NOMKOC @ COEAUHAETCA KOHTAKTOM c
BepLIMHON 1, cooTBeTcTBYtOW el PyHKuMn da(l,X2,93)= n3®d 1, a KOHTAKTOM
X/ c BeplwunHoii 2, cooTBeTCTBYOWER PYHKUMM (0, X2,X3) = X2X3 P x3 D1
(puc. 1.18).

2. 1un2— BepwuHbl nepsoro paHra ¢] (I,x3)= x3® 1, $1(0,4:3) =x3d 1, T. e

+2  XM), W BeplKHA 1 HU C KakoW fpyroii Bep-

WMHON KOHTakTamMu He coeamHseTca. ¢2(1,83)=1, d2(0,n:3)= x3d1,

(v(l,Xj+ ,...,xn)-E(pv(p,Xi+ >.-XN). Montoc 2 coefMHAETCS KOHTAKTOM X2 C

BepLWUHOI 4, T. K. h2(l,JB) = 1, 1 KOHTAKTOM X2 C BepwmMHOR 3, cooTBETCT-
BytoLel hyHKLuMn X3d 1.

3.3 u 4 — BepwwuHbl BTOpOro paHra. ®3(1)=0, 3(0)=1, T.e

Gy (1,*/+2....%,, ) PPAO.STu+r»—»*»)s CoeAuHNM NOMOC 3 C BEPLINHOW C.
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cooTBeTcTBYtOW el PyHKuun <P3(1) = 0, KoHTakTOM X3.1 ¢ BeplwuHoil b, co-
oTBeTcTBYtOWel yHkuun $3(0)=1, KoHTakTOM n3 . h4 =1, T.e. 3Ty Bep-
LWMHY COEAUHATL KOHTAKTaMU C KaKoi-nu6o Apyroii BEPLUNHON He HYXHO.

OTOXAeCTBUM Tenepb BeplnHbl 11 3, 4 1 byT. K. OHW COOTBETCTBYIOT PaBHbLIM
(YHKUMAM, 1 yAanum BeplinHy C BMeCTe C MHLMAEHTHbIM KOHTakTOM a3.

B pesynbTare noay4nm KOHTaKTHY0 cxemy ans hyHKLMUM
/ = x,x2a, © x2x3© 53 ® 1, n306paxeHHyt B Npasoit YacTu puc. 1.18, koTopas

9KBMBaNEeHTHa cxeMme puc. 1.17, XoTs W He coBnajaeTt C Heii. [elicTBUTeNbHO, U3
puc. 1.18 n opmynsl 1.19.1 cnepyet:

/ (n-,A2,M3) —AJA3 VA,A2 V.V, X2X2 V A, X2A3 = A,A3 VA 12V A A, A- =
=A@V A"V TA2(a3VI/BB)VAA2A3 = AJA2A3V A A2A3V AA2A3 v
v AJA2A3 v AJA2A3 = x2/13(a[ V A[)v A3A3(a| V A)v AU12/183 = a2a3 Vaza3 Vv

V AJA2A3 = i3(a2 V i)y JTJA2T3 = A|A2A3 V 13,

1.20. PeweHne nornyecknx 3apad

MpaBUALHO COCTaBNEHHbIE NOTMYECKMEe 3afadyn Nerko pellalwTcs MeTojamu an-
re6pbl NOTUKN. [INs 3TOro0 HEOGXOAMMO KOHKpPEeTHble YCMOBMS 3ajaun 3anucatb
B BUAE (hopmynbl anrebpbl NOrMKKU, a 3aTeM YNPOCTUTL 3Ty hopMyny nyTem pas-
HOCWUNbHbLIX Npeo6pasoBaHnK. lMpocTeiwnii BuA hopmynbl, Kak npasuno, Aaet
OTBeTbl Ha BCe BOMpocbl. K ofgHON hopmyne anre6pbl NOTUKW YCNOBWUS 3afaun
CBOAATCA pasHbIMU CNOCcO6amMu, Yalle BCEro UCTUHHbIE BbICKAa3biBaHUS COEAMHSA-
ica 3HaKOM KOHBIOHKLUW NS MONYyYEHUS UCTUHHOW (hopMyNbl, YNpoljeHne Ko-
TOPO M NPUBOAUT K Lienn.
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B noruke BbiCKa3blBaHW BCe foKa3aTeNbCTBa CTPOATCA Ha OTHOLIEHUW MOPSAAKa,
T. €. Ha OTHOLLEHWM, KOTOPOE CYL|eCTBYeT MeX/AY NPUUYNHONA 1 cnecTBUEM.

PaccMoTpUM HECKONbKO NPUMEpPOB.

m [pumep 1. YeTbipe CTYAEHTKM, MMeHa KOTOPbIX HauMHalOTCA Ha GyKBbI
A, E,C, P, nocewanT MHCTUTYT MO Ouepean U BeAyT O6LWMii KOHCMEKT

nexkunii. Heo6xo0AMMO COCTaBUTbL rpatiuk MOCelWeHNs Ha 6nuxailuyo He-
[leNto, yunTbiBas, YTo:

1. TMoHefeNnbHUK — [leHb CaMOCTOATeNbHON paboTbl Ha Kypce, W B UHCTU-
TYT He XOAUT HUKTO, a B Cy660Ty HE06X0AUMO BbiTb BCEM.

2. C n P He cmoryT noiiTu Ha 3aHATUs BO BTOPHMK B CBA3N C 6OMbLION 3a-
TPY>XXEHHOCTbIO B MOHEAENbHMK.

3. Ecau C BbliigeT B cpegy unm P — 8 uetBepr, To E cornacutcs no6bi-
BaTb HA 3aHATUAX B NATHULY.

4. Ecnm A He noiifeT B MHCTUTYT B YeTBepr, To E nossonnT ceGe cxoanTb
TyAa B cpegy.

5. Ecom A wnn P 6ypyT B nHcTuTyTe B cpedy, To C cMmoxeT moiitu
B NATHULLY.

6. Ecnn P B naTHMLY BMECTO WHCTWUTYTa NoilAeT Ha cafgbby Mogpyru, To
A npupeTcs CXoANUTb Ha 3aHATUS BO BTOPHUK, @ C B cpeay.

PeLueHue.

O603Ha4YNM BCe BO3MOXHble KOMGUHALWM pacnpefeneHus CTy[eHTOK Mo
OCTaBLUMMCS [HAM HefjelM MUMeHeM C MHAEKCOM [HS HeAenu, Hanpumep,
AB,AC,AX,Af , n3anuwem BCe yCNoBus 3afayn B BUAE UCTUHHBLIX (hop-

Myn anrebpbl 10rMKK.

1 Ay =1, Eft =1, Cft =1, Pft =1, 1. e -'4/7/y=0, ETV= 0,
Cnw —0, PN~ 0.

2. CB =0, PB=0,T.e.Cr=1,Pr=1],

3. CcvPJN En=1

4 Aqg 4 Eq=1.

5 Acv Pc - Cn =1

6. Pp —-~Aq A Cy —1.



Fnasa 1 Anre6pa noruku (anre6pa BbicKasblBaHuit) 85

COBOKYMHOCTb 3TUX YCNOBUI O4YeHb GbICTPO faeT Tpebyemblii pesynbTar.
BbiCKa3blBaHUA 3-6 — WCTWUHHbLI, CnefjoBaTeNbHO, WCTUHHOWA 6ypeT wn
KOHBIOHKLNA 3TUX BbICKa3blBaHMIA:

€cnPxvE,)n(4, veEc)n(g~nPcvC, )n (P, vABNCx)=1
Packpoem CKO6KM 1 yNpOCTUM MOJYUYeHHYI0 hopmyny:

(on VErKk vEctfrFcvC,\p, vABCX)s (cF7r4 v
vfij-i, VNsPyEc v E, ECIACPCPl vflyPj v Ac PcABCX vN,-AeCx).

Ou4eBMAHO, YTO NOTNYECKOE CnaraemMoe, Cofiepxallee 0OHO MMS C pasHbiMM
VHAEKCAMN ([HAMU Heflenun), paBHO Nynto, T, K. CTYA€HTKMU N0 YCNOBMIO 3a-
faun XOAAT B MHCTUTYT OAMH pa3 B OCTaBLUMECs NATb fHEW Hepenu.

@™ X vEi4 VAANADBCX)=CC'"AXA P i v
VE;\7AP cPf vW "E cTAPcP, vC " A x~\":AbCx v E,Ak~APcAbCx v
vWr Txe ca” pcabcx AMah ecNTplv
vfyftEcAN.AIlIQI S A *\P @\P SvEcPivECABCx)=I
WTak, umeem cnefytoLlyo cuctemMy TOX/AECTB:
W 'KAM: s 1

-4,4, vAC VECARCx sl,

cB =0, Psso.

[ns 6bICTPOro pelleHns 3Toil CMCTeMbl COCTaBUM BCroOMOraTeNnbHyt Tab-
nuyy (tabn. i.20.J).

Ta6nuua 1.20.1

BTopHUK Cpega YeTsepr G
ns Ac AX nn
Es Ec Eu E,
Cs Cc cy Cn
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CB=0 PB=0 wu3 TpeTtbero ycnosus. W3 neporo  ycnosus
CcPyAcPc =1 cnegyer, uto Cc =1, Pa =1, AN=1, Pc =1 t1.e
Cc =0, P4 =0, Ac =0, /£. =0. Torga 13 BTOpOro cTon6ua Tabanybl

oyeBugHo, uto EC = 1, HoTorga EB = Ey =En = 0.

Nanee nep.biii cTon6ey gaet AB =1, T.e. A, s An =0, aHanoruuHo u3
TpeTbero ctonbua nonydaem Cu 3 1, cnegosatensHo, CN =0 u, HakoHel,

= 1. Takum o6pasom, AB =Ec =Cuy =Pn =1, pacnucanue cocras-
N1eHo. BTOpOe yCNoBME CUCTEMbl TOXAECTB TAKXKe BbIMOMHAETCH, Y AWN3b-

IOHKUMW ABA UCTUHHBIX Nornueckux cnaraembix: EcPn = ECABCY = 1.

Mpumep 2. OfHaxAbl cnefoBaTeNntd MPULLIOCL OJHOBPEMEHHO Jonpatlu-
BaTb Tpex cauaeteneii: Knoga, Xaka n [iuka. Ux nokasaHus npoTuBopeymn-
NV APYT APYTY, U KaXAblA U3 HUX 06BUHAN KOTO-HWGYAb BO NXN.

1 Knopg yTeepxgan, 4to Xak /KeT.
2. XXak 06BMHAN BO KU [nKa.
3. [uk yrosapusan crefoBartens He BepuTb HU Knogy, HK XKaky.

Ho cnepoBaTenb 6bICTPO BbIBEN MX HAa YUCTYHO BOAY, He 33f,aB UM HU OJHOTO
Bonpoca. KTo u3 cenaeteneii rosopun npasgy?

PelueHue.

O603Hauum 6ykBamn K — Knoga, XX —)>Kaka u [ — [Awnka u 3anuwem
yCNoBUA 3agaun.

Ok noa)y (Onx ).
(pn(tfnx))v(@An(KvX))s1

Kak 1 B npegblgylieit 3afade, pe3ynbTaT HaXOAUTCH NyTeM PaBHOCU/bHbIX
npeo6pasoBaHuii. CHayana ynpocTm ycnoBus 3afaun:

{Kn>K)v  ad)={kv] P KvKIK vX)OKv XK)=(KvX)(OKv K)=
SKKVKXX VKX VK XK sKX VKX =

Okng)y (BYyx)uxya)rya)Oxkyx)(ayx)as (xyn)(#yx)n
SKAVALVXOKY IXK =XKAv I-K=1
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(fta(k nx))y(s a(Kv M))=/JKMv I Ky [1X.
KOHBIOHKLMA 3TUX Tpex Gopmyn Toxe 6yfeT UCTUHHA.
(KK VKX VDOK A vAXKYAKK v AK v [XK) =
£ (KXOKA v KXOK I v KOKOXK v KXKOXKA AKX v /2/<ev [l ) =
= KXOO0KX VKOXXOOKX Vkoxk guk VKXXOOK VKXAOX v
v KOKAOK =KXK~[1 =1

WNTak, Xak rosopuT npasgy, Knog v iInk nryt.

1.21. MpakTnyeckoe 3aHATHE Ne 4,
Peanusaumnsa 6yneBbix PYHKLNIA cxemamu
u cbopmynamu. PelleHne nornyecknx sagay

1.21.1. MNycTb cuctema (PYHKUUOHANbHbIX 3N1eMEHTOB @ COCTOWUT W3 3neMeHTa
3agepxku o |, peanusytowero JT, n anementa Weddepa <y, peanusyio-

wero .\j)’= xy. [locTpouTb CXembl, peanusywowmue: a) X: 6) Xy;
B) XV Yy;r) 1pa)0;c) AO Y .YkasaTb BENNUYNHY 3a[ePXKKN.

1.21.2. HaiiTn (hyHKLUM NPOBOAUMOCTM A1 CXEM, N306paxeHHbIX Ha puc. 1.19.

Puc. 1.19

1-21.3. Kakune n3 yKasaHHbIX Ha puc. 1.20 coefMHeHN ABAAIOTCA cXemamu?

A21.4. Peanu3oBaTb PENeiiHO-KOHTAKTHLIMM CXeMaMu (yHKuun: a) Xyv z\
6) XyV zt; B) XyV yzV XZ.

1-21.5. Peanunsosatb KOHTaKTHbIMU cxXemamu cnegyoouine DYHKLUUN:
a) (jvz)-) Xy, 6) Xy <>yx;p)a0yozm
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|
ft
Mo hid
< <X "
w ! T
<5 <
Puc. 1.20
X X,

1.21.6.

1.21.7.

1.21.8.

1.21.9.

Puc. 1.21

MocTponTb TC-CXeMbl Ans opmyn: a) (xv Yz Xyw zt);

6) (x(yv z)v

HaliTn dyHKUWKM, peannsyemble KOHTAKTHbIMU CXeMaMu, U306paKeHHbIMU
Ha puc. 1.21.

CocTaBuUTb Tc-CxXeMbl ans opmyn: a) x(yzv yzjv A*zv yz);
6} ((x-4 >")n(y—>2))—>(x—¥2);

B) WTpux Jlykacesuua X-ly (uutaetcsa "HU X, HU y"), KOTOPOE UCTUH-
HO B TOM 1 TONIbKO TOM Cllyyae, KOrfa 06a BblCKa3blBaHUSA NOXKHbI.

YNpocTUTb CNeaytoLme peneitHo-KOHTaKTHble cxembl (puc. 1.22).



Ipasa 1' Anre6pa noruku (anre6pa BbiCkasblBaHuii) 89

1.21.10.

1.21.11.

1.21.12.

1-21.13.

Yy ¥ K, pul

Puc. 1.22

C ucnonb3oBaHMEM MeTOAa KackafoB MOCTPOUTb KOHTAKTHYH CXeMy
ANA QYHKLMK

BpayHy, [oHcy u CMUTY npefbsasneHo 06BUHEHME B COy4acTUM B OT-
pabneHun 6aHka. MOXUTUTENN CKPLIIUCb Ha MOAXMWAABLUEM WX aBTOMO-
6une. Ha cnegctBun bpayH mokasan, 4TO NMPecTYMHWUKU GbiNM Ha CUHEM
"Bblonke", [I)KOHC CKasan, 4To 370 6bIN uYepHbIii "Kpaiicnep”, a CMut yT-
BepXAan, 4to 6bin “®dopa” H HWM B KOeM cnyvae He cuHuii. CTtano wus-
BECTHO, 4TO. Xenas 3anyTaTb CNEeACTBME, KaX/Ablii W3 HUX yKasan npa-
BMNbHO NIM60 TOMLKO MapKy MallWHbl, 1160 TONbKO ee LBeT. Kakoro
LBeTa 6bl1 aBTOMOGUNbL U KaKoin mMapku?

Ha Bonpoc, KTO 13 Tpex CTY/AeHTOB M3yyasn N0ruKy, Gbln NonyyeH OTBET:
ecnu U3yyan nepeblil, TO N3yyan v TPETWiA, HO HEBEPHO, YTO eCnn U3yyan
BTOPOIA, TO U3yyan u TpeTuit. KTo nsyvan noruky?

OnpefennTb, KTO U3 YeTbipeX CTY/JeHTOB C/laN 9K3aMeH, eCi U3BECTHO, YTO:
1) Ecnun nepsblii chan, To 1 BTOPOIA caan.

2) Ecnwu BTOpOIA can, To TpeTuid caan unu nepeblii He caan.

3) Ecnn YeTBepTblil He cAan, TO NepBblil can, a TpeTUil He caan.

4) Ecnun 4yeTBepTblii chan, TO U Nepsblii caan.
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1.21.14.

1.21.15.

1.21.16.

1.21.17.

1.21.18.

YacTb . MaTemaTunyeckas normka

Ons nonspHoi akcneaWuwu u3 BocbMu npeTeHgeHtos A,B,C,D,

E,F,Gu A Hago oTo6parth WecTb creunanncTos: 61onora, rugposo-
ra, CUHONTMKA, PaAMCTa, MexaHuka 1 Bpada. O6s3aHHOCTK GMoNora Mo-
ryT BoinonHats E u G, rugponora B u F , cuvontuka F un G, pa-
ancta C u D, mexaHuka C wn //, Bpada A u D. XoTs HekoTopble
NpeTeHAeHTbl BNafeloT ABYMS CMELManbHOCTAMM, B 3KCMEAULUN Kax-
ObIA CMOXET BbINO/HATL TONLKO 04HY 06513aHHOCTb. KOro 1 Kem cnegyet
B3ATb B aKcneguuuto, ecnn F He moxeT exaTb 6e3 B, D — 6Ges N n
6es C, C He MOXeT exaTb ogHoBpemeHHo ¢ G, a A He MOXeT exaTb
Bmecte c B 7

BukTop, PomaH, Opuit u Cepreil 3aHAAN Ha MaTeMaTU4YeCcKoi onumnuage
nepBble YeTbipe MecTa. Korga ux cnpocunn o pacnpejeneHnn MecT, OHU
fann Tpu Takmx oTBeTa:

1) Cepreii — nepBblii, POoMaH — BTOpOIA.

2) Cepreii — BTOpOI, BukTop — TpeTuit.

3) KOpuit — BTOPOIA, BUKTOP — 4eTBepThIii.

Kak pacnpegenunucb MecTa, eCAn B KaX/AOM W3 OTBETOB TONbKO OfHO
YTBEPXAEHNE NCTUHHO?

W3BecTHO cnepytoutee: ecnn MeTta He Buaen Konto Ha ynuue, 10 nn6o
Kona xoaun B KuHo, nn6o MeTsa ckasan npasay; ecnu Kons He xoaun B
KuHO, To lMeTs He Buaen Kont Ha ynuue, u Kons ckasan npasgy; ecnn
Kons ckasan npasgy, To 1M60 OH X0AUN B KUHO, nu6o MeTs conran. Bbi-
AcCHUTe, xoaun nu Kons B KNHO?

YeTbipe apyra AHToHoB (A), Bexos (B), Comos (C) n fees ([) pewunnn
NPOBECTWN KaHWKyNbl B 4eTbipex pasHbix ropogax— Mockse, Ogecce,
Kuese n TawkeHTe. OnpefennTb, B KakO ropoa AOMKEH noexaTb Kax-
Ablii U3 HAX, ECNV MMEIOTCA CNeaytoLyne OrpaHnyeHuns:

1) Ecnu A He egeT B Mocksy, To C He efieT B Ogeccy.

2) Ecnn B He efeT H1 B MockBy, HU B TallKeHT, TO A efieT B MOCKBY.

3) Ecnu C He eaeT B TallKeHT, To B egeT B Kues.

4) Ecnu [ He egeT B Mocksy, To B He efieT B MocCkBy.

5) Ecnu [ He egeT B Ogeccy, T0 B He efeT B Mocksy.

B wwkone, nepelejleil Ha caMmoo6CNyMBaHMe, YeTbipeM cTaplueknacc-
Hukam: AHpapeeBy, KocTuHy, CasenbeBy v [laBblgoBy nopyuunu y6patb
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7-i, 8-i, 9-ii n 10-i knaccbl. Mpu nNpoBepke oKasanocb, 4To HO-i Knacc
y6paH nnoxo. He ylweaLwmne fOMOI YUeHUKU COOGLLUAN O CledytoLem:
1) AHgpees: " y6upan 9-ii knacc, a CaBenbe — 7-i1".

2) KocTuh: "4 y6upan 9-i1 knacc, a AHfpeeB — 8-i".

3) CaBenbeB: "f ybupan 8-ii knacc, a Koctun — 10-ii”.

[laBbl40B YXe ylwen fOMOW. B ganbHelilleM BbIACHUNOCH, YTO KaxAblii
YUYEHUK B OfHOM U3 ABYX BbICKa3blBaHMWii roBOpun npasjy, a BO BTOPOM
noxb. Kakoii knacc y6upan Kaxgblii y4eHnK?



MnaBa 2

NcuncneHune BbicKkasbiBaHUA*

2.1. A3bIK, cnuctema akCMom
M npasuia BblBOAA UCHUCIEHUA
BblCKa3blBaHUM

McuncneHne BbiCKasbiBaHWA Kak (hopManbHYl0 TeOpuio MOXHO OnpefenuTh
C NMOMOLLbI0 aKCMOMAaTNYEeCKOr0 MeTOAa, KOTOPbIA XapakTepusyeTcs crefyownumm
TPeMs YacTAMu:

1. fiBHas (hOPMYNNPOBKA UCXOAHBIX aKCMOM TO MU NHOK Teopuu.

2. fBHas (hOpMynMpoOBKa NpaBUN BbIBOAA, WCMONb3yeMblX A/ NOCnefoBaTesb-
HOro NOCTPOEHUA 3TOI Teopum.

3. Mcnonb3oBaHe MCKYCCTBEHHO MOCTPOEHHbIX (POPManbHbIX A3bIKOB AN U3N10-
XKEeHWs BCEX TEOPEM paccMaTpnuBaemoit Teopuu.

B noHATME WUCYMCNEHUS BXOAAT Takme KOMMOHEeHTbI, Kak (*JOpMaI'IbeIVI A3bIK
UCYUCNEHNS, aKCMOMbI WCYUCNEHWUA W npaBuna BbiBoja. OHM MO3BONAIT AaTb
CTporoe martemaTtuM4yeckoe onpegesieHMe TMOHATMA [OKasaTeNbCTBa M NONY4YUTH
TOYHbIe YTBEPXAEHUA O BO3MOXHOCTU UM HEBO3MOXHOCTW AOKa3aTeNbCTBa Tex
UNN NHbIX npep,nox(eHw?l Teopuun.

B N06OM McUMCNEHUM Pa3nMYaldT CUHTAKCUMYECKME U CeMaHTWYecKue BOMPOCHI
MCYUCNEHUS. B CHHTaKCUUYECKOI YacTu U3yyatoT MOHATUE AoKa3aTeNbcTBa (Teopus
[lokasaTensCTB), B CEMaHTUYECKOW— CTPYKTYpy (opManbHbIX A3bIKOB (Teopus
Mogeneit).

Mcuncnenus no3sonsioT popmMann3oBaTb MHOTWE pasfesibl MaTeMaTuKu U Apyrux
HayK. VicuncneHme BbiCKa3blBaHW — 3TO aKCMOMaTWYeCcKas N0rMyeckas cucTema,
onucbiBatoLLas TOXAECTBEHHO WCTUHHbIE CXeMbl, @ ee MHTepnpeTauus — anre6pa
BbICKa3blBaHWA.

*/l3naraemoe MUCYMCNEHWE HA3bIBAETCA B UTepaType ucuncnexuem M. C. Hosukosa. MeTp Cepreesuy
HoBukoB (1901-1975) — coBeTCKMii MaTeMaTuK
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OnucaHue BCAKOTO WCHYUCNEHWS BKAOYaeT B cebGs onucaHue ero anabuTa,
(hopmMyn, ABNAOWMNXCA KOHEUYHbIMU KOH(MIypaLUsMU CUMBONOB, aKCMOM U
npasua BbIBOAA.

MHOXeCTBO aBCTpakTHbIX O6yKB HasbiBaeTcs anaBMTOM. KoHeuHbli  pag
HanucaHHbIX ApPYr 3a Apyrom 6ykB andasBuTa HasbliBaeTcs CJIOBOM B 3TOM
angasute. Cnoso, He cojepxcaljee HU OAHON OykBbl, HasbiBaeTcs MYCTbIM u
0603Hauaetcs cumeonom J1. [lBa KOHKpeTHbix cnosa aja2..nu w bfb2..bll
angasuta A pasHbl, ecnn 8, =bM a2 =b2,.., an=bn. Ecom a*a2..nn —
cnoso angaeuta A, coctoswee u3 N 6yks a{,a2,...,an, 1o uucno N Haswizaetcs
[J/IMHOM aToro cnosa.

[lBa cnoBa a1 p onpefenstoT cnoso a(3, KOTopoe Mony4aeTcs NPUNUCHIBaHWEM
K cnoBy a cnoBa (3. CnoBo c¢ Ha3sbiBaeTcA COEAMHEHMEM CNMoB a un [3.
OueBUAHO, 4TO ANA NO6GLIX cnoB a M p  wumeem [fa =alfl =a, a/l[3 = a[3.
Cnoso a andasuta A HasbiBaeTcs MOACNOBOM cioBa [3 3Toro xe andasnta, ecim
B=yab gns HekoTopbix cnoB Yy M S. MoXeT okaszaTbcsi, uTo B=ya” = Yia"i n
y P Yi «B 3TOM c/iyuae roBopsaT 0 pasfuYHbLIX BXOXKAEHWUAX NOACNOBA a B [3.
AndaBUT MCYUCNEHUA BbICKA3blBAHUI COCTOUT U3 06bEAUHEHUA  YeTblpex
MHOXEeCTB 0=0,U02U03U04) rge o, ={a,b,...z, A{B2,...,Zn},

or } <B={().}, o04={-}. [Opyrux cumsonos B anhasute
McuYMcneHne BbiCKa3blBaHUI He COAEePXWT. ByKBbI MHOXECTBAa a, HasblBalOTCH
NPOMNO3NLIMOHaIbHLIMA  NEPeMeHHbIMUA.  CumBon | — HasbiBaeTcs  CUMBO/IOM
CnefioBaHus.

DOopMYNoi MCHNCNEHNS BbICKA3bIBAHUI Ha3biBaeTCs CNOBO an(aBuTa MUCUUCIEHUSA
BbICKa3blBaHW, yA0BNETBOPAIOLLEE CNEAYIOLW UM YCNOBUAM:

1. MponosuunoHanbHas nepemMeHHas fBAseTcs (hopMynoil, KoTopas HasblBaeTcs
3NeMeHTapHoOiA, nnn aTOMaPHON.

2. Ecm A n B dopmynsl, o (An B), (Av B), (A*>B) n A — Toxe
thopmynbl.

Hukakoe gpyroe cnoBo OopMynoil UCHMCNEHUS BbICKa3biBaHWA He aBnsetca. U3

aToro onpegenequs cnepyet, uto (Av B)n C — He opmyna, T. K. OHa He uMeeT

BHELWHNX CKOGOK. OfJHAKO B LieNsIX COKpaleHWs 3anucy O4YeHb YacTO BHELLUHWE

CKOBKMW OnycKaloT.

Moadopmynoii A gopmynsl B ucuucnenns  BbickasblBaHwii  HasbliBaeTcs

nogcnoso B, sensioweecs dhopmynoi.
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Teopema 2.1. Bcskass HeaTomMapHas opmyna A MCHUCNEHUS BblCKa3biBaHUI
npegctaByMa B OAHOM U TONbKO B OfHOM U3 cnepytowmx Bugos: (BnC),

(Bv C), (B—C) Hnn B gnu ogHo3HauHO onpeaeneHHbIX popmyn B u C.
CeKBEHLMAMMN Ha3blBAIOTCS BbIPOKEHMUS CAEAYIOLLEro Buaa:
1 Al,A2,..,AnuN, rge n>0 N,N2,..,An 1 — nwb6ble  dopmynsl.

UunTtaetcs "uz Ai>A2,...,An cnegyetr N".

2. v-B .Uutaetcs " B pokasyema".
3. AiyA2,..,Ank n> 0. Yuraercs "cuctema A ,/12,...,/TH npotueopeuusa".

Ecnn hopMynbl UCUUCNEHNS BbICKa3blBaHWA MOXHO paccMaTpuBaTb Kak (hOpMbl
COXHbIX BbICKa3blBaHMWiA, TO CEKBEHLMN ABNAOTCA GOPMamMU YTBEPXK/AEHMNIA 1 TeopeM,
B KOTOPbIX MOXHO OTYET/INBO BblAENINTb YCNOBUS (MOCBIIKM) 1 3aKNHOYEHNS.

£
I'IpaanOM BblBOAA  Ha3biBaeTcs BblpakeHne  BUAa - ---mmemm——mmmees , rae

Xp — TMpOu3BONIbHbIE CeKBEHUWU. BblpaxeHne 2  HasblBaeTcs
HenocpeAcTBeHHbIM CNeACTBMEM CeKBEHUMN X, £ 2,...,2* nogaHHOMY npasuny
BbIBO/A.

WMcuncneHne BbiCKasbiBaHWI onpefenseTca CBOeN CXemoii akCMOM W npaBunamm
BbiBOAA. Cxema aKCMOM COCTOWT M3 OAMHHaAuatu (opmys, MNOAeNeHHbIX Ha
YeTbIpe rpynmbl.

. 1L X—=(y—x),
2 (r(y ) ((* n).
X ny —
xay—y\
r—x)—((r (r —=Xny)).
X -4 xv Y, (2.1.1)
y xvy\
x )= r)—{xvy ->r)).

x—=y)—>(y —x);

E
© o N oo row

10. x —x;

11. x —» X.
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Bce npaBuna cxembl NpoBepstoTCA HENOCPEACTBEHHO.

MpaBun BbIBOAA B WCYUCNEHUM BbICKa3blBaHWA [O0BOALHO MHOro. Cpean Hux
BbI€NAOTCH OCHOBHbIe W MPOU3BOAHbIE MpaBuna. lMepeyncnum HekoTopble W3
HUX, KOTOpble BMOCNeACTBMM byAeM ucnonb3osaTb 6e3 fokasaTensctsa. lMycTb
[,,[2,F3, — KOHeYHble MOCNe[0BaTENLHOCT (OPMY/, BO3MOXHO MNyCThIe,
A, B,C — nio6ble hopmynbl. Torga cnpaseannssl ciefylolyme npasuia BoiBoga
NCYUCNEHUNS BblCKa3blBaHWIA:

1 TF I'IA 7F2| B
. npasuno BBeAeHUA KOHBHHKUWW, 30eCb W” anee
rpr2l-1An B) P A 4 A A

FPr2=T, U T2 — obbeanHeHne nocnesosarenbHocTeln hopmyn.
r-(Ans) TI|-(AnB)
2. N N —— - ynaneHne KOHbIOHKLNL.

11-A n-8

3 "O—T-a— WN—T7"1— rr — BBefeHuWe AU3bIOHKLUN,

|- (Av B);2,al-c;I,,B\-C

4. rr rl-c -—-—-—-_ypaneHue JVBbIOHKLML-
rAl-B
5. Yj—(& ) B) — BBeAeHMEe UMNANKaLUK (TEOpeMa feAyKLUK).
Cl-(A—8), I}A
6. — ————-— yjjaneHne umnankauun (NpaBuno 3aKN0YEHNR).
M »A2% B
r,al-
7. I_J]T — BBEJEHNE OTPULLAHNA. (2.1.2)
8 rAl-
. -[——— yjaneHne oTpULaHMA.
I_l\— yh puy,
. [-AT2-A
9. — }-----— cBefieHMe K NPOTUBOPEUNIO.

ALA -
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T\-A
u, ~ o~ — MNpaBuI0 pacLlivpeHns.
r,Ag,n1-c
————— M~1— -7 — MpaBuUIO NepecTaHOBKM.
NB, Apa " P
r,nnr,-c
— NpaBuNo COKpaweHns.
re,A, ‘:O* P pas

MpaBuna BbIBOAA WCUUCNEHWUS BbICKa3blBaHUI (HOPManu3yloT onpejeneHHble
CTaHfapTHble NOrnYeckne cnocobbl paccyxpieHuii. MpaBuno BbiBoja HasbiBaeTCs
[ONYCTUMbIM B NCUYUCNIEHUN BbICKA3blIBAHWiA, ecnu ero fo6aBneHune B ncumcneHne
He pacLlpseT MHOXEeCTBO [0Ka3yeMblX CeKBEHLINIA.

OCHOBHbIX MpaBUn  BbIBOAA B MCYMCNEHUW BbICKa3blBaHWA [JBa: MpaBuso
NOACTaHOBKW M MpaBWNO MPOCTOro 3aknioyeHns. Ecnu dopmyna A pgokasyema
B WCUMC/IEHNN BbICKA3biBaHWA, X — nepemeHHas, B — npoussonbHas opmyna
MCUYNCNEHUS BbICKa3blBaHWiA, TO (hopmyna, Mony4alollascs B pesynbTaTe 3amMeHbl
B (popmyne A nepemeHHOW X BClOAY, rge oHa BXoguT B hopmyny A, opmynoit
B, sBnsetca Takke pgokasyemoii opmynoii. 3To MNPABUIO MOACTAHOBKM.

B
CWMBONNYECKM OHO 3anucbiBaeTcqd Tak Ka), T.e. ecnm JI(X) BbiBOAUMAS

(opmyna, To 3ameHa S Ha B Toxe faeT BbiBOAMMYIO hopmyny, wam

-IW
n
ecnim A(x) gokasyema, To A{B) Toxe gokasyema. YacTHble ciydau (opmysbl
B B B B
JW MOryT 6bITb, Hanpumep, Takue J(x)=B, J(a)=A,
X * n vV
B B B B, v &

Kn* ~ wn)*K"AO & 1 (a),rgenofsHakom * noHumaercs no6oi
X X t n X

13 CUMBONOB M1, V, —». 3TN noAcTaHOBKW O4YeBUAHbI.
BTopoe OCHOBHOe NpaBu/i0 BbiBOJA B WUCYUCIEHUN BbICKa3blBaHWI Ha3blBaeTCA
—n;—A—B
npaBAIOM NMPOCTOr0 3aK/MOUeHNs (MM3). OHO WMeeT BUJ -------- f ------------ n
-B

uutaetcs "ecnm gopmynsl A n A —» B pokasyems, To dopmyna B Toxe
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fokasyema". MpaBMIO LWMPOKO PacrnpoCTPaHeHO U W3BECTHO OYeHb [AaBHO, Ha
NaTbIMU OHO HasbiBaeTcsi modus ponens.

AKCUOMOIA Ha3blBaeTCs BCAKOE BbIPWKEHME, MOYYEHHOE M3 CXeMbl akcuom I—V
nofCTaHOBKOW BMECTO NepPeMEHHbIX X,Y,Z KOHKPeTHOW thopmynbl.

JINHeHbIM ~ A0KA3aTeNbCTBOM  (BbIBOLOM) B WCYMC/EHMM  BbiCKa3blBaHMI
Ha3blBaeTCs KOHeYHas nocnefoBaTeNbHOCTb cekBeHUuii 2 UE 2,...,£b, Takas» 4TO
ans Kakgoro i, 1<i<k, 2, ecTb nn6o akcmoma, NM60 HeMoCPeaCcTBEHHOE

cneactene npeablgywnx cekBeHUWin no NPUMEHAEMbIM B UCYUC/IEHUWN NpaBuiam
BbiBOfa. CekBeHUMss X HasbiBaeTcs rC||0Ka3yeM0|\/‘| B WCYUCNEHUWN BbICKa3blBaHWIA

NN TEOpeMOoi UCUHUCNEHWUsA, ecnu CyllecTByeT [oKasaTenbCTBo S,,S2vA/-7
y Kotoporo £5n1=2. dopmyna A HasbiBaeTcs [OKA3yeMON, ecnu fokasyema

cekBeHUMA |—A.

OueBMAHO, 4TO BcAKas CekBeHuus sensetcs gepesom; ecnun D]3D2i....DI —

D. D2,
nepeBbsi U B — CeKBeHUUs, TO -———--—- —

TaKxe fiepeso. OfHa n Ta xe

CeKBEHL A MOXET BXOAUTb B 1epeB0 HECKONbKO pa3s. [lepeBo MOXeT MMeTb MHOro
HayaNbHbIX CEKBEHLMIA, HO 3aKNOUNTENbHAA CEKBEHLMA TONbKO OAHa.

[Nepeso D HasbiBaeTcs [0Ka3aTeNbCTBOM B MCUMCNEHUN BbiCKa3biBaHUIA B BUAe
[lepeBa, €CAM BCe €ro HauvanbHble CEeKBEHLWW— aKCMOMbl, a Mepexofbl —
NpUMeHeHMA [ONYCTUMbIX MpaBun BbiBOAa. Ecan 2 sABnseTCA 3aKkN0OYUTENbHON
cekBeHUueil' pokasatenbctBa D B Buge pepesa, To D HasbiBaeTcs
[0Ka3aTeNnsCTBOM 2 B BUAE [epesa unu AEPeBOM BbIBOAA 2 B MUCHUCAEHUU
BbICKa3blBaHMWIA.

Cxema CeKBeHLMII Ha3blBaeTCA [J0Ka3yemoil B WCUUCNEHWU BblCKasblBaHWi, ecnn
ee fo6GaBneHMe K UCYUCNEHUIO B KAyeCTBE CXEMbl aKCMOM He pacliupsieT
MHOXECTBO A0Ka3yeMblX CEKBEHLWA. DTO 3KBMBANEHTHO TOMY, YTO BCE 4acTHble
cnyyau 3T0i cxeMbl 6yAyT AOKa3yeMbl B UCHUCNIEHUN BbICKa3blBAHUIA.

2.2. HekoTopble AOMNOJSIHUTESIbHbIE
npon3soAHble Nnpasusia BbiBO4a
N3 cnucka nepeyncneHHbIX TpUHaALaTu npasun BbiBoAa (2.1.2) HekoTopble

npakTU4Yeckn BCerfa MPUMEHAIOTCA NPWU JoKasaTeNbCTBe Teopem. PaccMoTpuM
[l0Ka3aTeNbCTBO elle HEeCKONbKUX MpaBun BbiBOAA. OHU MONYYaloTCs C MOMOLYbO
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npaBun  MOACTAHOBKM 1 MPOCTOTO  3aK/MOYEHWs W MO3TOMY  SBAAOTCA
NPOU3BOAHBIMU OT HIX.
1. MpaBnno 04HOBPEMEHHOW NOACTAHOBKM.
Mycts A — pokasyemas gopmyna; XI1,x2,...xil  — nepemeHHble, a

— no6ble GOPMyNbl NCUNCNEHNSA BbICKa3blBaHWIA. Torga pe

O/HOBPEMEHHO MOACTAHOBKM B A BMecTo XX X1y...,XIN coOTBETCTBEHHO (hopMyn

\-A

ABNAETCA [AOKasyemoi opmynoil, T.e. f---------mm- . Cnoco6
BII%)
nJe.. &,

foKasaTeNbCTBa o4eBMAeH. PopMyna BbIBOAUTCA NPUMeHeHUeM MnpasKia NpocToit
MOACTAHOBKM MOCNeA0BaTeNbHO KO BCEM MepeMeHHbIM N0 MOPAAKY.

2. TMpaBuWIo CNOXHOIO 3aK/0YeHNs.
Ecnm  dopmynsl A, A2,...,4 no A —>A2—>(a, —>(...(a —>B)...)))
fokasyembl, To 1 hopmyna B pokasyema, T. e.

-4 :1- Ars -4 ]- A —=(a2-4 (8 —(.-(8 -4 #)..))
F-s '

[elicTBUTeNbHO,  €CAM MO YCNOBWIO  AOKa3yembl  (opmynsl A #
0 — (82— (a3—>(...(3 —#)..,))), TO no npasuny NPOCTOro 3aKMKOUEHUS
6ynet BbiBOAMMa topmyna A (n3 (8 (—#)...)). Oanee, aHanornyHo
paccyxaas, 3aKN0YaeM, uTo ecnu BbIBOAUMbI Ar "
A2 — (a., —» (...(a" -»/?)...)), To BbiBOAUMA U dopmyna [, —>(...(&, —>B)...).
Mpogonxas Takue paccyxaeHus N pas, nony4um, uto popmyna B pokasyema.
3. Mpasuno cunnormsma.

Ecnu pokasyembl dopmynsl A —>B u 2 —>C, 10 pgokasyema u ¢opmyna

ﬂ—>ET e.—|

[ns  pokasaTenbCTBa BO3bMEM fiBE NEPBble aKCMOMbl W CAeNaeM B HUX

COOTBETCTBYIOIME 3aMeHbl. K MepBOii  aKcMomMe MPUMEHUM  CeAyoLyio
B--+C.A

nogcraHosky: - J(X—»(y —=x))=|-(B—»C)—(A-4 (B -4 C)).
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BTopyto akcuomy npeoGpasyem Tak
n,B,C
- Jin==y 2yt ~o=r))ELCt B—=0)—
i
—((@a—=n)—=(0—=0)-
Mo npaBuy NPOCTOro 3aK/YeHns:
[-B->C;l-( >C)->(A->(-» C))
|-A — (A4 —C)
aHanornyHo
I-A -» (g ->C); [-(A -> (8 -> C)) > ((1-> B) -> (A->c))
[~ (A=2p) —(a —¢)
HakoHel, npuMeHsas ele pa3 MpaBWI0 MPOCTOr0 3aK/JOYEHUA, HaXoAUM
["A—=LHA —1) —(a —>c)

. Wtak, popmyna A—C BbiBOgUMA NpK

[aHHbIX NPeANON0XEHNAX.
4. MpaBnno KOHTPNO3NLUUN.
Ecnu gokasyema popmyna A—>B, 10 gokasyema n popmyna [ — A, 1. e.

FA —[

[-A4-> A
MpaBnno [okasblBaeTCH OYeHb MNPOCTO C UCMOMb30BAHWMEM TONMbKO OfHOIA
(hopMynbl U3 CNMCKa akCMOM WCHUCNEHUS BbICKa3blBaHW, a UMEHHO AeBATOW

aKcMombl (A —» y)—» (y —»a). Cpgenaem B Heil  cneaylolyl  3aMeHy
nepemMeHHbIX:

X,y

Mo npaBuay NpPoCTOro 3ak/nyeHus
[-kA-»4;|-U ->b)-»(b ->a)
|-B->1

T. €. UCXO0AHaA (hopmyna AoKasaHa.
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5. MpaBuno cuaTus 4BONHOrO OTPULLAHMSA.

Ecnu gokasyema popmyna A —>B, 1o gokasyema dopmyna A —» B, HaoGopoT,
— —A —B

ecnn gokasyema A — B, 10 gokasyema gopmyna A —B, T.e. 459
-0 ->

-A"B

Bocnonb3yemcs AecsToii M OAMHHAALATOW aKkcUOMamMuW U MpoBedeM B HUX

aHanoruunble noacranoskn - < [\ _[ A->A,  |(r—=*)=|-B—>

A->B;|-B->B
Torga no ycnoBuo UM N0 Npasuny CUANOrM3Ma AnB
1-A —A;|-A —=B
A -4 B
[lokasaTenbcTBa A8 NATU NPUBEAEHHbIX NPaBUA MOTYT 6biTb 3anucaHbl B BuAe
[lepeBbeB:

J o T~ ACK|. Yweenub)
ri- a(BLx2,...,x,,
rli-n(s,,B2,...,B,).
2 M- AT A (A (A (1 g)-))
r|- a2->(a3-> ...(a -> 8)..),r|- a2
rlA B.T|-4

r|-B ->c,r|-(g ->C)-> (A-4 (8B -4 c))

r-o,
3 rl-n —(8 —c¢) :
r-(n ->8)-4 (N->c),r|-J B
M- 4-4c

re @] = (A—>(s —£C))—>((A—>8)—>(A —C)).
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rl-n-»s,r|-(n-»B)->(B-»a)

r-B->1

r n->ii,r|-5->i rj-n->9q,r|-
MN-A~B T\-A"B
ﬂpMeMbI AO0Ka3aTenbCTB, I'IO,CI,OﬁHbIe YyXe nNpuBefeHHbIM, MNPUMEHAKOTCA ANA

nony4eHUs NpaBun BbIBOAA U3 COBOKYMHOCTU (hOpMy.

Myctb [ —  npou3BonbHas  KOHeYHas  COBOKYMHOCTb  hopmyn, T.e.
r = {ApAj—»[,}. BblBoAOM 13 COBOKYNHOCTU (HOPMYN HasbiBaeTcs BCAKan
KOHEeYHas nocnefoBaTenbHOCTb (hopMyn, NGO YneH KOTOpoi yAoBneTsopsieT
cnefyioLL M yCnoBUaM.

1. Becakas thopmyna Aye T BbIBOUMA "3 r, T.e
r-A (@a.n .-.A .-N1'ba)

s

2. Bceakas gokasyemas (opmyna BblBOAMMA M3 [, T. €. —----mmmo-mmm [ e——]

B
ri- s
3. Ecm C n C — B BbiBoguMbI 13 cosokynHocTu qopmyn [, To B Takke
r|-Cc;r|-c —B
BbiBOAMMA M3 [, T. €. —-———————l-J\—B— ————————— — (hopmyna, aHanornyHas npasuny
MPOCTOr0 3aKKYEHNS.

Ou4eBMAHO, YTO Knacc (GOPMYN, BbIBOAUMbBIX M3 [, CcOBMajaeT C Kiaccom
AokKasyembix (opmyn (CM. pasg. 2.1), ecnm T COAEPXWT TONbKO [OKasyemble
topmynbl. Ecnn e [ copepxuT XxoTs Gbl OfHY HejoKasyemyt Gopmyny, To
Knacc hopmyn, BbIBOAUMBIX U3 I, WKMpe Knacca JokKasyeMbiX GOpMy.

N3 onpeaeneHns BbIBOAUMOW (OPMYnbl U BbIBOAA W3 COBOKYMHOCTU hopmyn
CnefytoT O4eBU/HbIE CBOWCTBA BbIBOAA:

1. Bcakuii HavyanbHbI 0TPe30K BbIBOAA U3 [T ecTb BbIBOA M 3T .

2. Mexpay ABYyMA COCefHMMMW 4neHamu BbiBoAa M3 I MOXHO BCTaBUTb NOGON
BbIBOA M3 I

3. Bcsiknit uneH BbiBoga w3 I aBnsetcs gopmynoit us I .
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4, Ecnu T, C I, To BCcAKUiA BbiBOA M3 [, ABNseTcs BbIBOAOM M3 .
5. Ana Toro u4tobbl hopmyna J1 Gbina BbiBOAMMA M3 [, HeobxogumMo K
[0CTaTOYHO, 4TO6LI CylecTBOBan BbiBog J1 u3 I.

paccMoOTpUM  elle  HEeCcKONbKO  Npasun, Npu  [0KasaTeNbCTBE  KOTOPbIX
MCMONb3YTCA CBOCTBA BbIBOAA.
1. MpaBuno paclunpeHuns.
L :

——————— {-————,T. e. ecnn J1 BbiBOAUMA M3 [, TO OHa BbiBOAMMA U M3 N jW . rge

r,WA- A

I n W — HekoTopble KOHEYHbIe COBOKYMHOCTU (hopmy.

Nycts I, =Tu W ,Torga I C I, nBbiBOg 13 [ ecTb BbiBOg M3 I, T. e. ecnnt

r—/1,70 n I",|—N, 4To fOKa3biBaeT faHHOE MPaBWU/IO BbIBOAA.

N r,c\- Ar|-C
2. MpaBuno yganeHns BbIBOAUMON TMNOTe3bl ------- A e .

3T0 MpaBuIo 4OKa3biBaeTCs BKIOUeHWEeM B BbiBog M3 I BbiBoga u3 C . MycTb
coBOKynHoCTb (opmyn T, C = {#, 5U,a), a =

Ecnn B nepsom BbiBoge net C, TO OH ABNAEGTCA TOMLKO BbIBOAOM U3 F #
N—A. Ecnu xe B B{ B2,---BAL1 A npucytcteyer C, 10 Bmecto C B
Bi,Bz,...,.Bnl,A scraBum C|,C2,...CT,C\ 3ro MOXHO cAenaTb B COOTBET"
CTBWU C ONpefeneHnemM BbIBOAA, TOTA4a MONYUYNUM BbIBOA TONbKo M3 I un [—A.

3. lpaBuno yfaneHna MMnanKauum.

370 npaBuno o6paTHOe Teopeme feAyKuuu F\I\C_4;A_ 34ecb  AaHo
r—C —A, T. €. cyliecTsyet BbIBOJ u3 r TaKoro Tvna
r:A(GA2,.,.,A(C[,C — A. Tepeiigem Tenepb K o06beanHeHU topmyn
[C=rTuUcC. Torga K npeAbigywemMy BbIBOAY MOXHO MPUCOELUHUTL
¢opmyny C, 1.e. I,C: A,C. Ho Torga mo npasuny

npocroro 3aKMOYEHNS e e , T e

rc:A,,A2,.,AMC —»AC,A. 370 [AOKasblBaeT WCXOAHOE NpaBunIo
yAaneHus UMNANKauuu.
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PaccmMoTpuM Tenepb HECKOIbKO NPUMEPOB Ha BbIBOANMOCTb (POPMYII.

Mpumep 1. MokasaTb BbIBOAUMOCTb hopmynsl Av B —»An B .

Bocnonb3yemcs CHavana BOCbMOIA aKCUoMOoi
(*-»*)-> «y—>27) =U vy —>7]), cpenas B Heil  cnedylujyio
a/1J1nB
samery;  {((x—r)-» ((y = (xvy-—>2)).
mKy.r

Mony4ynm gokasyemyo hopmysy
|(a —An B) 4~ (£—AnB)—>(av B—An /7).

AHanoruyHble onepawuy NpoBeseM ¢ TpeTbeil 1 YeTBepPTOI akcuomMamm

AB a,B
m(xny->x)=[-AnB-> A, m|(an.y-»)?)H|-An5~»B
ny

1 MPUMEHNUM K BYM NOCTeAHUM (OpPMynam Npasuao KOHTPNO3ULMK:
I-An5 —A I-A. B B
A—AaB pii —/nB
|-® ;]-® 2]-d 3

Tenepb NO NpaBUNy CNOXHOTO 3aKNIOUYEHUS UMEEM B—= —= ---- —--omv
\-AvB—>AaB

rpe @, =A—>AaB, 2=B—>An B,

b, =(a = (B->1XB))->(nvB 778)

Ntak, dhopmyna Av B —»An B pokasyema. OHa sBNseTcs ofHOW U3
(hopM 3aKOHa BONCTBEHHOCTU B anrebpe NOrmku.

Mpumep 2. fokasats, 4to I = {A}|- B — A — cekBeHyms.

Vmeem I :T|- A. Bo3bMem nepByt akcuomy X —>(y —>X) ¥ cfienaem B
aB

Heli MNOACTaHOBKY nonyynm fokasyemyt dopmyny
*a/

A —(B C). Tenepb no npasuay MpOCTOr0 3aK/MOYEHUS Cpasy

. |-Aj;l- A—»(B -» A)
MONYYaEM KOHEUHbII Pe3yNbTaT-—rrn T
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Mpumep 3. fokasaTb, uto I = {a -4 B,B"-A — cekseHyus.
OawHo rl- A —¥B>rj—B, Bo3sbMeM neBaTyIo aKcuoMmy

(7 —>y)—=>{y —»-V) ¥ npoBejemM CneaylolYy 3aMeHy MepeMeHHbIX:

}((*->3)->(F"-> -3 |- (a -> »)-> (B -> a). Anas AOCTUXEHNA
Ay
KOHEYHOro pesynbTaTa HEOGXOAUMO ABaXAbl MPUMEHWUTb MPaBUAO NPOCTOro

|-A—»B;|-(A —>B) —>(B—>a) |-B;}B—>A
3aKNOYEHUNS --mmmmmmmmmmmmmeen {—: = " [ X
-B A [- A

Mpumep 4. flokasatb, uto [ = {A —B}|- (¢ —A) (C —B).

OaHo rj—A —» B . MWcnonbayem nepByil akcuomy g —>(jy —> ar).
A->B,C
MoactaHoBKa - J(* -» (y > *))s [" (* —=H) (C— B)). Mo
X.y
npaBuay NPOCTOro 3aK/YeHus

[—A — g ;|- (A -» B) -4 (c -4 (A -45))
Fc-»(a-»8)

Bocnonb3yemcs Tenepb BTOPOA aKCMOMOIA, NpoBeAs B Heli cnedyroLlyio
C.AB

3amMeHy nepemeHHbIX: - J((M-N(>'->2))-4((x-4>")-4(MmT1))) =
Xy, 7

31-(c -»(A -»a)) -»((c->A) (c-48)).
Ewe oanH pa3 modus ponens
I-C -> (A -> B);|- (c -» (a > B)) -» ((C -» A) -> (¢ -4 B))
[-(c-»a)-»(c-»8)

|-A
Mpumep 5. [lokasaTb cregytollee nNpasuio BbiBOAA: {_A " B CHayvana
-An

I nB
N (* oy->x)=j—ANn B—A. Tenepb no npasuay KOHTPNO3nyum
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[-NnB->n

= HaKoOHel, no npasuny npoctoro 3aKnwueHnsa

—A—2AaB
rA~A—AaB
-AnB

2.3. Teopema gefykuuuv n apyrve 3akKoHbl
WCUYNC/IEHNS BbICKa3biBaHWIA

Teopema geaykuuu
MpaBuno BBEAEHWS WMNAMKALMM HOCWT HasBaHwue TEOPeMbl AefYKUMM n umeeT

r,cl-n
n

cnegytownin Bug; oLm

[lokaxeM 3Ty Teopemy MoApo6HO METOAOM MaTeMaTU4eCKON WHAYKLWUM MO ANUHE

BbiBoga. Mycts ', C-{a .A,...., 04 } — BbIBOA W3 MUCXOA4HOW COBOKYMHOCTU
thopmyn. CHauvana nokaxem, 4To Ans nw6oro nofo6HOro BbIBOJA CrpaBefnvnBo
r—C . B panbHeiiwem B ponn [ {, KoTopas MOXeT 6biTb Nony4eHa npu

BbiBOAe U3 I, C N0GbIM 403BOMEHHBIM METOLOM, MOXET BbiCTynats A .

Mpn N =1 BbiBog opmynsbl J1 3 I',C umeeT Bug F,C\",IJ, , T.e. hopmyna A
coBnagaet ¢ [l . CornacHo onpejeneHunio BbiBOAa BO3MOXHbI TpW CNyyas:

1L OGT.

2. [ — pokasyemas opmyna u3 MHoXxecTBa I.

3. 4sC.

B nepBbiX ABYX cny4yasx umeem r|—a . Torpa BbiBog U3 ' MOXHO HanucaTb B

Buae r:a, 4 —(C—=4), C—>/[ . Takum o6pasom,
1j|—=—(y—=a), 10 NPOCTOMY 3aK/IOUEHNIO

r|-c->,q. B Tpetbem cnyuae umeem [ =C, u Hago pAokasaTb, uTO

r—C — C , Ho popmyna C —> C pokasyema B 060/ COBOKYNHOCTM hopMy.
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[OelictButensHo, - C,|- X —>(y —a).|- C —(C —C),

|-C;|-C (C —=C)

! 1-C-4C '
MycTb Temepb Teopema CcrnpaBeAnnBa npu [NOKQXEeM, 4TO OHa
cnpasegnuBa U npu i =N . 34ecb BbIBOA N3 UCXOZHOTO MHOXECTBA (HOPMYN MMeeT

eug L, C={4,Aj,...,An}. OpHako Tenepb pgna Qopmynsl [ ( nosBUANCH
[OMONHNTENbHbIE BO3MOXHOCTM, @ MMEHHO, OHa MOXET ONpefensTbCa Kak:

1 A,eT;
2. A — pokasyemas opmyna;
3..4,=C;
4. [l, nonyyaetcs NO NpaBuay NPOCTOrO 3aklloueHUs U3 6GbIX  ABYX
|- ;- 4 -4 AB
npeglecTByOWmnX ek Gopmyn, T.e. -------- | , npuuyem BTOpas
(opmyna B npasuse NPOCTOro 3ak/4eHns (0603Haunm ee A ) 40/KHA UMETb

Bug Aj = 4 —» A(. nA nepBbiX Tpex Clyuyaes A0Ka3aTeNbCTBO MOJHOCTbIO

aHaN0rM4yHO Y>Ke pacCMOTPEHHOMY, TO/IbKO MHAEKC “eAunHULA" Hafo 3aMeHUTb
Ha M, B yeTBepTom cnyyvae [l ( Nony4yeHo Mo npaBuay MPOCTOrO 3aK/KYeHNs

ns A n Aj=/4;—» A, Mpu 3Tom BbIBOA M3 [ MOXET 6biTb TakuM

r={n,02..4}: 4, p>..0 a—(c—n), c

15— (v—>N). HO NPOCTOMY BKNIOYEHMIO
I- MnH-n-"n-) Fe —

C->'Aj ,C-4(p->4).

aHanornyHo

npegblayuiemy
MocnegHas opmyna B BbIBOJAE WMeeT Takoi BWA B CUNy [ONYLWEHWA NyHKTa 4,
Tk |-C ,a A}=n4 -4 An.

BosbMeM Tenepb BTOpyl akcuomy (g —» (y —=r))—(C* y)~>(x —r)) 1
C.A N,
CAenaem B Heil NoACcTaHOBKY I((a -4 (y =>r))-> ((* y)—>(* r))-
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Monyunm fgokasyemyto hopmyny

[-(c-> (4 -»4,))-»((c-> 4)-> 4))-
Torga no npasuay CAOXHOIO 3aK/HOYeHUs
Fe->4i]-c-» (4 =»4,)|-(c-» (4 ~»4))»((c ~»4)=>(c ~>4))

|-c—>4,

WUTak, gokasaHo, 4to N[—C — I , npuyem [, MOXeT onpefenaTbCa YeTbipbMs
yKasaHHbIMM crioco6amu.
BepHemcs  Tenepb K Havany  Teopembl.  [ycTb r,Cc|—A. Torpa
r,C:n,N2.. . AL;,Ab 1. e ponb Afl urpaer A, Torga no npegbiaywemy

nokasatensctey I'|—C —>A u Teopema fefyKuun foKaszaHa.

O606LeHVe TeopeMbl AeAyKLUN
ALA2,A3>. AL\ A
Cnpasefgnuea hopmyna : —r. Jokaxem ee.

[FA>U U ->-N,->4-))
Utak, T = {A\\A2,..,An}, M4 Ho I = {AL, A2 Alll}u{An}=r(4, Ak un

Vn4,An\—A. Torga no Teopeme fJefyKuuu cnpasegninso [H_ |—ANn—>A.
AHANOrMYHO MHOXeCTBO /M MOXHO npeactasuTb B Buge Il =T 2,An][,
Ttorga n2—Afli 2(AAA) . +. .. TMNpumeHus aTy npouegypy N pas,

nonyunm |—Al-» (4, -> (4 mee(4, -* 11)..)).
B uvacTHOM cnyyae npu N =1 MOAYUUM  ---mmmmimmmmmemm . 9Ta xe opmyna

nosyyaeTtcs v M3 npocToit Teopembl gegykunu, ecnm I, C —{4 }.

3aKOH NepecTaHOBKM MOCbISIOK
-l (8™>c)~"e"{a" c)).

PaccmoTpum  mHoxectso  qopmyn I = {A— (B— C),/1,B}. U3 aroin
COBOKYMHOCTW  (JOPMYn  MOCAe MpPUMEHEeHUs [ABaXAbl NpaBuna npocToro
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3aK/0ueHs Haxo4uMm: r:A—{s—= /4B,
B->C , C Tenepb  NpUMeHUM  0606LLEHHYIO
MO NPOCTOMY 3aK/IIOYEHUIO M0 NPOCTOMY 3aK/IlO4EHUI0
-aU{b-*c) |-a,]-a-»c
1-N-»C I-c

A->(B->C),B,A

Teopemy AefyKuum:

A " " A))
113 3aKOHa NepecTaHoBKM MOCLINOK CefyeT Npasuno NepecTaHOBKM MOCHINOK B
A (B —¢)
[AOKA3YEMbIX (OPMYNAX j— —-=-=-—--——A], KOTOPOE MOMyuaeTcs No npasuny
i-a4->(N-»C)’
npocToro 3aKN0UeHMs n3 dopmyn l-A->(B">C)

I-(A->(B-> C))-> (B-> (A->C)).

3aKoH coeanMHEHNA NOCbIJTIOK
[~(A—(B —C))—(An B—C).

MycTb MHOXecTBO ucxoaHbix dopmyn I =\A —{B "C\A a B\. Monyuum
BbIBOJ BCEX HEOBXOAMMbIX HaM (hOPMY/N M3 3TOF0 MHOXKECTBa

r-A->B->C),AaBAnB A’A”BemﬁB’ Es
o TpeTbei no ueTBep \-}'In§\l\-ﬂnB-*B

B
A , A->Cc C
nonns noMnn3 nonn3
[-AnA;-4nS-»N |— ) |-A;|-4-»C
|-A |-B-*C |-Cc

OTclofjla  Ha OCHOBaHMKM  06OGLIEHHON  TeopeMbl  fAedAyKLUW  MOMYyUUM:
" A~ A &
A-~(B -"C\AnB-C

W3 aToro 3akoHa npu YcCnoBUWu, 4TO
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Jt/1— (fi —* C), no npasuny npocToro 3aka04eHUs HeMeANeHHO MosyyaeTcs

F1->(B->C)
npaBuMNo coegnHeHUA NOCbINOK;
-AnB->C

3aKkoH pasbeaANHEHNA NMOCbLIJTOK
|ngB—=C)—(A—(B—C)).

PaccmoTpum cuctemy dopmyn I = {Aa B —>C, A, B] u cHauana nokaxem, uto
13 Hee BbiBoguma dopmyna AN B. Mycts R — nwo6as BbiBogumas dopmyna,
torga I : A —

R, A->(R->A) , RMNA J(N-»N)->((N->B)-»(A-»AN.B)1
/ A, ., , X| n;|-n-Hn->n; »
\ (1)=|-N-»(N-»1) \-rt a
y 1 Z,X,y
BA>{r "B) ,RAB, {R">B)-+(r ~>AaB) ,
aQHa/10rMYHO NpeablayLlemy rioMnN3
F->,4 K> TH(F->)->(>Nn)

|-(a->a)-*(k->nna)

R—AnB , NnB

no NnN3 nonn3
|—2->04,]-(/2->0)->(/2-MnA) \-R\~R"AaB

\-R~)AaB -AaB

WTak, popmyna Aa B BoiBoguma uz gopmyn A nB —C,A,B. Mpogomkum

BbIBOJ no npuMeHeHns Teopembl neayKumun:
r: An B, Cc ,(AnB->C)->(A —» (B C)). Otcioga cnegyet un
no NN3 o 06061LeHHOI Teopeme AefyKLuu
\-AnB\-AnB~",C AnB->CyA.B\-C
\~C {AnB-*C)-*(n->(B-*C))
nB C
NpaBuN0 pasbeANHEHNS MOCHINOK [-E--n-mmmmizmmmmmaaee n6o
\-A- >{B >C)

\-AnB->C\-(AnB->C)->(A->(B->C))
FN-»(4-»C)

PaccMoTpUM  Tenepb  HECKONbKO MNPUMEPOB  Ha [0KasaTeNbCcTBO  hopmyn
MCYMCNEHNA BbICKa3blBaHUI C MCMONb30BAHMEM BCEX paHee PacCMOTPEHHbIX

Teopem.
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m [pumep 1 [lokasaTb [ONYCTUMOCTb CrefyloLero mnpasuna BbiBoAA:

,B\-A
-npaBuno Ana fokasatesibCTBa TeOpeM OT NPOTUBHOIO.
ra4-s

Mpu f0Ka3aTeNbCTBE HOBbIX MpaBUA, €CTECTBEHHO, MOTYT MCMONb30BaTbCA
yXe u3BecTHble npasuna seisoga. Myctb A = {A}, Torga ouesugHo, uto

- A Bocnonb3yemcs Yy)e PacCMOTPEHHbIM MPaBUIOM PacLIMpeHuns

.A —__ Mo ycnosuio T, /$|—A, no npaBuny cBefeHUs K NpoTUBOPEUMIO
F| AF2| r ., Ar,nl-
---- :----- B HallleM CAyyYae MNoAyYUM  ------—=— - 16O
F F2| r\e,n|-

risr2=r,5,0 = F'UB'U A.  MocnegHee  Heo6xo4umoe  NpaBuIo

ri- r, N si-
yfaneHusa otpulaHng —— B Hawewm cnyvae -p—2 . WTak, gokasaHo
r,u-A
NCXoaHOE npasuno BbiBOAa *
r,4~s'

m [pumep 2. BoisecTu cnegytowyto cekseruynio {A B, B —» C}—A —C.
Utak, I —{A— B, B — C}, cnegosatensio, N—A— B,l|-B —C.

'-A->B:\-B->C
Torp,a no npasuny cunaorusma ¢
\-A->C

m [Mpumep 3. BbiBecTun cnefyoLLyto CeKBEHL M
(a (B —2 B —(a —c)-
N3 MCXOQHOr0 MHOXecTBa pe3ynbTaT chnegyeT HeMeANeHHo, ecnn

I-A-4 (8-4 c)
BOCMONb30BaTbCA NPaBU/IOM NepecTaHOBKN NMOCbINOK J——————

m [pumep 4. BbiBeCTM CHeAyIOLLYI0 CEKBEHLUIO —  3aKOH
UCK/TOYEHHOTO TPETLErO.

MCXO[HOE MHOXECTBO He 3afjaHo, CefjoBaTeNbHO, OHO MOXET ObiTb
npon3BonbHbIM. BbiBefleM CcHayana [ABe BCMOMOraTesbHbie (OPMYy.nbl
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X —» n xvy—XAy. Bocrnonbdyemcs nsToil, AeBATON wn
LWecToil akcuomamu. MTak, 3ameHa B NATONM akcMome
X.Y.XVy I
Iz *)»(z->y)~>(z-»NNny)))3|-{ivy ->*)-»

xY.r

-+ IXVYy —[%->(Tv Yy —> X1 >>))), Tenepsb B 4eBATON
S J((F=>y)=> (Y -> *)=]-(GC-» XV y)-» (xvy N X).

MpUMeHNM NpaBuo NPOCTOro 3aKMOUYEHNS W LWECTYH0 aKCMOMY B KayecTse

I- X-» *v XV ;>)—»(nya>-» jo)
NoCbINKN  -- | -, Tenepb caenaem

NOACTAHOBKY B [0Ka3aHHOI (opmyne XVy x)=\-XVy vy,

HaKOHel|, NPUMEHNM NPaBU/O0 CNOXHOTO 3aKIYEHNS, NONYYUM:

X VY -4Xi[-XxVy-»y; |- (xvy *)-> ((XVY -» y)-» (XVY -» *1y))
|-xvy—Xxny

Takum 06pasoM, [oKasaHa OfHa W3 [ABYX BCMOMOraTeNbHbIX (hopMyn.

[lokaxem Temepb BTOPYI M3 HUX. [ns 3TOr0 WCMONb3yeM MepByl U
[eBATYI0 aKCUOMbI, CAeNaB B HUX CNMedytoLle 3aMeHbl NePEMEHHbIX:

J{xr (y-rx)= (y->*)
y

X.y

Tenepb NPUMEHWM HECKONbKO W3BECTHbIX MpaBun BbliBoga. 1o  npasuny

cunnorn3ma nony4ynm
bN->C
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Fn->(B-»c)

no npasuny coeuHeHnsa noCbiNok B Hawem cnyvae

yA->B
_ =, NO npaBWny CHATUA [BOHOro OTpuLaHMA

\-xnx—y r~—B

6yfeM UMeTb |—xa x —»Y ; HaKOHeL, N0 NpaBuUNy pasbefuHEHNs NOCbINOK
FAnB”*C

nony4ymMm AOKa3yemoCTb BTOPOW BCromMoraTte/ibHOU

|-A->(B->C)

|- Xn X—=y
thopmynbl y

B panbHeiiwem fjokasaTenbCTBe — MCMOMb3YOTCA  ABe  MOMyUYeHHble
BbIBOAMMblE  (hopmynbl.  CHauyana cfenaem B HWX  MOACTaHOBKMW

-J(xv y—=(xn_y))M|l-xya:*n:nx1
y

((x->(-4y)=l-x->( ).

3aTeM NPUMEHUM 3aKOH COEAMHEHUS MOCHINOK —tnnmmmemmomeenmeeaa , Torja
—AnB—=2C

Mo npaBuny cunnorusma -----—- P nonyunm
\~xn x =y

SXVX—xnx;xnx-"y |

: A emmom —ommeeeeee-  [IPABUIO KOHTPMO3NUUKN  —= - =r faet
\~xvx =y j-B —A

Xv x—y \-A">B
= . [paBuno cHATUA BOMHOro  OTpULaHus
p a puy, \-AAB
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nossonser nony4nTb foKasyeMyto tdopmyny
Bocnonb3yemcs Tenepb npasuIoM yAaneHnsa MMnAnKayum
r. - B:r, - A
MOycte 2= {/?}, rae R — nwbas pAokasyemas
r,.r2-g

dopmyna. Torga -1(y —» (XV X))=|- R -4 (xv X). Mpasuno yaanexus

UMNANKAUUM  NPUMEHUTENLHO K 3TOW opmyne 6yaeT WUMeTb B

I-R—xv x;|-R

e e D e . HakoHeu, cpgenaem nocnejHw  NOACTAaHOBKY
- X VX
\T(xv a")= |—A v A . WTakK, ncxogHas topmyna gokasaHa.
[-1-> a

Mpumep 5. AokasaTb BbIBOAUMOCTL —
- A

B 3TOM npuMepe WCXOAHOE  MHOXECTBO (OpMyn  WMMeeT  Buj
N={a”">s,a B\. Bocnonb3syemcs BbIBOAUMOIA thopmynoi,
Nosly4eHHOMW Ha OCHOBE [EBSITOM aKCUMOMbI

npasuny npocToro 3aK/IYEHUS nMeem

1- B:l- (N1->B)-> (p->A)
R = , Torpa Mo npaBwuny Ccuanorusma

I-A-4 B;|- B—>A

nonyyaetcs BcnoMoratenbHas (OPMyNa  -------- Fr--m--=s=e-= seeemmee . [1YCTh
- A-> A
Tenepb A — nw6as fgokasyemas Qopmyna. o npaBuny yganeHus

1-A;1-N->A
nmnankKaymm ---- S )
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Mpumep 6. fokasate = {/T—»#}|- AnC —»BnC.

r:A-*B. B mHoxecTBe [ HeT Qopmynel C. BBegem ee
[OMOSTHNTE/TbHO, NonoXus rr={A-4B,AnNC} rcr, Torga
r-.A->B,AnC, AnC-~A , nnCc-~C , n
N0 TpeTbei akCcMOMe Mo YeTBepTOl aKcMome HOMM3
*n,-, I |-/1nC-;]-,InT "]
bl

nns ’ rws * npaBuny  BBefeHUs KOHBIOHKLMMN
|-)nC;|-,ynC->I [-N.]-N->B

I-C |-A
rj- A;re|- B
--------- + - 3pecb IL,=T2wu ,f2="r. Bocnonb3yemcs Tenepb
r,.r2-n a2

TeopemMoii  Aesykuuu B paHHOM  cfiyyae  Monyyum
A-~"B,AnC\
NTak, popmyna Ag C —» B n C BbiBoguma
'B _A”C:C —>B IAC

Tonbko M3 [, BBegeHne [, ¢ dopmynoit AN C  6bIA0  Auwb
BCrnomoraTtesnbHbIM AGVICTBMEM.

Mpumep 7. [okaxem 60nee CNOXHOe, YemM YyKa3aHO B CMUCKe npasun

ncyunucneHnsa BbICKaSbIBaHVIVI‘ npasuno BBeAeHNA AVU3BIOHKUNN
r,nl- Grqaj-c
r,/av W-C

nMmeem —F C,qenaeM B BOCbMO akKcuome

r-n->c

CNeayoLLy 3aMeHy NepeMEHHbIX:

AB.C
J((x = z) =y —>z) —m(xVy —>12))) =
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=|_(N1-»C)-»((E~C)-»(N1v £ —»C)) U NPUMEHNM NPaABUIO CHOXHOIO

3aKnw4yeHuna
|-Nn—C;|-B—C;|-(1->C )™ ((B~C)~ (AvB ™ C))

Av B—C

Ans  pokasaTenbcTBa TpeGyemoit (opMynbl BOCMONb3yeMCs NPaBUIOM

r-c-~A rI-AvB >C
yjaNeHus UMNIMKauymm —— -------- . B Hawem cnyvyae -------m--mme- -j— [ ]
y rcl-A T,Av LJ, c

CnepoBaTeNibHO, NPaBWO BBEAEHUS AN3BIOHKLWMN fOKA3aHO.

rl-Ar|-8

MNM—AaB

Mpumep 8. lokaxeM NpaBuio BBEAEHNA KOHBIOHKLUN

Mo ycnoeuto T |- A T |-5. [lokaxem cHavyana, uto {A,B [-/1 n B . Ans

3TOro caenaem nNoacTaHOBKU B naToi n HepBOVI aKcuome:

Iz ~x) >z >y) > >xny))U-(a->A)-> ((A-> B)->

*(A—AnB)), - | ((x->(y—=x))=|-B—=(A—B). Panee Yyxe

nokasbiBasocb, 4to hopmyna A-~ A BbIBOAUMA U3 /OGO COBOKYMHOCTU
¢opmyn, B TOM uwmcne u {/1,B}j—/1 —>J1. TpUMEHUM HECKONbKO pa3
npaBwnio NPOCTOro 3aK/o4YeHUsa
|-A-44 1-{A-4 A)-» ((A->B)-4 (A-» An B))
-(A->B)->(A->AnB)
|-é ;|- ->(n "~ B) [FA->B;(N-> A)->(N-> AnB)
—A —B —A — An B
|-A\-n—AnB
FANB
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2.4. Mpaktnyeckoe 3aHATMeE Neb5.
NcuuncneHue BbiCKa3blBaHWIA:
npasuna sblBOja

M LoKa3lyeMoCTb hopmyn

2.4.1.

2.4.2.

2.4.3.

2.4.4.

BbinucaTb Bce NOAMOPMYbI OpMYN:
a) A-4 BVAaB;

6) A (8 (A B);

8) (l4—B)n (B—>C))—> vc);

r)y(n ->"2v4 n

I'IpmmeHsm TONbKO nNpaBuio nNOACTaHOBKMK, pAokKasaTb, 4TO
cnegytouive Gopmynbl:

Q) AaB-"AaBvC;

6) (A->A)->((A-+BaC)-+(A-+Aa Ba Q)

117

BbIBOANMDbI

B) {AaB->(C-+ BaC))-+((Aa B-~C)-+{Aa B-+ Ba C))'

rN@avB *c)r(c-"Aab).

ABNATCA NM  BbIBOAAMM B UCHUCIEHUW BbICKasbiBaHUii cnegywouive

nocnegoBaTenbHOCTH (HOPMY:

a) A—(Av B);

6) A—(Av B), (A—(Av B))—=(B—(A—>(Av B))),
B — (/4 — (Mv B));

B) (A->(£->A))->£, B.

BbiBofaMu M3 Kakux MHOxecTB ¢opmyn [ saBnsetca cnegytowas

nocnefoBaTeNbHOCTb POPMYI:
a) 1->(B->C),A,B—C,B,C;
6) @->8)->(p ->a),A->B,B ->A ,B,A\

B) A-B,A,B,B-+BVC,BvC,{A-+ B)->(A-> Bv C).
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2.4.5. [lokasaTb 4ONYyCTUMOCTb C/MEAYIOLWNX NpaBui BbIBOAA:

r,B, B-A
a) i

0)

r,,nse,r2|-c

[} P — [ E— npaBuUNO NEPECTAHOBKN.
r,B,Ar2—C

2.4.6. TpMMeHsis  MPOW3BOAHbIE MpaBuWna BbIBOAA, MoKasaTb BbIBOAUMOCTb
topmyn:

a)|l-An A-4 F;

6) ~(A->B)nB A;
B) |- Av A—A;

r) AnB —>Av B;
8) \-A —(£->m AnB);
e) - A—(A—B).

2.4.7. BbiBeCcTU cnefytolime CeKBEHLUN:

a) 1->(->C)|-(NnB)->C;
6) A—W—An C)—{Bn C);
B) A- A—B;

r) N~ fi|l-B -4 N;

n) A—"B,B —AC[- M—~C ;

e) N->A|-(C~N)->(C-4B);
) A—»B|-JlvC —=Bv C;

3) A,~A"B\-B-

n) A—B,B|—A;

K) - B—A.
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2.4.8. [loka3aTb NPOU3BOAHbIE NpaBMna BbiBOAA:

a) % - ;
[—A*n Aj n..n An—B
- A= B\-~A">B
|-B
I- A\-B
B) . ;
\-AnB
n
A)
|-n

2.4.9. Ncnonb3ya 0606WeHHY0 Teopemy fefyKuuu, JokasaTb crejylolwune
opmynbl:

a) (1-> B)-»((A-»C)-»(N-»C));

6) (JT-»B)-»((C-»N)-»(C-»0));

2.4.10. BBefiem cneaytoliee ncuyucneHune (McumcneHme JlykaceBmya): MHOXeCTBO
NPeAMETHbIX MepeMeHHbIX U KOHCTAHT COCTOMT U3 6eCKOHEYHOro umcna

6yKB M 3HAKOB ». Bce 6ykBbl eCTb thopmynbl, ecnm ¢ — dopmyna, To

(p Takxe dopmyna; ecnu G u ¢ — dopmynbl, TO ¢ —m\|/ TOXe

hopMyna. CUCTEMA aKCUOM CleayIoLan:
a (1->i)-> (B -+C)->(A-> C)},
6) (a —a)—A;
B) A-» (a —B).

CnpaBef/IBbl NPaBU0 MOACTAHOBKM W MpaBWUO 3aKnloyeHus. [lokasaTb, 4YTO B
WcuncneHun JlykaceBnya BbiBoguma opmyna A —» A.
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2.5. MOHOTOHHOCTb 1 93KBUBANIEHTHOCTb QOpPMY
UCUYNC/IEHNS BblCKa3blBaHUN

®opmyna B(J1), cogepxauwjas nepeMeHHOoe BbiCKasblBaHMe A, HasblBaeTcs
MOHOTOHHO BoO3pacTatwwein (ybbiBatoweit) no A, ecnn w3 BbIBOAUMOCTM
Aj —> A, cnegyeT BbiBogumocTb B(A\) —B{A2) (*"(Aj)—5(4 )).

FoBopaT, uTo copmyna B cunbHee dopmynsl Z), ecnm \-B —D. 31u pgea

MOHATUA NO3BOMIAOT yNpoLwarb joKa3aTe/1bCTBa, B KOTOPbIX NPOU3BOAUTCA 3aMeHa
4acTu KakoW-HMbyab opmynbl 6onee cnaboil unu 6onee cunbHO Gopmynoii.

W3 onpejeneHnss MOHOTOHHOCTK cneayeT, 4To ecnu opmyna B(A\) MOHOTOHHO
Bo3pactaeTr no Al um H LU ). 7o, 3ameHuB Al Gonee cna6oit popmynoii
nofiyuynuM TaKXe BbIBOAUMYK (opmyny. [elicTBUTenbHO, nycTb |—At —A2 n
|- BAAI). 3 onpegeneHns MoOHOTOHHOCTU |~B(A1l) —B(A2). Torga no npasuny
\-e{al),\-s(a]) ™ B8{a?2)

F B(a2l) '

MNPOCTOro 3aK/t0O4YeHUA

HaobopoT, ecnu #(A,) y6biBaeT no A,, TO BL'I) ocTaeTcsi BbIBOAUMON npu
3ameHe A{ 60fiee cubHON hopMynoii.

Teopema 2.2. Bce OCHOBHble NOTMYECKWE OMepaLuym MOHOTOHHbI MO BCEM
y4yacTBYHOLWMM B HWUX NEpeMeHHbIM BbliCKa3blBaHUAM: GopMynbl AnB

Av B MOHOTOHHO BO3pacTaloT Mo A u B, A y6biBaeT o A, A—B
y6biBaeT HO A H BO3pacTaeT no B .

JlokasaTeNbCTBO.

[lokaxxem Tonbko, 4To AV B MoHOTOHHO Bo3pacTaeT no A .MycTb |—A* —» A2.

ns3 aKCUOMBbl w2 (cm. opmynbl (2.1.1)) noAgcTaHoBKOM nonyyum
BA2

J(y—»xVvYy)=|—B—>»A2vB. MogcTaHoBKa B Hli Aaet
y’*

Ar.B

j(x-N xvy)=\-A2~ A2v B, oTclofa no npasuny cunnornsma

A A2, A2 A2V B

; . HakoHel, caenaem noAcTaHoOBKY B akcuomy 11
|- A -> A2v B
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] #wi2vS
Torga j(x-~z)->((y-~z)-~{xvy-"z))s

= j~(Aj—"N2v it) —([8 —~N2v B)—~(Ajv B2 v B)).
Tenepb, NPUMEHAS ABaX/Abl NPaBUI0 NPOCTOr0 3aKM0UYEHUS, NONYUYUM
|- AX-4 A2V B,|-(n — A2V B) — AND A AL AN AR A

|-(B -4 A2v B) -4 (Aj v B -4 A2V 6)

|-B-> A2vB,-(B~ L vB)-> (4 vfi-4 4 v B)

l-n,vB— v B
ntak, FA{v B —/12v B, T. e. hopmyna JIv B MOHOTOHHO BO3pacTaeT.

npOLlVIG NONOXXEHNA TeopeMbl 2.2. AOKa3blBaKTCA aHaNOrnM4yHo.

W3 anre6pbl BbiCKasbiBaHUii nmeem (J1 — B)g (B —/|) = A <> B . 3HaKk <> He
SIBNISETCS CUMBO/IOM MCYUCNEHUA BbICKa3blBaHUA M MOXeT yl'lOTpeﬁl'IﬂTbCR nuwb
ANA  COoKpauieHna Bblpa)KeHMIZ. 3TOT 3HaK— CMMBON A3blKa, Ha KoTOopoM
AOKa3blBalTCA YTBEPXAeHUA 06 ucuucneHuu. I/IHor,qa 3TOT #£A3bIK HasbiBawT
MeTas3bIKoM.

Ose dopmynbl A u B HasbiBalTCcA 3KBMBaNEHTHbIMM, ecnu  j—A <> B.
OHeBI/I,D'HO, 4YTO BCAKMWE OBE BbIBOAWMbIE lﬁOpMyl‘lbl WCUYUCNIEHNA BbICKa3blBaHU

9KBWUBA/IEHTHbI. AEVICTBMTEJ’II}HO,

r:A,B,1-~(B->A), B-"A , B-4(a->B) ,A—>B
1, x~>(y-*x) , , Mncrns aHaNOrMYHO NpeablayLlemMy

AB {-A\-A-> (B )

}(/)B|-N-»(~ 1) -BAN

Xy

(N->8)n(s -4 A
HO npasuy BeBefeHNA
KOHBIOHKUMN

Takum o6bpasom, ecnu |- A n |- B, ro |—A <> B. MO0XHO NpOAO0/IXUTb BbIBOA,

BOCMOMb30BABLWINCL NPABUIOM  YAaneHUs UMNAMKaUWM --—-—--—---——-—-. Torga
r.Bl- A
FB-~A \-A—B
crpaBefinBbl  OPMYNbl  — --------- N — e . CnepoBatefibHO, ecnv fBe
B|- A n-B

(hopMyNbl 3KBUBANEHTHBI, T. €. B, 10 /1—B u B|-A.
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COOTHOLWEHNE 3KBUBANEHTHOCTU pedneKCMBHO: A A, CUMMeTpUYHO, T.e.
ecnm A «> B, 10 B «> A ;TpaH3uTuBHO: ecniu J1 0 5 u A «>C, 10, 4 C.
Teopema 2.3. MycTb A — thopmyna UCUUCNEHUSA BbiCKasbiBaHunM, a B — ee
noadopmyna. Mycte Al nonyuyaetca u3 A nyTem 3aMeHbl HEKOTOPOro

BXxoXfaeHuna B Ha dopmyny Bl Torga echrm 5 H 5/, To A*-"A'YT. e
|-{8 B")—(afg)o 4bl)

MoHATUE 3KBUBANEHTHOCTW WMeeT 6O/bLIOe MNPaKTUYECKOe 3HA4YeHue, T. K.
OCHOBHbIE CBOWCTBA (HOPMY/N UCUYWUCNEHWA BbICKA3bIBAHWIA COXpaHAKTCA Mpu
nepexofe K 3KBUBANEHTHbIM (opMynam. [103TOMY BaXHO YMeTb HaX0AWTb
ONA KaxAoi (OpMy/nbl 3KBMUBANEHTHYI el (OPMYNy, HO YCTPOEHHYK Mo
BO3MOXHOCTW 60/1€€ NPOCTO.

2.6. CBA3b Mexay hopmMmynamun anrebpbl
BbICKa3blBaHWU N UCHUCIEHUSA BbICKa3bIBaHWUIA

Kak y>xe ynomuHanocb, afireébpy BbiCKasbiBaHU MOXHO MpeAcTaBUTb B KayecTBe
MHTEpPNpeTauMn  WUCYWUCNEHUS  BbICKa3blBaHWA.  McuMcneHne  BblCKasbiBaHUi
NOCTPOEHO Kak akKcuomaTuyeckas Teopuss nyTem dGopmanusauuu anre6psbl
BbICKa3biBaHWi. MMOKaXeM, Kak MHOXECTBO TEOPeM WCYMCIEHUs COBMajaeT co
MHOX€ECTBOM TOX/ECTBEHHO UCTUHHBIX POPMYN anrebpbl BbICKa3blBaHUIA.

BBefemM MOHSTME 3HAYEHWUS (OPMYJSbl WCUYUCIEHUA BbICKasbiBaHWii. MycTb A —
hopMyna UCYUCNEHWUS BbICKa3blBaHUA, a — ee MepeMeHHble,
a(,02,.«*£({ — Habop 3HauyeHWii 3TUX NepemeHHbIX. Tak Kak a,-e {0,1} i=1,n,
BeKTOp (a,,a2,-->auy)T umeeT 2N 3HAYEHWN.

Teopema 2.4. Bcsakas topmyna, fjoKasyemMass B UCYNCNEHUUN BbliCKa3blBaHUM,
SABNSAETCS TOXK/AECTBEHHO UCTUHHOW (hopMysnoii B anre6pe BblCKasblBaHWA.
JokazaTenbcTBO.

Heo6Xx04MMO paccMOTpeTb M foKasaTb TPU cyvas:

a) TOX[ECTBEHHYI WCTUHHOCTb aKCMOM MCYUMCIIEHUS BbICKa3blBaHMWIA;

6) TOXAECTBEHHYH WUCTUHHOCTb lﬁOpMy/’l, NO/Ty4YeHHbIX NMPUMEHEeHWEM K TaBTO-
norvam npasuna nogcTaHOBKU,

B

=

TOXAECTBEHHYH WCTUHHOCTb d)OpMyn, NONYYEHHbIX U3 TaBTONOIMA no npa-
BNy NPOCTOrO0 3aK/OYeHNA.
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TOXAeCTBEHHAA UCTUHHOCTb aKCMOM UCHWUCNEHUS MPOBEPSIETCS HEMOCPEACTBEHHO
nepeGopom BCeX 3HAYEHWUI UX MepeMeHHbIX Mo Tabauuam UCTUHHOCTU. MpoBepuMm
no Ta6n. 2.6.1, HaNpUMep, aKCMOMbI, COAEPXKallL e TPU MePeMeEHHbIE.

Tabnuua 2.6.1

B ()

XY r @ V) g(> Cyohiv->)
11 1 1 1 1
|1 1 0 1 1 i
10 1 1
10 O 1
0 1
0 0 1
00 1
00 O 1 1

Mpoyne akCMOMbI NMPOBEPSIOTCA aHANOrMYHO.

MycTb X,,X2,...,X),X — MNepeyeHb BCeX NMePeMeHHbIX, BXOAALWMNX B hopMmynbl A
n B, Hanpumep, V|,x) un ), K <n.Torga sHayeHus
tdopmyn A U B Ha HabGope aha2,..., a,(,a 6yayT paBHbl A(aba2,...,a(l,a)= a,
B(a[ia2,...,ak)= p. PaccmoTpum 3HauyeHuss GOpMyn  NpU  Pa3NMYHbIX

B
noactaHoBkax: J (*,)=e¢*, , * |a

B
\{a)=n{x1x2,..., x1,B), A{xl,x2,..., xa,B\ai4.." a) =

=A(alaz,...,a,,B(al,a2,...,al)= A(al,a2...,a,,p)= a,.

Ecnu A — TaBTonorus,to A(ala9,...,a,ra)= A(ot|,a2)....,.a(lp)= K

B
T.e.ecnn A(x],.t2,...,xJ,x)= 1,70 |(a)=A(x1x2,....n|,B)" 1.

5 3ak. "306
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MNycte A u A —¥B — TOX[ECTBEHHO WUCTWHHbIE (PopMynbl. Torga U3 CBOWCTB
vMnaukauum npu nwbom Habope a,,a2>..,ama 1— =1. OTcroga 5 = 1.
CnepoBaTenbHo, ntob6asa BbiBoOAUMas GopMyna TOXAECTBEHHO UCTUHHA.

Teopema 2.5 (Teopema O BbiBoguMocTH). MycTb A — HekoTopas gopmyna
MCUMCNEHUS BbICKasbiBaHUN; x],x29.>x/Ml— Habop BCeX MEPEMEHHbIX,
BXOAALWMX B opmyny A; a,,a2....,a7 — MPOU3BONbHbIA PUKCMPOBAHHBIN

Habop 3HaueHWi aTUX NepemMeHHbIX. MycTb KOHeYHas COBOKYMHOCTb (hopmMyn

4 nrhecnna.=1,

'Xt2 r, roe *;'=ef- Torpa, ecnu 3HayeHue
[a~ecnuna,- =0.

opMynbl A npu Habope otj,a2, . MEPEMEHHbIX X”"X2,...,XN PaBHO 1,

To [|—A, ecnu e 3HayeHune opMynbl A npu Habope alaz2,...,an pasHo O,
TO ij—A.
JlokasaTenscTso.

JlokaxxeM  TeopemMy  METOAOM  MaTeMaTW4eCcKOW  WHAYKUWM N0 ANUHe
paccmaTpuBaemoit hopmynbl.

MycTb (opmyna A ecTb nepemeHHas Xt. Torga, ecnum =1, o X{|—n. n
I |—x., T.e. [—A. Ho [ = {wr"}, cnegoBaTtensHo [ |—A. Ecnu xe
*Pn =0, To X“ =X un T. €. -A . AHanoruuHo, I = {x“J}
nr]-1

YBenmunm Tenepb AAUHY hopmynbl A .

OueBMAHO, YTO A MOXET MMETb O4WH U3 CNefylLnx YeTbipex BUAoB: a) i?, , 6)
B]a B2,8) 5, v B2, 1) .5, —» B2, npuuem no ToNbKO 4TO AoKasaHHOMY ans B{

n B2 Teopema 2.5 cnpaBeanuBa.
PaccMoTpuM NuWb cnyyvaun a) u r),
a) Mycte A wumeet Bug Bt .Ecnn BYa”a2,...,0.n)=1,1To 5,(al,a2,...,.al)=0

u, cnegosatensHo, r|l— , T.e. |—A. Ecnm xe B{(a[,a2,...,a]1)= 0, To
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5|(al,a->,...,.an)= 1 n [|—B, . Mpogo/MmKUM Tenepb BbIBO4 MO MpasBunam

MNCYNCNEHUSA BbICKa3blBaHWIA

Bx .Ho B\ = A, Ttorga r|—A.

10

r: B] —» B{ ,
IVy.x-*x

_BY

MycTb A- B, —»B2. Ecmm N(ala2,...,al])=1, To no cBOWCTBY

r
umnavkauun nuéo Bl(a,,a2,...,a,r)= 0, nuéo B2(a,a2,...,a,)= 1. Ecnu

=

B,(al,a2,-..,aH)=0, T0 r|—B, .3anuwem BbiBOA U3 I .

>B,)-> fe —=B2) ,

S\i*-»(?->%) _ Ne |:(n->y)->0->n)
|

rB, B,—(B7->B,) ,

B[.E.Z . BZB\ _ ., om-
7@y -1 (82781 f (/VjUTAB )-*F->*2 |
Ry X,y I n >
By — (B\ —Bi | , B\nB\ —B2 , B| n B\ —B2 s
cunnowsm COeAuHeHne NOoCbINOK cHAaune ABOVIHO[O oTpuuaHua
|-A1 ->(a"->B]
]-sUM™-N£ |-8,nB,->a2
B( (8* —=B2), B] —» (Bj —» B2), B) —=B2 . Takum o6pa3som,
pasbeuHeHne NoCbINOK rMnepecTtaHoBKa NOCbINOK no NN3
|-gtAflng2
[-«in(r->F12) [-AL»(-»172) ji]—fi2
r|- BX-» B2.
Ecnu xe S2(al,a2,...,a/t)= 1, I'|~ B2. Torga BbiBog U3 I MMeeT creayoLwnii
Bug: M:B2, B2— (B, —» B2) , B, —» B2 NTak, u B 3TOM cny4ae
1 Lr—(v—1) o nn3
124 -2 —

MyHKTbl 6) U B) 3TO Teopembl [AOKa3sblBalOTCA aHanornyHo. lpegocTaBnsem

yuTaTenam caenatb 3TO CAMOCTOATE/IbHO.
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Teopemy 2.5 yacto npumeHalT ans gobasneHWss B BbIBOA M3 MHoxecTBa I
KaKoii-HMOYyAb CNOXHON (hopMynbl, BKAYawLWeil B ceba npeablgyuine 4neHbl
BbIBO/JA B Ka4eCcTBe COCTABHbIX YacTeil.

m [lpumep. Aana dopmyna A= (Xv y)—>(Xn z) n Habopbl 3HaYeHWi

nepemeHHbix: a) (1,0,0) n 6) (0,1,1). 3anucaTtb BbiBOg hopMyn A wunm A

13 COOTBETCTBYHOL e COBOKYMHOCTH hopmy .

a) 4(140)= (lvo)—>([no)= (IvI)—>(Onl)s 1->0=0.
CneposaTensHo, us muoxectea I = {c,y, z jJ—A 1. e.

wyY’'z (*vy)—(*nr). OeAicTBUTENbHO,

r:x,y,z,x —=>x,(xvy—xnz)—

o
XVy—>(xVy—>XAT)—>X/12Z x —>XxVvy , XVy ,
MEpecTaHoBKa MOCLINOK_ 1IN x-bxvy no MNn3
n(.ivy-»*Az)->(;cv;y-»JCAz) Y, . - \-x,\-x"xvy
——-No | M -x-*Xvy }
|- XVy-»(xVy-».rAz)-»tAZ Yy —XVy

(XVY—=>XAz)—>XAZ XAZ—>(xVy —>XA Z), XAZ~>X ,X—=»XAZ,

no MMN3_ _ _ KOHTPNO3numa _ _U:xnyr>x KOHTPMo3uuus
l-xvyj-jvy-~vy-wz™ tAz |-([Y;y->xnar)-«nr Y A,
|-anr->~n7y~nr) X'y \-x->xnr
X—>XAZ , XAX ,XVy—¥XAZ =A.
CHSATUE JBOMHOTO OTPULLAHUS no NMN3 no MNn3
-x—*xaz TPINTRART XX, - TAXIVY—XAZ
-X-+XAZ

Kaxayt 13 (opMmyn 3Toro BblBOAA MOXHO 6blII0 HEMOCPEACTBEHHO
NocTaBUTb B BbIBOJ, NPOBEPMB ee 3Ha4yeHue Ha Habope (1,0,0), Hanpumep,

xn~A =1n0=0n1=0=1.
1(i,0,0)

6) A(OAA)= (OvI)—»(pnl)= Ov0)—~(1n0)=0—>0=1,

3HauuT, I = y, Zji—A .
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Mposepum 3To0.

r-x,y,r, nr->(y-»4, § -4X -4 y)
[, :n—>»(y—n)  _ IV, (n—y)G-YX) (o7 e X%}

().-N() sty (8

xa x =y X ax—y x> X—>y) . oxA xY)
COBIMHEHVE MOCLITOK CHSTTVE IBOMLLOMO OTPULIAHV PashEIMHEHIe MOCHIIOK MEPECTAHOBKA MOChITOK
[-anm" \-x*x-*y |

1 - l-oo>(%->>) [V =iy

X—y ,XVy ->(xVY—=XnN2z), XAy s

noMB xvy A __ _ NpaBwo BBedpHUS
[, |-*->(a-->V) ¥ (XAYM-XVY™N(XVY-*XAZ)  KOHHIOHKUMM

I"-» 1-iA,
XAy—XVy , XV'y , XVy XAl =A.
Xy, Xv)' . HOMB 0 Ms

) {uy U - by Ay \exAYAXNY->XYY  |-YYY,[-AY>->0kYA->XA=)

l-xvy |“ TV><».YA2

MpoBepka Mo Teopeme 2.5 AN KaXAOro 4YjieHa MPUBEAEHHOr0 BblBOAA [aeT

aHaNorMyHbI pesynbTar. Hanpumep, X —>»y|[(Qi"=0—»1=1,
X->(x-> y)|©0l0=0-4 (0-» 1)=1-41=1wuT. 4.

Teopema 2.6. Kaxpgas TOXAECTBEHHO WCTUHHas dQopmyna anre6psbl
BblCKa3blBaHWIi foKasyema B UCYNCNEHUN BblCKa3blBaHMWA.

[JlokazaTenbCcTBO.

MycTb A — TOXAECTBEHHO WCTUHHas (opMyna anrebpbl BblCKa3blBaHW,
a xI,x2,...,xtl— cnucok BCcex ee MNepemMeHHbIX. PacCMOTPUM MPOU3BO/LHbINA
Habop 3TMX  MepemMeHHbIX a,,a2,....a,(. A(x,,N2 )@
cnejoBaTenbHo, no Teopeme 2.5 TH—A, rge )Y = ,X22 }, npuyem

I A Ha Bcex 2N pas3fiMyHbIX «-Kax uucen (a,,a2,...,alr).
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Myctb ! = {xj*1 }, Torpa ecnu an=1# umeem TIB , Xn—A,
—. ra ~xa\-A
a B cnyyae a,=0 T ,,x\—A. Tlo Teopeme fegykuymum -—-—- e ,
Y]- xH A
ra ,~1-A
------ = ---------. 3anuwem Tenepb BbIBOA U3 a4 .
N

rixn 4%, —=A, (X, ->A)->(-->n)—a)

C=(n->B)->{{n—>B}-*Bplna no6om Habope
nepeMeHHblx,XopMyna BblBOAMMA HO Teopeme 25
X, m_ v\

AB
x"—A)—A s A
no Nn3 . _ )
\~x,~a] A~ an ~ a) LA .x)lmxxn
|-fc-JhA bl
Wtak, I;_,|—A. TouyHo Tak e, obo3Hauyasi uepes I, 2= S XML nET2 Y

nonyuum I, 2|- A. Torgau I, = {**"}|- A.Ecim a, =1,70 {*,})- A, ecnu xe

x1\-A x1\-A
a, =0, 710 {Cj}|—A. Mo Teopeme AegyKuuun
- — A |-~ _>A
AHanoruyHblii BbIBOg pgaet |—A, T.e. dopmyna A pgokasyema B 6ol

COBOKYMHOCTHN q]OpMyﬂ, €C/IN OHa TOXXAEeCTBEHHO UCTUHHA.

2.7. HekoTtopble anropntmel

NPOBEPKN BbIBOAUMOCTU POPMYN

B MCUMCNEHUN BbICKa3bIBaHWIA

BbisiBNeHWe TOro, 4TO U3 HEKOTOPOro MHOXeCTBa POPMYN UCHUCNEHUA NOTUYECKUN
cnegyeT gpyras Gopmyna, siBAsieTcs MO CyWeCcTBY OAHOW M3 OCHOBHbIX 3ajay

WCUYNCNEHNS BbICKa3blBaHUA. ,ﬂ,l’lﬂ AOKa3aTenbCTBa BbIBOAMMOCTU 4acTo UCMONb-
3yeTca Teopema 2.6.
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x>/ \*3  xj \x, xJ y3 Xy

Puc. 2.1

Anroputm KgaiiHa

ANs  NpoBepKU  TOXAECTBEHHOW  WUCTUHHOCTU  dopmynbl  A(X,

MCNONb3yeTCcsl TaK Ha3biBaeMOe CEMAHTUUYECKOEe fepeBo, MpeAcTaBnsioLiee coboit
6uHapHOe OA4HOKOPHEBOe [AepeBo (puc.2.1), yAOBNeTBOPSIOLLEE CNEAYIOLUM

yCNoBUSIM:

O Kaxpjoe pe6bpo nomeyeHo X Q';

O pebpa, BbIXoAsiLiMe U3 OAHON BEPLUMHBI, COOTBETCTBYIOT MPOTUBOMOMIOXHBLIM
nepeMeHHbIM n xt;

O pebpa COOTBETCTBYIT OfHOI W TOW >Xe MepeMeHHOl Torga M TONbKO TOraa,

KOrfa OHW HaxOAATCS Ha OAWHAKOBOM pacCTOSiHUM 0T  KOpHsA. [pad,

n306paxKeHHbIi Ha puc. 2.1, umeeT 2[1 BUCAYMX BepPLINH, T.e. BEPLINH
nocnefHero psiga, M AN NPOBEPKU TOXAECTBEHHOW WCTUHHOCTM B 06LEM

cnyyae HYXHO uMccnegoBaTb 2 MapLIpyToB OT KOPHS A0 KaxAoh Tekyuiei
BEPLUMUHbI.

AI'IFOpI/ITM KBaiiHa nosBonsieT npoxoAnTb NUWb 4YacTb fepeBa W 3aKn4YaeTcAa

B NocneoBaTe/lbHOM Mepe6ope MepeMeHHbIX X, W MPUAAHUM WM 3HayeHuii 0, 1

[ns Kaxpgoro Takoro Ha6opa aHanusupyetcs Tabnuua MCTUHHOCTM GOPMYNbl

npuyem 3ta Tabnuua u3-3a (UKCUMPOBAHHOrO 3HaueHmsa Xt

COAEPXMNT MEHbLLEE YNCNO NEPEMEHHbIX.
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m Mpumep 1. A(X,y,2)=(x—>1)->(()<—>2)-» (*V;y —>T)).

Myctb X = 1. Torga dopmyna A npeoGpasyeTcsi crnefylouiuM o6Gpasom:
A(\y.2)=(1—>2)-> (y =2)—=>(vy —2))= (I—>2)—>(y =2)—>
-» (1->2z))- O 3HayeHMW NONy4YeHHOU (opMynbl OMNpeAeneHHbI# BbIBOA
caenaTb  ewle  Henb3s. Mpuaagum  3HayeHue y=1, nosyymm
nl1t1r)=(l»r)=»(l—mz)—=1—>r))= (Il —=r)—»1=1. Ecan xe
y=0, 1o A(0,r)=(l—r)—((0—r)— (I —r))= (I —r) —(| —x(1 —2)).
Mpogomknm npouecc nocnefoBaTe/IbHOTO nepe6opa 3HaueHwui
nepeMeHHbIX: z—1, AQpo)= (1 —>1)—>{—1—1))=1,
4u,0)= (I1-40)-» (u(l->0))s0-»(l1->0)=0->0sl.

PaccmoTpum Tenepb cnyyaii X = 0. Monyunm
A(0y.z2)=(0—=>2)—=>(y =2)—>0Ovy —»2)) =
=\—=(y—=z2)—=(y—12))=\—1 =\

Takum o6pa3oM, BCe PpacCMOTPeHHble Ccay4vyaum MPUBOAAT K TOXAECTBEHHO
UCTUHHBbIM opmynam, u dopmyna A TOXAECTBEHHO WCTUHHA, a 3HauuT
fokasyema. Ha pwuc. 2.2, a nsobpaxeH rpad, cooTBeTCTByLWNA dopmyne, a Ha
puc. 2.2, 6 ero noarpag, UCnonb30BaHHbI AN NPOBEPKN BbIBOAUMOCTH.

m Mpumep 2. A(X,y)= xa (x —»)?)n (x—» y). Mpugagum sHaveHne X = 1.
ALy)=1n@-» y)n (I y)=(@-4y)n(I->y)y=1
A(lLL)=1->1)->(1-»0)=1->0s 0.

®opmyna A BbINONHUMA WU He BbIBOAMMA M3 MPOU3BONLHOTO (MOXeT 6bITb
nycToro) MHoxecTBa popmyn (puc. 2.3).
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Puc. 2.3

ANropUTM MeToAa peayKuuii

ANropuTM MeToda pefyKuWii MOX0X Ha anropMTM TONbKO YTO PacCMOTPEHHOro
MeTofa KBaiiHa. lMpu nepe6ope HaboOpoOB 3HAYeHWW NepemMeHHbIX uccnefyemoi
opMynbl MCMONb3YeTCH CBOWCTBO MMMNAMKAUUKU 6biTb NI0XHOW TONbKO TOrga,
KOrfa nocblika UCTUHHA, a CNeAcTBMe NOXHO. MeToga adekTuBeH ana dopmyn,
cofepXawmnx MHOFo MMNANKaLWii.

PaccMoTpuUM Ty Xe dyHKuMi A(X,y,z)= (X — Z ((y (xvy r).
Mpeanonoxum, 4To opmyna A noxHa nNpuM HEKOTOPOM HaGope nepemMeH-
Hbix (0p02,03). Torga no CBOWCTBY MMNAMKauUuUW X—»z=1, a
Cy z)-» (*vY—mz)=0, T. €. y —>r =1 " Xvy—2=0,
Xvy=J z=c3=0. Hoecnim z- 0, TO X r=0muny r=0, a He |, Kak

6bIN10 NnoNy4yeHO paHblue. AaHHOe nporueope4yne roBopuT o ToOM, 4YTO UCXOAHOE
NpeAnosoXXeHUe 0 NOXHOCTU opMynbl A HeBepHo. Takum o6pasom, dopmyna
A TOX[AEeCTBEHHO UCTUHHA.

MeTtopg pe3onoyunit

Paccyx/feHuns, ABNALWNECS OCHOBON MeTOAa SIOFMYEeCKOro BbIBOAA, Ha3biBAeMOro
MeTOAOM pe30NoLMniA, 3aknwovawTcss B cregytouweM. YTo6bl foKasaTb, 4TO

{4 ,02,..,040((j—N Heobxogumo nokasatb, u4To [ 1 0> n wen\ N —

TaBTO/1I0TUSA.

LOeiicteutensHo, nycts I = {,A2,.,.,[4} Tak kak [ G,/ =1/, 10 I'—[.
ri-n,ri-B

Mo npaBuny BBeAeHUs KOHbOHKUMUM — ———— T.e.ecmm 40,40 , 0 »

To F|— a A2a...n 1 . CnepoBatensHo, opmyny [ aA 2a...n[ MOXHO

r.Al-B
fo6aBute B . Torga no Teopeme [AefyKuuwu TR
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rn,nn n..nA,-A

F.|-,El,n,ﬂ,n .nf->A

T0 hopmyna A, g A2pg ... n Atl A =1 (TaBTONOrNS).

. Takum obpasom, ecnu “AnA n..nn,->A,
| I

BBejeM ele HecKonbKo onpegenenuii. Mycts A, =A[v B, 4 —A2vB.
OusbloHKT A{v [I Ha3biBaeTCs Pe30/bBEHTON AusbloHKTOB Al u [ no
nepemeHHoii B un o6o3HavaeTcs yepes resg{Al,A2). Pe30nbBeHTON JN3BIOHKTOB
[ v [l nasbiBaeTcs pesonbBeHTa M0 HEKOTOPON MepemMeHHON M 0603HauaeTcs
ray(f,4). Ecam pusvionktel [I u [l He cogepxaT npoTMBOMONOXHbIX

nepeMeHHbIX, TO Pe30/IbBEHT Yy HUX He cyljecTBYeT. OueBMAHO, uTo res(A,a)= 0.
Ecnn res{A],A2) cywecTtByeT, To {A, A2}“ re5(A1, A2). felicTBUTENbHO, NYCTb
A}=A[v B, A2 =A12vB, rese(A(L4 )= AAv AN, OueBUjHO, yTo
{4(v B,al2v # A7v A2. ina pokasaTenbcTBa A0CTAaTOYHO BOCMONb30BATbCA
npaBuiaMmu yaaneHus v BBefeHNSA [U3BIOHKLUN.

Nycte T ={A4,A2,....,[40} — MHOXecTBO AW3bIOHKTOB. [locnefoBaTeNbHOCTb
tdopmyn 5,,Bn,...,Bit HasbiBaeTcs pe30NOTUBHLIM BbIBOAOM u3 [, ecnu ans
Kax ol opmynbl Bh i = 1,51, BbInonHsAeTCS 04HO W3 yCNOBWIiA:

1. A.el;

2. 3/,k<i,Takue, uto A - res{Bj, Bk).

Teopema 2.7 (TeopemMa O MoNHOTEe MeToga pesonounid). MHOXeCTBO
[AVW3bLIOHKTOB I MPOTUBOPEYMBO B TOM W TO/IbKO B TOM cliyyae, Korpja
CylecTByeT Pe30NOTUBHbLIN BbIBOA M3 [, 3aKaHYMBAKOLLMIA HyNeM.

MpuMeHUM 3Ty Teopemy ANA NPOBEPKW BbIBOAUMOCTU (hopMynbl A U3 flaHHOTO
MHOXecTBa hopmyn r={4,A2,., An}. Ycnosue {A,4,....0}-A

paBHOCUNBbHO ycnosuo {,EI,,AZ,...,A,,, aJ—. [eiicTBUTENbHO, ecnu
{A, A2 An}—A, TO O nA2n..nA, —»A =1, TOrpa,
A(nA2n...n Anv A=0, AlnA2n...n Aan A=0, T. €.
rh={a,A2,..,40,alJ— 39To paBHOCMABHO YycnosBuw, u4To B|—, rge

B=Aal N.N0O gA.
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Mpueegem thopmyny B Kk KH®, T.e. k Bugy B =Cxa C2a ..a Cn.Torga ecnu
B\-, 10 C,aC2n...nC)}—. Takum o06pa3om, 3agaya npoBepKn BbIBOAUMOCTHU
{4 ,A2,..., AH}}—A cBoAWTCS K TNpOBepKe MPOTUBOPEYMBOCTM MHOXECTBA

ausbloHkToB  r, ={c,,c2,..,C,,}, a 3TO PaBHOCWNbLHO CYL{ECTBOBAHWIO

Pe30OTUBHOIO BbiBOAA HyNsA U3 (.

m Mpumep 3. Mposepum MeToAoM pesontouuii BbIBOAMMOCTb

r=~A—BaC,B —-D,C —E,A—>F]|-(D a E)v F. BbiBOgMMOCTb

faHHOW dopmMynbl M3 [ no 3TOMy MeToAy ChedyeT M3 MPOTUBOPEUMBOCTU
MHOXecTBa rr—{a-4Bnc,B—D,C—E,N-4 FDEvV F}
MpuBeaem Bce hopmynbl M3 I, KKH®: T, = v BC,BvD,CvENvF,
Fn(dvi)={(livBp vC\Bv i CvEAvFF(5vE)}

Takum 06pa3oM, MHOXECTBO U3bIOHKTOB
r/={4vB,AvVC,BVD,CVvii.IvF,F,D v

MoCcTPOMM BO3MOXHbIli Pe30NOTUBHBIW BbIBOA Nynsa u3 I, :

1. r*n(av B,Av f)= Bv F;

2. re5n(nvCAv f)=Cuv

3. rens(BvD,Bvf)=DvF\

4. resc{cvF,Cve)= EvF\

5. vF,Dve)=DvF;

6. rejp(DvF ,Dvf)=FVvF =f;

7. res(.F,F)=0.

Ha npakTuke B 06LLeM Cfy4yae MeTOf Ppe3ontouuii He 3PPeKTUBEH, T. K. 4KUCNO
nepe60pos Pe30/IbBEHT MOXXET 6bITb 0YEHb 60/'IbLUI/IM, OHO 3KCMOHeHUManbHO
3aBUCUT OT 4ucna AU3BHOHKTOB U cofepXawnmxca B HUX MNepeMeHHbIX. MeTOA
ycnewHoO npuMeHsieTCa K OAHOMY Knaccy AM3BHOHKTOB — XOPMNOBCKUM AN3b-
IOHKTaM.

OW3bIOHKT A HasbiBaeTcs XOPHOBCKUM, €CAU OH COAEPXUT He 6Gonee OfHOM

No3UTUBHOI nepemeHHol, HanpuMmep Av Bv C, Av C, A, B. B obwem cnyuae
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XOPHOBCKMeE OV3BIOHKTbI nMerT BUg AlvA2v..,vAn unu
O v Ajv..vAnv B. XopHoBckuit ausbioHKT Buga AlvA2v...vAn
Ha3blBaeTCA HeraTWBHbIM, a AM3bHKT [ VAj v...v Anv B — TOYHbIM.

AN3BIOHKT A HasblBaeTCAa YHUTAPHbLIM NO3UTUBHLIM AN3BLIOHKTOM.

Ecnm T — MHOXECTBO XOPHOBCKWX [AW3BLIOHKTOB, TO €ro MnpoBepKa Ha
NPOTMBOPEUYNBOCTL MPOUCXOAUT chedylowmm o6pasom. B T Bbl6upaeTcs

YHUTApPHbI NO3UTUBHbIN AN3BbIOHKT B 1 ansbloHKT Ce [, cogepxawmnii B .

fanee I samenserca na [\{c}n{ray(c,a)}. avor npouecc npogonxaercs go
Tex nop, noka nm6o I He GyAeT cogepxaTb 0, NGO He HageTcs AU3bIOHKTOB B
m C ykasaHHoro Buja. B nepBom cfyyae WCXOAHOe MHOXecTBo [
NpoTUBOPEYNBO, BO BTOPOM HENPOTUBOPEYMBO.

m Mpumep 4. MpoBeprM Ha MPOTUBOPEUNBOCTL MHOXECTBO
r={a-» B,C->D,B->E,D-» F,EF,T1—C,a}=
={AvB,CvD,Bv EJ)v F,av F,AvC,n}

MHOXecTBO COAEPXUT TONIbKO XOPHOBCKWNE AN3BHOHKTbI. anMeHI/IM K HEMY
onucaHHbI anropuTm no waram:

1. ™ ofa,Avb)=B, \a,B,CvDBVE,DvFEVF AV C
2. resB(B,BvE)=E, \A,B,E,CvD,DVF ,EVF,AvC}
3. resEe.Ev F)=F, \a,B,E,F,CvD,DVF,Avc},

4. resF(F.DVF)=D, {a,B,D,E,F,CvD,Av C},

5 resa(A.Avc)-C, {a,B,C,D,E,F,Cvd)\,

6. resc(C,CvD)=D, \a,B,C,D,D,E,F},

7. resip,D)=Q.MHoxecTso [ NpPOTMBOPEUMBO.

2.8. Npo6nemMmbl akKCMOMaTU4eCcKoro
NCUYMNCNIEHUS BbICKa3blBaHUIA
NcumncneHne BbICKasbiBaHWA KakK BCsikas akKcuomaTuueckas Teopua Ana cBoero

060CHOBaHWS TpebyeT pelleHUs 4YeTbipex Npobnem: paspewMMocTU, HENpPOTUBO-
peymMBoOCTH, NOMHOTbI, HE3ABNCMMOCTHU. PaCCMOTpVIM nX BCe KpaTko.
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MepBasi npo6bnema — npo6nemMa paspewMMoOCT — 3aKn4aeTca B TOM, 4TO
[OMXEH CyllecTBOBaTb anropuTM, No3BOMAKOWMNIA AN N060W 3agaHHON Gopmybl
WCUYUCNEHUNS BbICKa3blBaHWU onpeaenATb, ABMAETCA /I OHa AOKaByeMOVI WNn Het.
Takoil anropuTm cyuiecTByeT. [eicTBUTeNnbHO, Nto6as Gopmyna ucHMUCNeHUNA
BbICKa3blBaHWIi MOXET paccMaTpuBaThbCs KakK (opMyna anrebpbl BblcKasbiBaHUM,
AN KOTOpoil 3Ta npo6nema pewaetcas ¢ nomowbio Teopem  1.9-1.12
(cm. pasg. 1.13).

BTopasi npo6nema— HenpoOTMBOPEYUBOCTb MCUYUCNEHUS BbiCKasbiBaHWA. dopManbHy0
aKCnomaTmnyecKyrd TeOopuk HasbliBalT HeﬂpOTMBOpeHMBOVI, ecnn  He cyuwiecTtByeT

thopmynbl A Takoii, 4TO B UCUMC/IEHUN O4HOBPEMEHHO BbiBoAUMbI A N A.
Teopema 2.8. McuncneHne BblCKa3blBaHW HEnpoTneope4ymnBso.

[llelicTBUTeNnbHO, no Teopeme 2.4 BcAKasi BblBOAMMAas (OpMyna TOXAECTBEHHO
UCTWHHa. OTpuuaHue 3TOW (OpPMy/bl He SBASETCA TOXAECTBEHHO WCTUHHON
topmysnoii. CnegoBaTefibHO, HU 1St Kakoi (opmysnbl A HEBO3MOXHO, 4To6bl

ofHOBpEMEHHO |-A 1 J-A.

TpeTbss npobnema— 3To npo6aema NonHOTbl. OHa MMeeT fBa acnekTa: MOAHOTY
B Y3KOM U B WUNPOKOM CMbIC/E.

AKCMOMATMYECKOE UCYUCIEHNE Ha3biBAeTCsl MOMHLIM B Y3KOM CMbIC/E, ecnu
fobaBnieHUe K CNUCKY ero akcMoM N60oil HegoKasyeMoit B ucHucneHun Gpopmynbi
B Ka4yecTBe HOBOI aKCMOMbI npMBOAUT K NPOTUBOPEYNBOMY NCHUCNEHNIO.

Teopema 2.9. Vicuncnenne BbICKa3blBaHW NOMHO B Y3KOM CMbICNe.

[lokazaTenbcTBo.
MycTe A — npousBonbHas HeBblBogMMas (opmyna (Mo Teopeme 2.7 B KayecTse
A MOXHO B3Tb N06YH0  HETOXAECTBEHHO  MWCTUHHYW  Qopmyny), a

— CMMUCOK ee NepeMeHHbIX. Tak Kak A — HeBblBOAUMAS (
TO cywecTByeT Habop 3HayeHWn al,a2,...,an MNepeMeHHbIX TaKoWl, uTO
=0 -

Mycte B],B2,...,.Bn — nio6ble TOXAECTBEHHO UCTUHHbIE (HOPMY/bI, 3aBUCALLUE

oT nepemeHHbIx  XI,X2i...ixn. PaccmoTpum cnegyouwuii  Ha6op opmyn:
B:,a, =1

B*1, B\r , rpe B~ OCYLLEeCTBUM WX MOACTAHOBKY
B, a,=0

A7
B dopmyny A: jA = a(“,Bp )= 0. [elicTBUTeNbUO, pAns
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nw6oro Habopa 01% 2,...,0H 3HayYeHUn nepemMeHHbIX
Bi[x\ix2i...ixn)joo ~» T.K. B.— TOXAeCTBEHHO MCTUHHAA (opmyna.
Torga 5 = a. m AK' 5€r,.-~ un)= N(a,az2,....am=0,
Takum o6pasom, ecnu Affil B22 )= 0, To N{BNLLWr,....,5*")=1, T.e.

TOXAECTBEHHO WCTUHHAs (OPMyna W, CNefoBaTeIbHO, MO TeopeMme 2.6 BbIBOAMMA
B MCYUCNEHUN BbICKAa3bIBaHUA.

C Apyroit cTopoHbl, ecnn dopmyny J1{x1,x2,...,x1l) go6aBuUTb K CNUCKY aKCWOM

MCUYMCNEHMS, TO OHA CTaHeT BbIBOAWMON B HOBOM WCHMCMEHWM KaK aKCUOMa.
B HOBOM wucuucnenun dopmyna a(e*,B2r )= j A(x],x2,...,xn)

nofyyaeTcs B pes3ynbTaTe OAHOBPEMEHHON MOACTAHOBKU, T.e. Takxke 6ydeT
BbIBOAWMOI.  CnegoBaTenbHO, HOBOE  MCUYMCNEHWE  BbiCKasblBaHUi  6GydeT

NPOTMBOPEYUBBLIM, T. K. B HEM j—/1 n |—A.

AKCMOMATUYeCKOe WCYUC/IeHNE HasblBaeTCst MOMHbIM B LUMPOKOM CMbICNe, ecnu
ntobas TOXAECTBEHHO UCTUHHAasA Gopmyna B HeM gokadyema. [Mpo6nema MonHOTHI
B LUMPOKOM CMbIC/le pellaeTcss Takxe MonoxuTenbHo. CnpasBeginBOCTb 3TOrO
(hakTa cneayeT u3 Teopembl 2.6.

HaKOHELl, nocneaHAA npo6nema— npoﬁnema HE3aBUCMMOCTU— 3aK4vaeTcsa
B HE3aBNCUMOCTWN CUCTEMbl €€ aKCMOM, T. €. B HEBbIBOAMMOCTU nw6oii M3 HUX u3
OCTa/lbHbIX aKCMOM N0 npaswusam BbiBOAa AaHHOVI cuctembl. OKasblBaeTcs, 4TO
cucTeMa akKCUMOM MCUYUCNEHWS BbICKa3blBaHU He3aBMcUMa. TOT (baKT AOBOJ/IbHO
Nerko nposeepfAeTca HenocpeaCTBEHHO, €CAN  ABHbIM 06pa30M onpeaennuTb
MHOXeCTBO, N3 KOTOPOro NPUHUMAKT 3Ha4YeHUsA NepemMeHHble X,Y, Z.

Teopema 2.10. Cuctema aKCMOM MCUYUCEHNS BblCKa3blBaHWUI He3aBUCKUMA.

AOKa?paTEI'IbCTBO HE3aBUCUMOCTHU BCeX OAMHHaauaTun aKcnom ncyucneHnsa
BbICKa3blBaHUI 40BONBLHO FPOMO34KO H OCHOBAHO Ha HEKOTOPbIX MHTepnpeTauunsax
NepeMeHHbIX W NOTNYeCKnNx onepau,mﬁ ncuncneHnsa. HesaBUCMMOCTb CaMblX
NpoCTbIX aKCMOM MOXHO fAoKasaTb Mo cregylouleli cxeme. Jonyckaercsi, 4To
NnepeMeHHble B akKCMomMax MOryT npuHMmMaTb TONbKO ABa 3Ha4YeHUA: 1 un 0. Bece
noruyeckme onepauyum , 4,V ,— Kpome OAHOW, onpefensioTcs TakK e, KakK
1 B anre6pe BbiCKa3blBaHWiA, NpuyeM 1 urpaet ponb UCTUHBI, a 0 — /mxu. OfHY Xe
U3 NornyecKumnx onepau,mﬁl cneunanbHO onpeaenAwT Tak, yTobbl Ta akcuoma,

B KOTOPYl0 3Ta Onepayusi BXOAWT W He3aBUCUMOCTb KOTOPOW AoKasbiBaeTcs, He
SIBNANACL TOXAECTBEHHO PaBHOM .
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Mpu TaKoii MHTepnpeTauwWnm Bce aKCWOMbI, KPOMe WUCCIeAyeMOi, NpUHUMAaT
3HayeHue 1. Bce opMynbl, BbIBOAUMbIE U3 COBOKYMHOCTU aKCMOM, KpOMe mcche-
Ayemoi, Takxe 6yayT NpuWHWMAaTb 3HA4YeHUi 1 Mpu BcexX 3HAYEHWAX BXOAALLMX
B HUX NMapaMeTpoB.

FACHO, YTO ecM Takas WHTepnpeTauus BO3MOXHA, TO Uccnegyemasi akcuoma He
3aBUCUT OT OCTaNbHbIX, I. K. €cin 6bl OHA 6GblNa BbIBOAMMA U3 OCTaNbHbIX, TO OHa,
Kak 1 BCe (hOPMY/bl, BbIBOAUMbIE U3 COBOKYMHOCTW aKCMOM, KPOME UCCefYeMOi,
npvHUMana 6bl TONIbKO 3Ha4YeHue, paBHoe 1.

2.9. NMpaktnyeckoe 3aHATME Neo 6.
OKBUBANEHTHOCTb (hOPMY/ UCHUCNEHNS
BbICKa3blBaHWi1 U TeopemMa O BbIBOAMMOCTU.
Anroputmbl KBaiiHa, peayKuuini 1 pe3ontouunii
2.9.1. BbIBECTU ClieAyloLLNe CEKBEHL NN

a) |- AnB BnA;

6) FAvB "B VA.
2.9.2. AOKaSaTb, 4YTO B UCUYUCNEHUWN BbICKa3blBaHWUA BblBOANMbI CEKBEHUNWU:

a)|-A A

0) {a < (c—8).

2.9.3. [okasaTb, u4TO cregylowmne ¢(OpPMynbl BbIBOAUMbI B WUCHUCNEHUU
BbICKa3blBaHWi:

a) >Av B A n B;

6) Ao A.

2.9.4. Ncnonb3ysi CBOMCTBO MOHOTOHHOTO BO3pacTaHWsi WK y6biBaHUA DYHKUWIA,
[l0Ka3aTb BbIBOAMMOCTb C/eAyoLWwnx hopmyn:

a) A= x—(@—=>(Xx—>ya X))\
6) A—xny —y—"y.

2.9.5. /icnonb3ysi CBOWCTBO MOHOTOHHOFO BO3pacTaHWsi AU3LIOHKUMU MO 06enm
nepeMeHHbIM, A0Ka3aTb BbIBOAUMOCTb POPMYJbl
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2.9.6.

2.9.7.

2.9.8.

2.9.9.

2.9.10.

2.9.11.

2.9.12.

2.9.13.

2.9.14.

YacTtb I. Matematnyeckas noruka

NaHa dopmyna A =xny\/(x—y)nx u Habopbl 3HaueHwWi

nepemeHHbix a) (l,1), 6) (O,0). 3anucatb BbIBOA hopmyn A unun A un3
COOTBETCTBYlOL e/l COBOKYNMHOCTU POPMYII.

®dopmyna A = si} v 52 —> Xb 3ajaHa Ha Ha6opax a) (0,0,1) m 6) (1,0,0).
BbiBecT A vnn A 13 COOTBETCTBYHOLL eV COBOKYMHOCTU (POPMYJI.

®opmyna A = (x> y)n (y zZ)N (z X) 3afjaHa Ha Habopax a)
(050,1) n 6) (1,I>1)- 3anucaTb BbIBOA hopMynbl A WAKU ee OTPULAHUS U3

MHoxecTB I, = {x,y,z} n 2 = {x,y,z}.

[flaHa topmyna A= XV X2 —>Xj U Habopbl 3HAYeHWII MepemMeHHbIX a)

a.31), 6) (,0,1), B) (0,1,0). 3anucatb BbiBOg A wunu A u3
COOTBETCTBYIOLLEN COBOKYMHOCTU (hopMy/.

®opmyna A = X —>(n:—» _y) 3apaHa Ha Ha6opax a) (1,0) wu 6) (o, 1).
BbiBecTn Gopmyny A  wunmM ee OTPULAHUS U3  COOTBETCTBYHOLLUX

MHOXecTB I, = {a;>m}n M2 = v}

C nomouybto anroputma KsaiiHa NpoBepUTb TOXAECTBEHHYIO UCTUHHOCTb
cnegywmnx gopmyn:
a) (A-»B)-»(B-» A);

6) (AvB)—>((Ans)v (8 na));
B) (AvB)->(c<-*B);

r) AvB—(C Aj.

Vcnonbsys anroput™m pefyKuun, NpoBepUTb TOX/AECTBEHHYIO UCTUHHOCTb
cnegyowmnx gopmyn:

a) (AnB->C)"(A->(B->C));

6) A, =7 >(A-i >(A, —BvB))-);

B) (A—B)n (a —8B)-> A.

C nomouwbto anroputma KgaiiHa W anroputma pesyKumm AokasaTb
TOXAECTBEHHYHK UCTUHHOCTb aKCMOM UCUUCNEHUS BbICKa3blBaHMWIA.

MeToAoM pe3ontounii NPoBEPUTH CNEAYIOLLNE COOTHOLLIEHUS:

a) lavC,C->B,B-»Aj|-A-n>(.B~C);
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6) favCc-»B,C-» AvB,BC AvB\-B-»C;

B) <2Av B}|-(A —C)-» A.

MpoBepnTb Ha MPOTUBOPEYNBOCTL MHOXECTBO XOPHOBCKUX AU3BIOHKTOB:
a) dvBvCvD,BAvAvC,C,AvE)}

6) {an B—C,A,B,c};

B) "VOVE ,EvF,C D A f}.
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Jlornka npegnkatoB

3.1. OnpegeneHne npeanKkaros
vnornyeckne onepauunm Hajg HUMMU

B MCUMCNEHNUN BbICKAa3blBaHU M3yHannucb NOrUYECKUE OTHOLIEHUS, COCTABEHHbIE
V3 NpocTbiX BbICKA3biBaHWA M NMPUHMMAaKOLLME TONbKO ABa 3HadveHus 0 unm 1

c nomouwblo onepaumnii a»v, ,— <-> OpHaKo ANs 3afjaHusa 6onee CNOXHbIX N0-

ITMYECKUX PacCyXAeHU UCYUCNEHUS BbICKa3blBaHWU HejocTaToOuHO. B nwo6oil K-
3HAYHOI NOTUKe MOXHO onpeaennuTb Hannmyue TOro nNanv UHOro CBOWCTBa na Ko-
HEYHOM MHOXeCTBe 3/IEMEHTOB, B C/yyae Xe 6ECKOHEYHbIX MHOXECTB HEOﬁXO[J,VI-
MO BBeAeHWe (YHKUWUIA, apryMeHTbl KOTOpPbIX NpoberawT 6eCKOHEYHOe YMUCN0 3Ha-
yeHuii Ha MHOXecTBe M.

Bce BbICKasblBaHUs, WCMOMb3yeMble 40 CUX MOpP, paccMaTpMBanucb Kak Hepas-
feNbHble Lenble U TONbKO C TOYKW 3PEHUSI UX UCTUHHOCTM UMW NOXHOCTU. CTPYK-
Typa BbICKa3biBaHWii U UX COAEPXaHUe UTHOPUPOBaNNCh- OAHAKO, 0YEBUAHO, UYTO
Ha MPaKTWKe NCMOMb3YIOTCS 3aKNIOYEHUS, 3aBUCALLME KaK OT CTPYKTYpbl, Tak v oT
coflepXKaHns UCMOMb3YEMbIX B HUX BblCKasblBaHMWIA.

He BCSKMe BbICKasblBaHWS U He N0Gble NOTUYECKUE PacCy>XAeHWUA MOryT GbiTb
onucaHbl Ha SI3bIKE UCUMCMIEHUSI BbICKa3biBaHUM. B HEKOTOPbIX CNy4asX BbICKa3bl-
BaHWS KacaloTcs CBOWCTB 06BEKTOB WM OTHOLIEHWI MeXAy o6bekTamu. Kpome
TOro, Heo6X0AMMO MMETb BO3MOXHOCTb YTBEPXAATb, YTO N06ble UAN KaKue-TO
06beKTbl 06/1a4al0T ONpeAeneHHbIMIU CBOWCTBAMU UAU HAXOAATCS B HEKOTOPbIX
OTHOLUEHMSAX.

MoaTomy cliefyeT paclumpsaTb N0TUKY BbICKasblBaHWA 1 NOCTPOUTL TaKyto formye-
CKYI0 CUCTEMY, B paMKax KOTOPOW MOXHO 6bI10 6bl UCCNefoBaTb CTPYKTYPY W CO-
fepXaHue Tex BblCKasblBaHW, KOTOPble B pamMKax anreépbl BbiCKasblBaHUI cumTa-
NUCb Gbl 3NEMEHTAPHBIMU.

Takoii nornyeckoit cMcTeMoli SBNsieTCs N0TMKa npeonkaTosB, a anreﬁpa BbICKa3bl-
BaHWl — ee COCTaBHOW YacTblo. MoMMMO 3/IEMEHTapHbIX BbICKa3blBaHWii B NOruKe
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npeagnkaTtoB paccMaTpmBarTCA BbiCKasblBaHUA, OTHECEHHbIE K MpeaMeTy, T. €. Bbl-
CKasblBaHUA pacyeHATCA Ha Cy6'beKT n npegunkart. Cy6'beKT— 3TO TO, 0 4Yem
4TO-TO yTBEpPXAaeTca, NPeAnKaT — 3T0 TO, YTO yTBepxjaetca o cybbekTe. Jloru-
Ka npegMkKaTtoB— 3TO paclwlnpeHue Nornkun BbICKa3blBaHW 3a CYeT UCNONb30Ba-
HUA NpeAnKaTOB B PONIN NOTUYECKUX DYHKLUNIA.

OfHOMECTHbIM MpeAMKATOM />X) HasblBaeTCsa MPOU3BO/bHAA (YHKLUS mnepe-
MEHHOro X, onpegeseHHass Ha MHOXeCTBe M n nNpuHUMawuwaa 3HadYeHua wus

MHOXecTBa {0a}.
MHoxecTBo M , Ha KoTopom onpegeneH npegukat P(X), HasbiBaeTcs NpeameT-

HO 06nacTbio unu 06MacTbi0 OMpefeneHUss npeankaTa. MHOXECTBO BCex
Xx€ M , npu KoTopbix />(X)= 1, Ha3biBaeTCs MHO>XXeCTBOM UCTUHHOCTW Npeju-

kaTa P(x): IP={x/xeM,p(x)=i}.

Mpeankat P(X), onpefeneHHblii Ha MHOXecTBe M , HasbiBaeTcs TOXKAECTBEHHO
MUCTUHHBIM, ecnu Ip = M |, n TO>XXAECTBEHHO NI0OXKHbIM, ecnn 1P —0. Bynesa

(DYHKUMA 04HOPOAHA B TOM CMbiC/e, YTO ANA Hee 061aCTb 3HAYEHUIN YHKUUU U
061aCcTb U3MEHEHWI aprymeHTa no TUNy ofHa U Ta e — norunyeckas (MM6o mcTu-
Ha, Nn60 NoXxsb). ANA NpeaukaToB Xe 061acTb 3HAYEHU DYHKUUN — florTnYecKas,
a 06n1acTb W3MEHEHWs aprymeHToB — rnpegMeTHasi. O606LLeHNe MOHATUA OAHOMe-
CTHbI NpeAnKaT— MOHATME MHOrOMECTHOro npegukaTa, C MOMOLLbI KOTOPOro
BbIPaXalTCA OTHOLLUEHNSA MeXAy npeaMeTaMu.

N-MeCTHbIM NPeANKaTOM HasblBaeTCs BCAKas (PYHKUMS M MepeMeHHbIX

onpegeneHHas Ha MHoxectBe M = A/, xM 2x...xMn (ge-
KapToBO MPOU3BEAEHME) U MPUHNMAOLLas Ha 3TOM MHOXECTBE OJHO U3 ABYX 3Ha-
YeHUiA: "MCTUHA” MAM "NOXb", T.e. N-MecTHbIW npegukat Q{xlyx2,...,xn) ecTb

pyHkuns Q .M — B, rge M — npousBonbHOe MHOXecTBO, a B = {0,1}.
BbICKa3blBaHUSI MOXHO CUMTATb HY/NIbMECTHbLIMW MpegnKaTamu.

roBopAT, 4yTo  npegukar P(x) ABNAETCA  CNEACTBMEM npeankara
eM LI p(x)),ecnn Ig A lp, wnpegnkatsel P{x) n Q(X) paBHOCUbHbI
(P(x)" Q(x)), ecnn 1Q= 1P.

Tak Kak npeAvkatbl NPUHUMAT ABa 3HauyeHWs 0 W 1, TO K HUM NPUMEHUMbI Bce
onepawLuu N0TUKN BbICKa3biBaHWA.
KoHbloHKUMel aBYx npegukatoB P(x) u Q{x) HasbiBaeTcs HOBbI npegukaT

P(x)a Q{x\ KoTopblii NpMHMMaAET 3HauyeHue "WUCTWUHA"™ NpPU Tex U TONbKO Tex
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3HayeHusix XE M , npu KoTopbix KaxAblii M3 NpejuKaToOB NPUHUMaeT 3HaveHue
“MCTUHA", U NPUHUMaeT 3HayYeHMe "NoXb' BO BCEX OCTaNbHbIX cny4vasx. O4yeBUAHO,
4T0 06/1aCTb0 UCTUHHOCTU NpegukaTa P (x)n Q{x) asnsetca 1QC\IP.

[nsbloHkumel asyx npegukatos P{x) u Q{X) HasbiBaeTcAa HOBbI/i nNpesuKaT
P{x)Vv (2(*)> KoTOpblii NPUHNMAET 3HAUEHME ""NIOXbL" NPU TEX U TOMLKO TeX 3HAYEHNSX
X 6 M, npu KOTOpbIX KaXAblii U3 NPeANKaTOB NMPUHUMAET 3HaUYeHMe ""NIOXb", Y NPUHU-

MaeT 3HaueHUe ""UCTMHA' BO BCeX OCTasbHbIX ciyydasx. AcHo, uto 1Q\J Ip.

OTpuuaHmem npegukata P{X) HasbiBaeTcs HOBbI npegukat P(X), KoTopblii
NPUHMMAaET 3Ha4YeHMe "'WUCTMHA™ Npu Bcex 3Hauvenmss XE M |, npu koTopbix P(X)

NPUHMMAET 3HaYeHMe "NOXb'" 1 HA060POT. 34eck oyeBmnaHo, /- = M \ Ip.

Mmnnukauymeii P{x) n Q{Xx) Ha3sbiBaeTcs HOBbI Npeankar /*(*)—» <2(A)> KOTO-
pblii ABNAETCA IOKHBLIM NPU TeX M TONbKO Tex 3HayeHumsax XE M |, npu koTopbix
OAHOBPEMEHHO /N(N) nNpuHMMaeT 3HayeHuWe "UCTMHA™, a — 3HauyeHwue

"'NoXb", U NPUHUMaeT UCTUHHOE 3HaYeHne BO BCeX OCTasIbHbIX ClyyasX.

m [pumep 1. a) J/lyHa ecTb CNYTHUK BeHepbl — N0XHOe BbICKa3blBaHWe, He
ABNSAOLLEECH MPeAnKaToM, T. K. B HEM HeT aprymeHTa — MepemMeHHOro X ;
6) 5+Vro-VTo>150 — T0 e camoe;
B) X2+ 3x+2=0 — npegukat. 3gecb XE M =R, IP={-2,-1}

m Mpumep 2. Ha mHoxectBe M ={3,4,5,6,7,8} 3agaHbl ABa npegukaTa
P(x): "x — npocToe uncno”, Q(X): "X — HeueTHoe umcno™. CocTaBUTL UX
Ta6nMLbl UCTUHHOCTU (CcM. Ta6n. 3.1.1). PaBHOCMNbHBLI U npeaukatbl P{x) un

Q(x) Ha mHoxecTBax L = {2,3,4,5,6,7,8} K =1{3,4,5,6,7,8,9}7?

Ta6nuua 3.1.1
X 3 4 5 6 7 8
P{x) 0 0 1 0
0 0 0

eM

OuyeBupgHo, uto 1p ={3,5, 7}, 14 ={3,5, 7} Takum ob6pa3om, Ha MHOXeCcTBe

M P(x)=Q(x). Ha L n K npegukaTbl He paBHOCUNbHbI, U60 Ha L,



144 Yactb |. MaTemaTtnueckas nornka
Hanpumep, 2 — MpPOCTOe YMUC/O U 4YeTHOe, a HA K 9 — HeyeTHoe, HO co-
CTaBHOe 4ucno.

m [pumep 3. NccnegosBaTb, ABNSETCA NN OAUH U3 [BYX AaHHbIX NpegnkaTos

P(x,y) n Q(X,y) cnegcTBmem Apyroro, ecnm

P(x,y)={fx-Jy =15\ Q(x,y)={fxy= 15].

Haligem o6nactu onpegeneHuss o60ux nNpegukaTtoB U un3obpasum  ux
Ha puc. 3.1 n 3.2.
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(x,y)6 R2

MQ= /(x>0,y>0)v(x<0, y<O)

O6nacTu onpegeneHnss 060MX NPEAUKATOB HA PUCYHKAX 3alTPUXOBaHBbI.
CnegoBatenbHo, !'pd ! QiT. e. >¥)—><2(nr, y) u npegukat Q(X,y)

ABnAeTcA cnejcTemem npegukata Pfay).

Mpumep 4. Haiitn o6nacTb UCTMHHOCTU npegukata X —y2 >0 u unsobpa-
3UTb Ha MIOCKOCTH.
HepaBeHCTBO, COCTaBNSIOLLEe WCXOAHbINA MpPEAMKAT, OrpaHnuMBaeT 4acTb

NJ0CKOCTM, 3aK/IIOUYEHHOW MeXAy BeTBAMK napa6onbl X = y 2 (puc. 3.3).

m [pumep 5. Ha mHoxectBe M - {I,2,3,..., 20} 3agaHbl npeankatbl A(n*): "X
He genuTcsa Ha 5", B{x): "X — ueTHoe uucno™, C(x): "X — uucno npo-
ctoe”, D(x): "X KpaTHO Tpem". HaiiTu MHOXecTBa UCTUHHOCTU NpeguKa-

TOB A(x)n B(x)n D(x), A(i)v i(a:), D(x)—>C(x).

1. A(x)nB(x)aD (x)={ X He fenutca Ha 5 U X — YETHOE YUCMO M V
KpaTHO TpeM}={ X He filenutca Ha 51 X Aenutcs Ha 6}. [eicTBUTENLHO,
1P ={642A8}.

2. A(X)VB(*)={ x He penntca na 5 wam J1 — ueTHoe uncno}.

/F = Af\{5/5}.

3. D (x)™ C(jc)= D(x)Vv C (i) = {Jt He KpaTHO Tpem unAM X — HenpocToe
yucno}. 3hecb paccyX/AeHusi CNoXHee, OfHAKO, eciu nepebpaTb Bce ase-
MeHTbl MHOXecTBa M , To flerko ycTaHoBuTb, 4To /p = M \ {3}.
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3.2. KBaHTOpHbIE onepauynmn

DyHKLUMOHaNbHAA Npupoja npeankara BeyeT 3a co6oli BBefeHMe elje O0JHOTO
NOHATUA — KBaHTOpPa. KBaHTOpPHbIe onepaLunm MOXHO paccmaTpuBaTb Kak 0606-
LeHMe onepaLnii KOHbIOHKLUU U AN3BIOHKLUN B cllydae 6eCKOHEYHbIX 061acTeil.
PaccmoTpum 3To nogpoGHee. MycTb gaH P{X) — ogHOMecCTHbI/i npegukart. Ecnn

ae M, To P(a) — BbicKasbiBaHMe. 3[eCb Kak B 06bIYHON (YHKLUUM OJHOTO mne-

PEMEHHOTO NpU UKcauumM aprymeHTa QyHKLUMS npeBpaliaeTca B 4ucno. B noruke
NpPeAMKaTOB CYL|ECTBYIOT elle ABe 0COGbIe onepaLun, KOTopble MPeBpallanT 04-
HOMECTHbI NpeAnKaT B BbICKa3blBaHuWe, T. . CBSA3bIBAIOT apryMeHT Npejukara.

O KeaHTOp BceoGLiHOCTM V .

Myctb P(X) — npeavkatr, XG M . Mog BbipaxeHnem \/XP(X) noHumawT Bbl-
CKa3blBaHMe, UCTUHHOE, eciM P (X) WCTUHHO AN KaxAoro snemeHTa XE M |, u
NOXHOE B MPOTUBHOM Cyuae.

CumBon V Ha3blBaeTcs KBAaHTOPOM BCEOGLUHOCTM (all— Bcskmii). CooTBeTCT-

BylOLLlee eMy C/I0BECHOe BblpaXKeHue 3By4YUT Tak: "fAns BCAKOro X P (X) MCTUH-
HO". MepemeHHasi X B npegukarte P (x) Ha3sbliBaeTcs CBOGOAHON (X nto6oe w3
M ), B BbickasbiBaHun \fXP{pC) mepemeHHyl X Ha3biBalOT CBA3AHHOW nepemeH-
HOIA.

PaccmoTpum npeamkaT P (X), onpefeneHHblii Ha mHoxecTBe M = {a,,a2,....B },
cofjepalyeM KOHEYHOe 4ucno anemeHToB. Ecnu P{X) saBnsetcs TOXA[ECTBEHHO
UCTUHHBIM, TO UCTUHHbIMW 6YAyT BbickasbiBanua P(a{), P(a2 P{an). Mpu
3TOM UCTUHHBbIMKW  6YAYT  BbiCKasblBaHue N KOHBIOHKLMA
P(o,)n P{a2)n..n P(an). Ecnu e xoTa 6bl AN OJHOTO 3NeMeHTa
ake M P(ak)= O, To noXHbIMU G6yAyT BbicKasbiBaHWe V XP(X) U KOHBOHKUWS
P(a]l)n P{a2)n .. n P(an). CnepoBaTenbHo, cnpaBejAnBa PaBHOCWUIBLHOCTb
UxP(x) = P{a,)n P(a2)n .. n P(an).

O KsaHTOp cywecTBoBaHUA 3 .

Mycteb P(x) — npegukat, xe M , Mog BbipaxeHnem £xP(;c) NOHMMaKT Bbl-

CKasblBaHWe, NCTUHHOE, €CNU CYLLECTBYeT aneMeHT Xe M , ana kotoporo P (x)
WCTUHHO, MU JIOXKHOE B MPOTUBHOM cCny4ae. CumBon 3 HasblBaeTcs KBaHTOpOM
CyllecTBOBaHUA (exist— cyuiecTBoBaTb). C/oBeCHOe BblpaXKeHUe 3BYYMUT Tak:
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‘'cywiecTByeT*, npu KOTOpom MCTUHHO”. BbicKasbiBaHue 3XP(X) yxe He
3aBUCUT OT X, MepeMeHHas X CBsi3aHa KBaHTOPOM 3.

AHaNornyHble Paccyx/JeHUs, Kak W B NpeAblAyLiemM cryvae, no3BonsitoT yCTaHO-
BUTb paBHocunbHocTb 3XP(Xx) = P(a})v p(a2)v ..v P(atl). fAcHo, uTo BbicKa-

3biBaHMe YXP(X) MCTUHHO TONBKO B TOM €AWHCTBEHHOM cnyyae, Korga P{x) —
TOXAECTBEHHO UCTUHHbIA NpejuKaT, a BbiCKasdblBaHUe 3-X/"4:) NOXHO TONbKO TO-
raa, korga P(X) — TOXAEeCTBEHHO NIOXKHbIN NpeanKar.

KBaHTOpHble onepaLuy NPUMEHSIOTCS U K MHOFOMECTHbIM Mpeaukatam. Mpume-
HeHWe KBaHTOPHOI onepauyuu K npegukaty P(X, y) no nepemeHHoil J1 cTaBuT B

COOTBETCTBUE [BYXMECTHOMY MnpeavkaTy /(1 >*) O0AHOMECTHbIW npegukat

MxP{x,y) nnn 3XP(X,y),3aBuCAWmnii oT Y W He 3aBUCAWMUIA OT X .

K ABYXMECTHOMY MpegnKaTy MOXHO MPUMEHNUTbL KBAHTOPHbIe onepauuu no o6enm
nepemMeHHbIM. Torga nofy4YnmM BOCEMb BbICKa3blBaHUM:

1. VxVyP(x,y)\
2. 3x\IyP(x, y);
3. \Ix3yP(x, y);
4. 3x3yP(x,y)\
5. \Iy\IxP(x, y)-

6. 3y\/xP(x,y)-,
7. \ly3xP{x,y)-,
8. 3y3xP(x,y).

B OﬁLIJ,eM cnyyae M3MeHeHUe nopsapaka cnejoBaHMA KBaHTOPOB U3MEHAET CMbICH
BbICKa3blBaHNUsA W €ero norn4yeckoe 3HadeHue, T.e. Hanpumep, BbiCKasbiBaHUNA
\Ix\IyP(x, y) n \Iy\IxP(x, y) pasnunuHbl.

MycTb npeankaT M (X,y) o3HauaeT, 4To J1 sBNseTCA MaTepblo Ans Yy, Torga
Yy3xM{x,y) o3HauaeT, 4TO y KaXf0ro 4enoBeka eCcTb MaTb— WCTUHHOE YT-
BepxaeHne. 3XYyM(X,y) o3HauaeT, YTO CyL eCTBYeT MaTb BCEX NOAeNA. UCTHH-

HOCTb 3TOr0 YTBEPXAEHWUA 3aBUCUT OT MHOXeCTBa 3HaLI€HI/IVI, KOTOpble MOryT
npuHuMaTb Yy ; ecam 3TO0 MHOXECTBO 6paTbEB n cectep, TO OHO WCTUHHO,
B MPOTMBHOM C/lydae OHO NI0XKHO. Takum 06pa3om, mepecTaHOBKAa KBaHTOPOB BCe-
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06LL[HOCTVI N cyuiectBOBaHUA MOXeT M3MEHWUTb CaM CMbIC/T U 3HaYeHUe Bbipaxke-
HUA.

KBaHTOp CyL|ecTBOBaHWUS 3 MOXHO BblpasuTb Yepes KBAHTOP BCEOGLLHOCTU Mpu-

MeHWUTENbHO K Npeaukaty ~(a*), BxA (y) = Yara(n') (cm. pasg. 3.5).

Mone3Ho BbIACHUTbL TEODETVIKO-MHO)KSCTBEHHI:IVI CMbIC/1 KBAHTOPOB. OKaSbIBaETCﬂ,
KBaHTOPbI CBA3aHbl C FeOMeTPMYECKOW onepaumeil NpPoeKTUpoBaHus. PaccMoTpum
OAHOMECTHbIN npeankaTt F (x)= 3yP(n*,y). MycTb MHOXeCTBO UCTUHHOCTW npe-

aukarta — | F. OpaHako BbipaxeHue 3yP(X,;y) UCTUHHO ANA JAHHOTO KOH-
KpeTHOro JI0 ToNbKO TOrja, Korja cyu,ecTByeT Takoe y , 4To UCTUHHO.
Takum  o6pasom, QyHKUUK oTBeyaeT 4acTb Ip MHoxecTBa
MIxM]= M2.Torga /F cocTOUT U3 BCEX TeEX 3/IEMEHTOB X 06/1acTu , ans
KOTOpbIX HaiifeHa napa (:,_y)6 1P.
Ecnun cunTath X0 npoekuwueii napbl (XQ Torga Ir ectb npoekuyusi | p. MHoXe-
cTBO ucTuHHocTM Ip C M 1 gBymepHoro npeavkata P{X>_y) MOXHO paccmatpu-
BaTb Kak MnocKocTb, a J1/, — Kak ocb OX 3ToW MNOCKOCTU. Takum 06pasom, MHO-
xectBo |F, aBnsioweecs 06nacTbio UCTUHHOCTU nNpefukaTta ~(n:), coBnagaer ¢
opTOroHanbHol npoekuueit MHoxecTBa 1P Haock OX, Te.

IF=npxIP. (3.2.1)
KBaHTOp BCEOGLLHOCTU MOXKHO BbIpasuTb C MOMOLLbIO KBaHTOpa CyLLecTBOBaHUSA
(cm. pasg. 3.5). MNyctb F}(x) = \/yP(x,y), Torgaa YyP(x,y)~ . One-

pauuu oTpuLuaHua COOTBETCTBYET TEOPETUKO-MHOXECTBEHHaa onepauuna AONONHe-
Hus. CnefoBaTenbHO,

I,. =U\npx{U\lp), (3.2.2)
T. €. MHOXecTBO, oTBevatwolee pyHkuuu \/yP (x,y), ecTb 4ONOAHEHWE K Npo-
ekumn Ha M 1— pononHeHusa kK | Pm
® [Mpumep X YCTaHOBUTb  UCTUHHOCTb  WAM  MIOXKHOCTb  BbICKasblBaHUsA
3x(xe {2,5}—{x2-6x + 8 =0)).
X~-6Xx+8=0, x2=3xn/9—-_8=3=%1, X, =2, XIr =4.
VicxoaHoe BbicKasbiBaHWe npeo6pasyeM K BUAy:

Ax(xe {2,5}—(x1- 6x+8=0))s 3x(xe {2,5}v (xr- 6x+8=0))s
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s 3X(x<£ {2,5}vxe {2,4})= 3x(xe {2,4}),
MCXOAHOE BbICKa3blBaHMe UCTUHHO.
- anIMEp 2. YCTaHOBUTb MUCTUHHOCTb WAW NIOXKHOCTb BbICKa3blBaHUSA
Vx(x2-5x4-6 = 0).
[elicTByeM aHanormyHo:

, 5 [25 24 5 1
X' -5X4-6 =0 a2= —& J oeeim .
: Va4 4 2 2

N

Ho (x2- 5x 4-6 = 0)= (x < 2vVv X > 3), N03TOMYy NO6GLIM X HE MOXeT

6bITh, NCX0AHOE BbICKasbiBaHMe N0XHO.

3.3. dopmMynbl IOTUKN NMpeanKaTos
B noruke npeguMKaToB Monb3ylTCs CrefyloLleli CUMBOMNKO:
1. CumBsonbl — MNepemMeHHble BbICKa3blBaHUA.

2. MpefmeTHbIe nepeMeHHble n npegmMeTHble KOHCTaHTbI
x0,y{,x2,... x0,)",,r2eM

3. P~Ad'EN — npeaukaTHble cumBonbl, P’ — H,-MeCTHbIl NpeauKaTHbIN
CUMBO.
4. fjln N — dyHKUMOHaNbHble cuMBONbLI, f ”1— N}-MecTHbIN GyHKUK-

OHasbHbIA CUMBON.
5. CUMBO/bI NOTMYECKMX onepaumnii a,v,—
6. CUMBONbI KBAHTOPUbIX onepauunii V,3.

7. BcnomoraTtesnbHble CUMBO/bI: CKOGKW, 3ansiTble.

MHOXeCTBO NpefnKaTHbIX GYKB BMECTE C MHOXECTBOM (DYHKLUMOHA/NbHbIX GYKB 1
KOHCTAHT HasblBAKTCA CUTHATYPOW sA3blka AaHHON Teopuu. TEPMOM CUTHATypbl
3bIKa IOTMKWU NPeanKaToB SBAAKOTCA:

1- MpeAMeTHbIe NMepPeMeHHbIE N NPeAMETHbIE KOHCTaHTHI.
2. Ecnm f n— un-MecTHbI (PYyHKLMOHA/bHBIA CUMBON U — Tepmbl,

T0 /" (/j,t2,...,in) — Tepm.
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ATOMHOW (Unu aTomapHoOi) (opMynoii CUrHaTYpbl HasblBaeTCs BbIpaXeHue
Pn(t{,t2,....tn\ rge Pn— s-mMecTHbIl npeaukaTtHblii cumson, a tl,t2,...,t0—
TepMbl.

dopMynoin NOrMKM NpPeauKaTOB HasbiBaeTCs BCSIKOE BbIpaXeHue, COAepxallee

CUMBOMNKY 1-7 W Yy[OBNETBOPSIOLLEE CEAYIOLLUM TPEGOBAHUSAM:

O aTomapHas opmyna ecTb popmyna;

O ecnm A u B — dopmynel, To AnB, AvB, A—B — Toxe dopmynbl
npy ycnoBmMu, 4TO OAHA W Ta Xe MpeaMeTHas nepeMeHHas He sBnsieTcd B A
cB06OAHOI, aB B cBA3aHHOW nnu HaobopoT;

O ecnu A — dopmyna, To u JT — Toxe (opmyna;

O ecnn A(x) — dopmyna, To YXA(X) U 3xA(X) saenswoTes dGopmynamu, npu-
yem ecnm B A(X) X — cBobogHas nepemeHHas, To B VXA(jc) u 3xA(n) 6y-
[eT yXe CBA3aHHOW nepemMeHHON.

Bce nNpeAMeTHble MepeMeHHble aTOMapHbIX (OPMYn CBOGOAHbLIE, CBSA3AHHbLIX Me-

peMeHHbIX HeT. J/InTepanbHbIMA HasbiBaloTCst opmynsl A unn A, rge A —

aTomapHas opmyna.

N3 3Toro onpegeneHus $CHO, 4TO BecsKas (opmyna anre6pbl BbiCKa3sblBa-

HWii sBnsieTcs hopmynoit noruku npegukatos. Ecnu F — cumBon npegukata,

a X1,X2,...yxn — CWMBOMbI NPEAMETHbIX MEPEMEHHbIX, He 06513aTe/IbHO pasnuy-

Hble,To F(xlyx2,...,xn) — dopmyna.

Myctb A — opmyna, copgepxauias cBo60OAHYI nepeMeHHyw X. Torpga
\/IXA n 3nA Toxe dopmynbl. B VXA ¢opmyna A HasbiBaeTcsi 061aCcTbl0 Aeii-
CTBUA KBaHTOpa V , B 3nA o6nacTblo AecTBMA KBaHTOpa 3. dopmyna A Ha-
3bIBAETCA 3aMKHYTOM (DOPMYNON, eciv BCSIKOE BXOX/JEHWE NepeMeHHon B A siB-
NAeTCS CBA3AHHbIM.

Moacnoso topmynbl A, KOTOpoe camMo sB/sieTcA (opmynoil, HasblBaeTcs MNOf-
topmynoii hopmynbl A.

3HayeHune opmynbl ONpefefnieHO NUWb TOrfja, Korga 3agaHa Kakasa-HWbyab WH-
TeprnpeTauusa BXOAALWMX B Hee CMMBO/OB. 104 UHTeprnpeTaymeil noHnMaeTcs cuc-
Tema M —{m,/}, cocToswaa u3 HenycToro mMHoxectea M (o6nacTb onpege-
neHns) wn  cooTBeTcTBMA  (DyHKLUMUK) /, CONOCTaBAAKLWEr0  KaXxaomy
npegMkKaTHoMy cumBony P onpepeneHHblit n-mMecTHbIW npegukat P (-, Mpun
3aflaHHOl WMHTepnpeTauuM cUYUTAKOT, YTO MpejMeTHble MepeMeHHble npo6erawT

MHOXecTBO M , a cumBonsl g, V,—», V,3 MMeKT CBOI 06bIYHbIV CMbIC/.
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[na paHHOW WHTepnpeTauuu Kaxpas ¢opmyna 6e3 CBOGOAHbIX MNepPeMeHHbIX
npeAcTasnfneT co60ii BbICKasbiBaHWe, KOTOPOe WCTUHHO WM NI0XHO, a BCAKas
thopmyna co CBOGOAHLIMM MNepeMeHHbIMU BblpaxaeT HeKOTOpbIi NpeanKaT Ha
MHOXecTBe M , KOTOPbIA UCTUHEH NMPU OJHWX 3HAYEHUAX MepPeMeHHbIX U3 3TOro
MHOXEeCTBa W 10XEH MpPU APYrux.
O Nornyeckom 3HauyeHun (GOpPMynbl NOFUKM NPeANKATOB MOXHO FOBOPUTL NULbL
Torja, Korja sajaHo MHOXecTBo M , Ha KOTOPOM onpejeneHbl BXoAsujue B 3Ty
thopmyny npeankatbl. JTornyeckoe 3HauyeHne GOPMynbl IOTUKK NPeANKaTOB 3aBu-
CUT OT 3HaueHWil Tpex BWJO0B MePeMEHHbIX: 3HaYeHWit nepeMeHHbIX BbICKasblBa-
HWA, BXOAAWMX B (HhOPMYNY, 3HaYeHN CBOGOAHBLIX NPeAMETHLIX NepeMeHHbIX U3
MHOXecTBa M, T.e. X, Y,..., W 3HaueHWi NpeAWKaTHbLIX MepeMeHHbIX
Ecnn ukcnpoBaTh 3HaYeHNA KaX/Aoro U3 aTUX Tpex BUAOB nepe-
MeHHbIX, (hopmyna anre6pbl NOrMKW NPeAUKaToB CTAaHOBUTCA BbICKa3blBaHUEM,
MME UM UCTUHHOE UAKN NOXHOE 3HaUeHMe.
VICTUHHOCTb MK NIOXKHOCTL (DOPMYN NIOTUKU MPefuKaToB MOXeT 6biTb NpoBepeHa
nyTem MPUNUCLIBAHUA CMbICNA A3bIKOBLIM KOHCTPYKLMAM, T. €. WX WHTepnpeTa-
umn. dopmyna B 3aBUCMMOCTM OT WHTepnpeTauuyu MOXeT 6blTb WCTUHHON wnu
NIOXHOWA, HO MOXET OT Hee W He 3aBUCeThb. [iN5 TOro 4YTOGbl ONpefennTb UHTepnpe-
Tauuo, Heo6X0AMMO 3aJaTb MHOXECTBO 3HauYeHWii, KOTOpble MOFYT NpUHUMaTbL
cB060AHbIE MepeMeHHble, onepauumn, NpuNucbiBaeMmble HyHKLMOHANbHLIM CUMBO-
nam, OTHOLIeHNA AN NpeAnKaTHbIX CUMBOOB.
m [pumep 1. ABnNseTcs M AaHHOe BblpaxkeHWe POPMY/ON NOTUKK Npefu-Ka-
TOB?
a) (P(x)*>Q{x))v3y(VyR(y)) He sBnsetca (opMynoi, T. K. KBaHTOp
CylLecTBOBaHNA ynoTpebieH 4na yxe CBA3AHHOW KBaHTOPOM BCEOGLYHO-
CTW MepemMeHHOR Y ;

6) P \/xQ(X, y) — dcopmyna anrebpbl npeankaToB, X — CBsi3aHHas
nepemeHHas, y — cBobojHas;

B) YXP(X)V VyQ(X,y) He siBnsietca opmynoit, 160 B NepBOM NOTMYECKOM
cnaraeMoMm X — CBsi3aHHasi epeMeHHasi, a BO BTOPOM C/iaraéMoM CBO6OAHAs.

Mpumep 2. faHbl yTBepXxaeHuss A(n): "umcno n genutcs Ha 3", #(n):

"yncno N genutea na 2", C(u): "umcno n genutes Ha 4", D(n): "umcno

n genutca Ha 6, ~(M): "umcno N genutcs Ha 12", YkasaTb, Kakue u3

CMeAYOWNX YTBEPXKAEHNN UCTUHHBI, & KaKUEe NOXHbI.

1. V/z(a(h)a A(n)-~» E{n))- PaccMoTpum cocTaBnsiowme Yactv aToin qop-
mynbl. A(,,) A B(n\. "uncno n pgenutcs Ha 6, A(/r) A B(n)— E(n)\
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"'ecnn yucno M fenutca Ha 6, TO OHO AenuTca Ha 12". Mpu N =6 um-
NANKauus N0XHa, cefjoBaTe/lbHO, UCXOAHAs (hopMy/a B 06LLeM /I0XKHA.

2. 3H(a(n)nC (n)~ ~(m))- TMMocTynaem aHanoruyHo W (mn)ncC(a):

"uncno genutes Ha 4", B(N)A C(n)—>D(n): "ecnu uncno genutcs Ha 4,
TO OHO He flennTcsA Ha 6". Takoe MoXeT 6bITb, HanpumMmep, npu N = 16.

CnegoBaTenbHo, B(M)n C(n)—>D(N) — He TOXAECTBEHHO nNOXHas

topmyna, atorga 3n(e(n)n C(n)—>£>(n))— wucTuHHaA dopmyna an-

re6pbl NpeaAvKaToB.

m [lpumep 3. Bonblwas Teopema Pepma* yTBepxaaeT, 4To ans nwboro yeno-

ro N>2 He CywecTByeT HaTypafbHbIX Yucen X,Y,Z, YAOBNEeTBOPSOLLNX
paBeHCcTBY XN+ Yy" = zn. Ecnu 3TOMYy paBeHCTBY NOCTaBUTb B COOTBETCT-
Bue npeaukat p(X,y,z,N), WCTUHHBbIA TOrfa U TONbKO TOTAa, KOrja OHO
BbinonHsetcs, a yepe3 N{x) o603HauuTb npegukat {X — HaTypanbHoe

uncno }, To Teopema dPepma hopmMynupyeTcs Tak:
VxV;yVzVit(w(x)n N())a n (z)n IN(/r)n (n > 2)—>P (x,y,z,n%

Mpumep 4. 3XP(x, y)—>\/xP(x,y) — dopmyna, cogepxalias cBo60gHY0
nepeMeHHyw y. [MycTe P(X,y) wWHTepnpeTupyeTca Kak X >y Ha
M = [atb\. Ecnu b >y > a, To nocbinka UCTUHHA, & 3aK/TIOYEHME IOXKHO U
(hopmyna noxkHa. Ecnu B3sTb y —a , TO W NeBasi, 1 npasas 4acTu UCTUHHbI
n Bcs (hopMyna MCTUHHA, CNefoBaTeNbHO, GOpMyna BbINONHWMA B fAHHON
nHTepnpeTaunn. Ecnn P(X,y) uHTepnpeTupyeTca Kak X> yy M = (a>b),
TO neBas yacTb 6yfeT Bcerga UCTUHHa (npu nwb6om y ), a npasas — Bcerja
NOXHa, CNefoBaTeNbHO, (GOopMyna TOXAECTBEHHO /10XHA B JaHHOW WHTep-
npertayuu.

Mpumep 5. ®opmyna V x(p(x)v P(X)) cCOAep>XUT TONbKO CBA3AHHYI nNe-
pemMeHHY X. 3Ta hopMyna SIBNSETCS TOXAECTBEHHO UCTUHHBIM BbICKa3bl-
BaHWeM BNt 60ii nHTepnpetauuun. HanpoTtus, hopmyna 3x(p (x)n P(*)) —

TOXAECTBEHHO /I0XKHAaA (opMyna B N06OW MHTepNpeTauum.

Mbep ®epma (1601—1665) — (hpaHLyy3cKuii maTemMmaTuK.
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3.4. Mpaktnyeckoe 3aHATNE Ne 7.
Jlornyeckue n KBaHTOpPHbIE onepauun
Haj npegnkartamm

3.4.1.

3.4.2.

3.4.3.

HaliTy 061aCTU UCTUHHOCTU CNEAYIOL MX MPeANKaTOB:
V2 4-4VI]-")

a)
X +4n+3

. b -13x+40=>0
6) 1

»
[2* +x +30< 0;
B) sin* =siny;
rlgx=lgy.

M306pasnTb Ha guarpammax diinepa-BeHHa 061acT¥ UCTUHHOCTM ANs crie-
AYOLW X NPeANKaTOB:

a) T1x)<r™0(x)-,

0) (2(*)vC?fx));

B) P(x)a Q{x)">~r(x).

3anucatb MpeaWKaTtbl, NONYYeHHbIe B pesynbTaTe JOMMYECKUX onepawuuii

Hag npeaumkatamu P(x). Q{pc) m /dc), 061acTU UCTUHHOCTU KOTOPbIX 3a-

WTPMX0BaHbl Ha puc. 3.4-3.7.
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Puc. 3.5

3.4.4. YCTaHOBUTb, KaKue U3 CMeAYIOLLUX BbICKa3blBAHWUA UCTUHHBI, @ KaK1e NI0XHbI,
npw ycnoBuUu, 4To 06nacTb onpejenieHns npegukatos M coenagaet ¢ R :

a) Vx((x2- 6x 4-8 > O)V (x2-6x4-8 < Q));

6) 3A(x2+ x+ 0.5 = 0);
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3.45.

3.4.6.

3.4.7.

3.4.8.

3.4.9.

B) VX(x2—5n+6>0);
r) Ax((ne {2,5})—(n2-6n- +8=0)).

MycTs /' — OJHOMECTHbIN, 2 — [ABYXMECTHbIN, J13 — TpPEXMECTHbIi

(YHKLMOHaNbHble CUMBOMbI. SIBAAIOTCS N TepMamMy chnejyiolne Bbipaxe-
HUA?

a) I'(?2(" >*));

6) g 2{f'{x-i\h’

B) /' (s'2(">X*3(m0, ,pA2)).

MNycts / “, g1, h3Te xe, uTo u B Npeabigyweii 3agaue, PX— ogHoMmecT-

Hbli, QY — TPEXMEeCTHbI NpeAnKaTHble CUMBOMbLI. FABNAKTCS U HOPMY-

namu cnegytolme BblpaxeHUs?

a) ~x, (g >(x0,xi,x2)a ~'(r2(n,*0));
6) e 'H U /"foil'O O );

B) Q1{xa,f'{x,),h1(xi,x2,x})).

KaKve BXOXAEHWA MepeMeHHbIX SBASAIOTCA CBOGOAHBLIMW, a KaKue CBS3aH-
HbIMU B cefyloLnx hopmynax:

a) (P(x0,x,)-4 £>(*));
6) AN (I(x,, *3))m

Mycts S, (x,y,z)=(*+y=7r1), PLYx,y,z)-{x-y=12), x,y,zeN.
3anucatb opMyny ¢ 0OfHON CBOGOAHON NepeMeHHO’ X , UICTUHHYI Torga u
TONbKO TOTAa, Korga:

a) X =0;
6) x = 2;
B) X — UYeTHO.

Mpun ncxoaHbIX AaHHbIX 3agaun 3.4.8 3anucaTb HOPMYNY, BblpaxatoLlyto:
a) KOMMYTaTUBHOCTb C/TOXEHUS;
6) accoLMaTUBHOCTb CMOXEHUS;

B) 6eCKOHEYHOCTb MHOXECTBa NPOCTbIX Yncen.
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3.4.10. MpuBecTn NpuMepbl TaKWX 3HAYEHWW &, ANA KOTOPbIX A4aHHOe BbICKa3bl-
BaHue:

1. NcTuHHO
2. NoxHo {M = R).
a) 3x< 0™2+ax+a = 0);
6) 3xe [a,a+l|x2- x-2<0).

3anucaTb, BBeAs HeOGXOAWMbIe MpeAnKaTbl, B BUje hOpMYsbl SIOTUKK NPeanKaTos

cnepytoLLne paccyXxaeHus.

3.4.11. Ecnu BcAKWIA pasyMHblil hMN0cot— UMHUK, U TONbKO XEHLWUHbI ABNS-
I0TCA pasymMHbIMW (hunocodamu, To Torga, eciu CyLwecTBYOT pasyMHble
unocodbl, HEKOTOPbIe U3 XEHLWUH — LUHUKN.

3.4.12. Bce nonuMTUKM— nuuegen. HekoTopble nuuefen— nuuemMepbl. 3Ha4uT,
HEeKOTOpble MOUTUKN — NINLLEMEPbI.

3.4.13. Tnyney 6b1n 6b1 cnocobeH Ha 3T0. A Ha 3TO He cnocobeH. 3HAYUT A He
rnynet.

3.4.14. [pyr moero gpyra— Moii gpyr.

3.4.15. Kaxablit no6uT cam cebs. 3HAUYUT, KOro-To KTO-HUGBYAb N06UT.

3.5. PaBHOCU/IbHbIE (hOPMYIIbI
NOTUKN Npejukatos

[iBe (opmynbl Norvku npeaukatos A v B paBHOCWIbHBLI B AaHHOW WHTepnpe-
Tauuur, ecnn Ha N 6oM Habope 3HaUYeHU CBOBGOAHbLIX NMEPEMEHHbIX OHU MPUHU-
MalT 0MHAKOBbIE 3HAYEHUSA, T. €. DOPMY/bl BblpaXatT B JaHHOW MHTepnpeTauumn
OAVH N TOT Xe npejuKar.

ABe opmynbl Noruky npegukatos A u B HasbiBaloTcA PaBHOCWU/IbHBIMW Ha 06-
nacTu M, ecnn OHU NPUHUMAKOT OAMHAKOBbIE NOrMYEeCKMe 3HAYeHUSA MpU BCex
BXOASALUX B HAX MepPeMeHHbIX, 0THECEHHbIX K 061acTn M

[lBe (hopmMynbl NOrMKKU NpeanKaToB HasblBaloTCS PABHOCU/IbHBIMU, eCM OHU paB-
HOCU/IbHBI Ha BCSAKON o6nacTu.

Bce paBHOCUNLHOCTW anrebpbl BbICKasbiBaHW 6YAyT BepHbl, ECIN B HUX BMECTO
NepeMeHHbIX BbICKa3sblBaHW MOACTaBUTbL (OPMYNbl anre6pbl npeankaTos. Kpome
TOro, UMEKTCA PaBHOCU/ILHOCTU CamMoi NOTMKU MPefUKAaTOB, CBS3aHHbIE C KBaH-
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Tuapamu. MycTb A(A),5(N:) — nepemeHHble nNpejukaTbl, a C — MepeMeHHOe Bbl-
cKasblBaHue. Torga MMeoT MecTo crefytolie hopmybl:

1. VjcA(-x)= 3xA(n"), untaetca: "BblCKa3blBaHWe ""He BEPHO, 4TO Ana nwboro X
WUCTMHHO” 3KBMBANEHTHO BbICKa3blBaHWIO '‘HaiigeTcsi X, ANs KOTOPOro

NIOXHO™™.
2. 3xh4(x) = VXA(X).
3. VXA(x)= BxA(x).
4. 3xA(x) = VXA(X).
5. VXA(x)n VxB(x)s Va(a(x)AB(X)), T.e. KBaHTOp BCEOGLLHOCTM MOXKHO
BHOCUTb M BbIHOCUTb 33 CKOGKN B KOHBIOHKLMN.
6. Cn ¥YxB(x)=\/x(Cn B(x)}.
7. Cv VxB(x)= Vx(C v B(x)).
8. CAVxB(x)= Vx(C-"B(x)).
9. Vx(B(x)-4 C)=VxB(a)-> C.

Ans hopmyn 6-9 cnpaBeAnvBO yTBEPXAEHWE: NOCTOSHHOE BbICKa3blBaHWE MOXHO
BHOCUTb MO/ 3HaK KBaHTOpa BCEOGLYHOCTW M BbIHOCUTL M3-MOJ 3HAKa 3TOr0 KBaH-
TOpa B KOHBIOHKLUWMW, AN3BIOHKLUYU 1 UMIANKALWA.

10. 3a™(a)v 3x5(x)s 3a(a(x)v 5(x))— KBaHTOpP CyL,ecTBOBaHUA MOXHO

BHOCUTb U BbIHOCUTb 32 CKOOKM B AN3BHOHKUNN.
N. Cn3xB(n)3 3X(Cn B(x)).
12. C v 3xB(x)=3%(Cv B(x)).
13. C -> 3xB(x) = 3x(C -> B(X)).
14. 9X(B(X)—>c )3 3xB(x)—C.

Ana dopmyn 11—14 cnpaBeAnNuBO YTBepPXAeHWe: MNOCTOAHHOE BblCKa3blBaHUe
MOXHO BbIHOCUTb M BHOCUTb MOJ 3HaK KBaHTOpPa CyLLeCTBOBAHWUA U BbIHOCUTb W3-
NOJ 3TOr0 KBaHTOpPa B KOHBIOHKLMW, AU3BIOHKLN W UMIIMKALWN.

15. 3x[(x) n 3xB(x)= 3x3>'(a (x)n B(>")).

16. VXA (X)v VxB(x)s VxVv(/i(x)v B(y)).
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Bce npuBefeHHbIe PaBHOCWILHOCTU MOTYT 6biTb AOKasaHbl. [MepBble gBe Gopmy-
Nibl Ha3blBaAOTCA NpasBLlaMy MepeHoca KBaHTOPOB Yepe3 OTpuuaHue. [lokaxem,
Hanpumep, NepBy0 U3 HUX.

MycTb X1,X2,...,XN — MHOXECTBO (MOXEeT U NycToe) BCEX CBOGOAHBLIX MEPEMEH-

HbIX (hopMynbl A, OTAWYHbLIX OT X . Myctb M ={M ,/} —- nponsBonbHas WH-
TepnpeTtayusa. PaccMoTpUM NpPou3BO/bHbIN Habop 3Ha4YeHUn cBOGOAHbLIX MepeMeH-

HbiIX aita2,.:,an€ M u wuccnegyem, Kakue NIOTUYECKME 3HAYEHUS NpU 3TOM
Ha6ope npumyT dopmynbl V.xA(jt) 1 3xA(x).34ecb BOIMOXHbI A4Ba Cy4as:

1. Ons nw6oro anemeHTa aEM AX)|lags n =1.

2. [Ons HekoToporo anemeHTa a0E M A(x)]agn g =0.

B nepsBom cnyuae gns nw6oro anemeHta aE M (g = 0. OTcloga no

onpegeneHunto 3xA (x1 =0. Hoc roin ctopoHbl, ¥YxA(x =1,
pea ( [GRER, | APY P ( ]‘a\aZ....an

T.K. Va6 M a a —1, oTcloga VxA(X]j =0, T. €.

YM (n")H 3m+A(x).
Bo BTOpOM cnyyae gns a0G M A(*1 =1, otctopa 3n:A(x1l =1.
120,a] 52....5,, X, ,92,.-1,,

C ppyroii cTOpoHbl, B 3Tom cnyyae V*A(;t)ng —0. CnepoBaTenbHoO,

= 1. Takum 06pa3om, WCXOAHAA PaBHOCUIbLHOCTb MOMHOCTbIO A0-

KasaHa.
O6paTum BHUMaHuWe Ha Gopmynbl 5, 10, 15 u 16. BugHo, u4To, Hanpumep,
3 (x)n3nB(x)” 3x(a(x)n B(X)). [AnNA KBaHTopa BCEOGL HOCTM  Takas
hopmyna nmeeTcs. 3pecb xe 3nA(n)n3x8(n)=3nAn)n3;yB(;y) =
=3x(n(x)n3yB(y)) =3x3y(n(x)nB(>") — ddopmyna 13. AHaNOrM4Ho,
VXA (X)V\/XB(Xx)*\/x(A(x)v B(x)). Tak xe nonyuum \/xA(x)v \/xB(x)=
s VXA (x)v VyB(y)s Vx(a(x)v \/lyB{y))w V~3~(a(x)v B(Y)).

B 3ak/l04eHVe YyNnoMsiHeM MpPaBU/I0 MepeMMeHOBaHWSA CBSI3aHHbIX MepPeMeHHbIX.
OueBUAHO, 3aMeHAA CBA3AHHYIO MepemMeHHy (GopMynbl A [pYroii nepeMeHHON,

He BXogsilieil B aTy (popmyny, B KBaHTOpe W BCIOAY B 0611aCTU feiicTBUSI KBaHTOpa
nosnyyaem Gopmyny, paBHocunbHy A .
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3.6. NpegBapeHHas HopManbHas opma.
O6Le3Ha4YnMoCTb U BbINONHUMOCTb
thopMyn NOrMKu nNpeankKaros

thopmMyna NorMKyM NpeavKaToB WMeeT HOPManbHYl (OPMY, ecnu OHa COAEPXMT
TONbKO OnepaLuy KOHbOHKLUUU, AN3BIOHKLWN U KBAHTOPHbIE OMepayuu, a onepa-
LWs OTPULLAHNS OTHECEHA K 3/IEMEHTapHbIM hopMynam.

Mcnonbsys paBHOCMNBLHOCTU anrebpbl BbICKasblBaHW W NOFMKM NpeanKaToB, Ka-

XAyt GopMyny NOrMKK NPejUKaToB MOXHO MPUBECTU K HOPMAa/bHOR (hopme.

Teopema 3.1. [Ans nt060i GopmMynbl CyLLeCTBYET paBHOCK/bHAN el HopMasb-
Has (opma, NpUYEeM MHOXEeCTBa CBOOOAHbLIX WU CBA3aHHbLIX MEPEMEHHbIX 3TUX
(hopmMyn coBnagaroT.

Cpean HopManbHbIX (opm ocoboe 3HayeHWe WMelOT NpefBapeHHble (MnuM npe-
MEKCHbIE) HopManbHble thopMbl. [pejBapeHHON HOpManbHOW hopMoi dopmynbl
NOrnMKN npeaguKaToB HasblBaeTCA TakKasd HOpMasibHas (bOpMa, B KOTOpOVI nnéo non-
HOCTbKO OTCYTCTBYKHT KBaHTOPHble onepayunu, nnéo oHun NCnonb3yrwTCA nocne
BCEX onepauyui anre6psbl NOTUKN. JTa topma nmeeT BUfA
(o )ax2 xn » n- fn, rde P4 cumBonom 0 Xj moHuma-

eTcsl OAMH M3 KBaHTOpPoB V* unu BXj, a hopmyna A KBaHTOPOB HE COAEPXKUT.
Ecnn Bce o- paBHbl V, To 3Ta hopma HasbiBaeTcst V-thopmynoit (Unm yHUBEp-
canbHoi hopMynoii); ecnm xxe BCe a, paBHbl 3, TO Takas (popma HasbiBaeTcs 3 -

tdopmynoii. Ecnu cyuwectByeT /(0 </<«), Takoe, yto 0],a2,.,cT,- cyTb 3,

a obl cyTb V, To Takas (hopma HasblBaeTCsi CKY/I€MOBCKOW HOpManbHOM
thopmolii (unn 3V -thopmynoit).

Teopema 3.2. Bcsikas hopmMyna N0OrMKyM NpeaukaToB MOXeT 6biTb NpuBejeHa
K PaBHOCU/NIbHO ell NpefiBapeHHOW HOpManbHOW dopme.

O6paTUM BHMMaHWe TONIbKO Ha HEKOTOPble 0COGEHHOCTM AoKasaTe/bCTBa, MMEl-
Lue npakTuyeckoe 3HavyeHue. Ecnn opmyna umeet Bug J1, To ¢ NOMOLLbIO paBs-
HocunbHocTel VjcA(a) = 3xJ1(x) u 3xA(n:)3 oTpuULaHNe BBOAUTCA MOA
3HaK KBaHTOpOB. Ecnn dopmyna umeet Bug A, v\  unu A, n N12, Torga nocne-

A0BaTeNbHOCTb AGD‘ICTBMVI MOXeT 6blITb TakoBa. CHavana nepeMMeHoOBbIBaKTCA

Anbbepr Topanbth Ckyncm (1887-1963) — HOpBeXCKWUIF maTeMaThK.
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B A, CBfi3aHHble npegMmeTHble NMepemMeHHbIe Tak, ytobbl B A, 1 BCe CBA3aHHbIE

nepemMeHHble GblaM pasnnyHbl. Monyyaem
A= X)..(0 XY N, X->X\ T >
A={° yX° YNX° ¥YpYrb>\>yr>-'YJ1 P ~n-
[lanee  BOCMO/Ib3yeMCS  PaBHOCWU/IbHOCTSAMU C g \/xB(x)=Va(C n *(*)).
Cv Vat#(a)= Va(C v B(x)), Ca3xB(x)=3x(Ca B(x))

n Cv 3xB(x)=3a(C v 5(a)). Mepenuwem, Hanpumep, popmyny Aj v Aj cne-

aylouwmum o6pasom:

N, VA, = (0* Xa*2)..(cXTX«i("N.JC2....w) v (a YIX° ¥r)~
@Y pKu-Yr.-.¥» )= (°*i X°*r)--(a Xa M\ Xa Y2)m(<* Yp)'
o[« (x{,x2...xn)va2(yl,y2,.,yn)l T ,p<n.

dopmyna A NOTUKMW NPeAUKATOB HasblBAaeTCS BbIMOAHUMON B o6nacTu M (B faH-
HO MHTepnpeTaunm), ecin CYLWEeCcTBYIOT 3HAYEHNUA NEPEMEHHbIX, BXOAALLNX B 3Ty
opmyny u3 o6nactu M , npu KoTopbix hopMyna A MPUHUMAET UCTUHHbIE 3HA-
YeHusi. dopMyna A HasbIBAeTCS BbIMOMHUMOM, €CAK CyLLecTBYeT 061acTb, Ha KO-
Topoii 3Ta hopmyna BbINOAHNMA.

dopmyna A HasblBaeTcs TOXAECTBEHHO MUCTWHHOW B o6nacTu M , ecnu oHa
NPUHMMaeT UCTUHHbIE 3HAYEHUS AN BCeX 3HA4YeHMIl nepemeHHbiX U3 M |, Bxogs-
wnx B aTy hopmyny.

®opmyna A HasbiBaeTcs 00LLE3HAYMMONM, ecnu OHa TOXAECTBEHHO WCTMHHA Ha
BCAKOW 06nacTu. O6uiesHauMmyo opmMyny HasbiBalOT JIOTMYECKUM 3aKOHOM.
dopmyna A obuiesHaymMma Torga v TONbKO Torga, Korga hopmyna A He ABNsieT-
csi BbINO/IHUMOW, 1 hopMyna A BbINOMHUMA TOrja U TONIbKO Torga, Korga popmy-
na A He aBnsietcs o6uiesHaymmoii. OueBuaHo, yto ecnu F n G — paBHOCUNIb-
Hble B I0FMKe NpeanMkKaToB opmMynbl, To F «> G — obwesHauynmasn popmyna.
Teopema 3.3. ®opmyna VaA(a)—A(y), rae nepemeHHass Yy He BX0AuUT
B hopmyny A(a), obwesHaymma.

JlokasaTeNbCTBO.

Myctb ApX,....XN — Bce cB0O6OAHbIe nepeMeHHble ¢opmynbl ~(a), Torga
y,a, a2,...,an— nepeyeHb CBOGOAHbIX NepeMeHHbIX Gopmynbl VaA(a)—» A(y).

PaccMOTpUM  NpPOM3BOMbHYI WHTepnpeTayuMi ¢  MHoxecTBom M . TlycTb
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b,al,a2>...,.an, be M, a9, GM, i- 1,n1— npousBoNbHbIA Ha6op 3HaAMeHWi
cB060AHbIX nepeMeHHbIX [LoKa3biBaemoi hopmynbl. Mokaxem, yTOo
\FXA{X)A(Y)],..18! =1.

Ans opmynbl A(x) nu6o cyuwectsyetr a06 M Takoid, uto A(X)|H 4 =0,
nn6o gns nw6oro seM (B TOM yucne u ans a = b) A(x)an” = 1. B nep-
BOM C/ly4ae ec/u =0, 710 VXA{x\'a a8 =0 wun Tvorga
\IXA(X)-> A(Y]I(FL ..a —1, T. K ANA MMNAMKauuu |q q ~ BTOPOM
cnyuae n=1r .. . =1’ Torga VjcA(*)-* A(y): 1-

T, K 1—1=1.
Teopema 3.4. ®opmyna A(y)—>3xA(X), rae nepeMeHHas Yy He BXOAWUT
B hopmyny A(x), obLiesHaumma.

[lokaxem 3Ty Teopemy, onvMpaschb Ha npegbigywyto. Nmeem VxA(x) —» 1(~) = 1.

Torga \IxA(x) — N(y) = \IxA(x)v A{y) =

= 3xN1(x)v ~A{y) = 3x~(x)v 1(y) s A{y)v 3xJ1(x) = A{y) 3xN(x) = 1.
CnepgoBaTenbHo, hopmyna J1 (y)—>3xA(Xx) obLie3Haunma.

Teopema 3.5. MycTb A — TOX[ECTBEHHO WCTWMHHas opmyna anre6pbl Bbl-
CKasblBaHUM, Xx),x2,." ,Xx[L— CcnWCOK ee MepeMeHHbIX. MOACTaBUB BMeCTO
KaX /0l nepeMeHHOW X( opmMyny Noruku npefmkatos $, Tak, 4ToGbl npu

3TOM He Hapyllanucb NYHKTbI onpefeneHns GopMynbl NOFHKH NpeauKaTos,
nonyyYnm o6Lie3HauMMyr0 opMyny NOTUKW NPeANKaTOB.

[loKa3aTenbCTBO PaBHOCU/IbHOCTEN (DOPMYN NOFMKWM NpeauKaToB TpebyeT nn6o
[eTanbHOr0 PAcCMOTPEHWUs 3HAYeHUW GopMyn, NU60 UCMONb30BAHUS WM3BECTHbIX
paBHOCUNbHOCTEN.

Mpumep 1. fokaszaTb VXA(X) = 3xA(X). 3toT NpMMep nerko pellaercs.
Bocnonb3yemcs nepBoii popMynoil U3 cnucka paBHOCWU/bHBLIX GopMyn fo-

rmkn npegmnkatos VxA(x) = 3xA(x). Ecnu oT Hee B3siTb OTpuLLaHune, Nony-

YUM UCKOMBbIN pesynbTaT VXA(R™) = VXA(X) = IXA(X).
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* Mpumep 2. Myctb JI(X) n #(*) ABa OAHOMECTHbIX NpegukaTa, onpeje-
NEeHHbIX Ha MHOXecCcTBe M n TakKux, 4yTO BbICKa3blBaHue

[lokasaTb, 4TO BbICKa3blBaHMe
VxA(jc)=0 .

YNpocTUM UCXO[HOE BbICKa3blBaHMe.

n(x) -4 ~N&)v =9ax(n(x) -> (AX)V (b(x)v AXj)J)
\
3X a(x)—=>(n(x)y (A()n A(x)) = 3xfa (x)—>n(x))= "x[a (x)v a(x))
A(x) no 3aKOHY NOr/IOLWEHNSA
= 3x~A(x) = VjeA(jc)= 1. Torga VV/-cA(x)= VM (x)3 0.

m Mpumep 3. MpuBecT K NpesBapeHHON HOpManbHOW (opMe cregytouime
(hOpMYy /bl NOTVKU NPELUKATOB:

1. B=p 3xR{x).

p —3xR(x)= pv3XxR(x)=p a3 xR(x)=p nVxR(x)= Vx(pn R(x)).
2. B=\x3y(A(x)  A(y)=E&3)>AG0) ACG>)3 ELxV)N*)  A(y))3

= 3x\jy (AOGO)N A{y))n(A(y)-+ A(x))= 3xVy((A{x)-> A(y))v

v A(X)j)s HrV)] (a () v A(Y))V (A{y)v N(x)}H = 3xVy(A(x)n

Ans onpefeneHns obLiesHaunMocT OpPMy/bl OTUKN NpeanKaToB UHOTAA 6blBa-
eT A0CTAaTOYHO PaBHOCU/IbHbLIX Npeo6pasoBaHuii. Yale BCEro 3TOro HejoCTaTOY-

HO. |_|03TOMy CBA3b MexXay 06LL|€3HaLIVIMOCTbI0 N BbIMO/IHUMOCTbI yCTaHaBNnBa-
0T TeopeMamMmu.

Teopema 3.6. ns Toro 4to6bl hopmyna A 6bina obuiesHaynma, Neo6XoAHMO

N AOCTAaTO4YHO, 4TOoGbI ee OTpHUaunHe 6bIN10 HE BbIMOMTHUMO. (HeBbIﬂOnHVIMOCTb
03HayaeT, YTo PopMyna TOXKAECTBEHHO /I0XKHA Ha BCAKOW o6nacTtu.)

JlokasaTeNnbCTBO.

1. Heob6xoaumocTb. MycTb topmyna A obuwesHaumma. Torga A — ToXAecT-
BEHHO /I0)XHast (hOpMysia Ha BCSKO 06/1aCTU 1, C/ef0BaTe/IbHO, HE BbIMOHNMA.
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2. [octaToyHocTb. MycTb A He BbINONHMMa Ha BCsikoil o6nactm M . Torga oHa
Tam TOX[ECTBEHHO N0XHA N0 ONpejeneHWN0 HeBbINOAHUMOM (opmynbl. Cne-
foBatenbHo, A — TOXAECTBEHHO UCTWHHasA Qopmyna B N 6ot obnactn Ji/,
T. €. OHa oﬁmesHaqmma.

Teopema 3.7. 4ns Toro 4to6bl popMmyna A Gbina BbINOAHUMOI, HE06X0AUMO
1 LOCTATOYHO, YTO6bI (hopMyna A 6bina Heo6LLe3HAYHMOIA.

[oKasaTeNbCTBO 3TOW TeOPeMbl O4eHb NPOCTO M aHaNOrMYHO A0KA3aTeNbCTBY TEO-
pembl 3.6. MOACHUM CMbICN NOCNefHEN TeOpeMbl. BbIMONHUMOCTL (opmynbl A
03HavaeT, YTO ANS 3TO (GopMynbl cylwecTBYOT gBe o6nactu M u M ', npuyem

B OfHO M3 HUX, HanpumMep, M, OHa UCTUHHA, a BAPYroi M * — noxHa.

3afaya pacrnosHaBaHWUsi 06L{e3HAYMMOCTM (HOPMY/ SIOTMKN MPefUKaToB CylecT-
BEHHO CNOXHee, yemM (opmyn anre6pbl BbicKasbiBaHU. OHa TaKXe HasbliBaeTcs
npo67emMoil pa3pelwMMOCTU, HO pellaeTcs ropasjo TpyaHee. MeToj nepe6opa
BCEX BapuvaHTOB B 06LiLEM Clyyae 3[eCb He MPUMEHWM, T. K. BapuaHTOB MOXeT
6bITb 6€CKOHEYHO MHOro. B 1936 r. amepuMKaHCKuii matemaTuk A. Yepu gokasan,
4YTo B 06l EM BUfe NpobreMa paspeiMMoCTU IOTUKN MPeanKaToB He MMeeT anro-
PUTMUYECKOrO peLLueHUs.

Teopema 3.8 (Teopema Yepua*). He cyuiecTByeT anropuTma, KOTOpbli Ans
no6oi hopMynbl NOTUKU NPeAnKaTOB YyCTaHaBAMBaeT, 06Lie3HaYMMa OHa
UK HeT.

3afava pacnosHaBaHUA 06Lie3HAYNMOCTN MOXET 6biTb pellieHa B HEKOTOPbIX 4a-
CTHbIX ciiy4yasX.

CnyuJait KOHeYHbIx obnacTeli

Hanpumep, ecnn B hopMynax fIOrMKN NpeanKaToB paccMmaTpuBaTb TO/IbKO O4HOMe-
CTHble NpeAnKaTHbIe CUMBO/bI, TO TaKOW anropuTM cyliecTByeT. JIormka, B KOTOpoii
yr|0Tpe6nm0Tc;1 TO/NIbKO OAHOMECTHble NpeAnKaTbl, COOTBETCTBYET /IOFTUKe, ONMUCaH-
HOW ewle ApucToTenem. 34ecb KBaHTOPHbIE OMepauun MOXHO 3aMeHUTb onepayums-
MW KOHBIOHKLUUW W AU3BIOHKLUMN U TEM caMblM CBECTU (DOPMYNy NOFMKW Npeanka-
TOB K (hopmMyne anre6pbl NOrMKuW, ANs KOTopoii npo6rema paspelivMocTv MOXeT
6bITb peweHa. ANropuTM NpoBepKu 06 e3Ha4ynmMocTu opmyn, cogepxalinx Tonb-
KO 04HOMECTHbIe NPeAnKaTHbIe CUMBO/bI, OCHOBAH Ha C/lefytoL el TeopemMe.

Teopema 3.9. MycTb A — dopmyna, cofepxaiias poBHO N OAHOMECTHbIX
NpeAuKaTHbIX CUMBONOB. [N TOro 4To6bl hopMyna A 6bina BbIMOAHUMONM,
Heo6X0AMMO W [OCTATOYHO, YTOGLI OHA 6biNa BbINOMHUMA BO BCEX UHTEPHpe-

TauHUX Im j) € MHOXecTBOM M , cogepxawum He Gonee 2" 3/1eMEHTOB.

*AnoH30 YepH (1903-1995) — amepuKaHCKWUI A MaTeMaTUK W NOTUK
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m MMpuwmep 4. ABnsieTcs N npuBefeHHass PopMyna o6LLe3HaYNMOIA?
(x) n P2(*)) — (3xPx(x) N1 3xP2(x)) = 3x(/* (x) n P2(*))v (3x/}(x)n
n 3xP2(x)) = Vx(M(x)v P2(x))v 3x3y(/}(.x)n P2(y)) = 3_y(vx(""(jc)v 22W )V
V 3x{P.{x)n Pliy))) =3y (vz(fjIf)Vpjz))V 3x {u {x)a P2{y)))=
- AV zZ3X((M(x)a P2(y))v v
WcxogHas (hopMmyna npuBefeHa K npejBapeHHoli HopmanbHoi dopme. MonyuyeHo
BbICKasblBaHWe, T. K. BCE MepeMeHHble CBSi3aHbl KBaHTOpamu. [poaHanusupyem
ero Ha uCTMHHOCTb. MycTb Pt(x) = P2(x) = 1 (ana \/xe M unu 3*6 M).
Torga (f, (x)n P2(y)v P{(z)v P2(zj)= (1nl)v Ovo)=(Qvo)s]. MycTb,
Hao6opoT, Pi(x)= P2(x)=0 (ans Vxe M wunu dxe M). Torpa
(OnO)v (lvil)y=0v 1s 1. HakoHew, Pi(x)s 0, P2(x) =1

(ana Vxe M wnunm 3xe m). Torga (1n0)v (ovI)s Ov 1=1. WNTaK, UcKo-

Mas hopmMmyna obuiesHaunma.

I'Ipo6nema paspewmmMmocTn ansa QJODMyJ'I,

cogepxawnx B npep,BapeHHof/'l HOpMaJ'IbHOI7I q)opme
KBaHTOpPblI O4HOro Tuna

Ecnu dopmyna norvku npegukatoB A cOAepXUT CcBOGOAHbIE MNepeMeHHble
x1,x2,..txfl, To dopmyna B = \/xIVx2...\/xilA(x],x2,-..xn) HasbiBaeTcsd 3aMbl-
KaHueMm o6wHocTU dopmynsl A, dopmyna C =3x13x2..9xnA(x1,x2,--'Xn)
HasblBaeTCs 3aMblKaHUEM CYLLLeCTBOBaHUSA hopMynbl A .

Mpo6nema o6Lie3HAYMMOCTM (HOPMYN NIOTMKW NPeauKaTOB C NMpeABapeHHON Hop-
MafnbHOW (hOPMOW C KBAHTOpPamm OAHONO TUMa PellaeTca C NOMOLbIO CMefyHoL X
Teopem.

Teopema 3.10. Ecnu 3amMKHyTas ¢hopmMyna N0rMKU NpejnkaToB B npejBapeH™
HOli HOpPMaNnbHOW hopMe COAEPXUT TONbKO KBAHTOPbI CyLLeCTBOBaHMUSA, YnC-
N0 KOTOPbIX paBHO M, N TOXAECTBEHHO UCTUHHA B n6oi 06nacw|, cocToA-
LL[EI7I N3 0AHOTO 3/1eMeHTa, TO OHa 06LIJ,93Hal«II/IMaA

JokazaTenbcTBO.

Teopema foKasbiBaeTcs MeTO4OM OT MpoTuBHoro. MycTb hopmyna A B npejBa-
peHHoM HOpMasnbHo topme nmeet BUJ 3 -thopmynbl, T. €.
A —3xBx2..3xne(4],92,..., Pi, P2...<2.6 2 roe & —  6eckBaHTopHas
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dopmyna, (t— noruyeckume mnepeMeHHble, P:1— oAHOMeCTHble MNpejuKaThl,
Qf — AByXMecTHbIe NpeavKaTtbl U T. f.

Mo ycnoBuio TeopeMbl Ha Nw6oii o6nactu M = {a}, cogepxalyeil 0AUH 3INEMEHT,
A=1, HO  Torja  6yAeT  TOXAECTBEHHO UCTUHHOM n dhopmyna

B(alpa2’--",P'(a\P2(a\"'"0 2{a’a)’0 2 (ayaY")- 3T1a hopmyna siBnsetcs ¢op-
Mynoli anre6pbl NOTNKK.

Mpegnonoxum, 4to hopmyna A He sBseTcs 06WE3HAYMMON. DTO 3HAUUT, YTO

cyuwiecTByeT Takas o6nacte M] u Takoii Ha6op 3HauyeHW’ NepeMeHHbIX

q,’q2” -p'(x,)’pi{xi\-"Qlix,’x,)>Q2(x,’xj\ - " x~x,e M ™ KoTopom

topmyna A npuHumaeT 3HaveHune 0, T. e.

3x,3x,.9%,,B7,0,0°2,...,p; (x ), P' (x: Q? x.,Xj\ a2{x,,Xj),...)= 0.
Torga 3x,3x2.,.3xI:B{q°,9?,....P," ( x ~ P ~ x (n,;c;)(22(x, 2"

3 Vjc, VX, ...V, 1
CnepoBaTenbHO, opmyna
B(q°.ql,..., P.Ax,), 1" ( 0, R2(x,,x;) <22(xf,x,)...)

TOX/AECTBEHHO UCTUHHA HE3ABMCMMO OT BbIGOpPA MPeAMETHbLIX MEPEMEHHbIX W3 06-
nactm M ,. BbiGepem 0ofHO 3HayeHue X06 M NOCTaBUM ero B MOC/EAHIOI0

(hopMyny BMeCTO BCEX NPEAMETHbIX NepPeMEHHbIX.
Torga B(c}x,92,...,Pl (*0)’"2 (x0)’--"£i (J10’x0)>£2 ("0”0 ) mme)* ~»
T.e. e(qf,ql,..,P,’ (x0), 11(x0 Q] (x0,x0), Q\ (x0,x0),...)= O,
4YTO NPOTUBOPEUUT TOXAECTBEHHON UCTUHHOCTU hopMy bl
B{ql.q2,....P"~(a\PIl{a\...,Ql(a,a):Ql{a,a\..).

Takum oGpas3om, NpejnosioxeHne, YTo gopmyna A He sBAsieTcst 06l e3HAUNMOIA,
HeBepHOo. A — o6 e3Haummasn dopmyna.

Teopema 3.11. Ecnu 3aMKHYyTas (opMyna NOrMKW npefuKaTtoB B NpeABapeH-
HOi HOpManbHOW hopmMe COAEePXMT TONbKO KBAHTOPbI OGLLHOCTU, YMCIO KO-
TOPbIX paBMoO N, H TOXAECTBEHHO WCTUHHA Ha BCAKOM MHOXECTBE, cofep-
Xauiem He 6oniee 4eM N 3NEMEHTOB, TO OHa 06LLe3HaYMMma.

I
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Teopema AOKa3sblBaeTca CI'IOC060M, aHanornyHblm cn0c06y, NMPUMEHEHHOMY AnA
Teopembl 3.10.

m TMpumep 5. [loKasaTb TOKAECTBEHHYIO NOXHOCTL HOPMYbI
3xBY{{F(x)-» F(y))n 2(y))n F(x))= 3x3y((F(x)v F(y))n
A(f(x)v F(y))n ar3y((p@nv p(y))n (F (x)a F(x)v p(y)n
a F(x))) =3x3y((F(x)v F(>))a f(y)A F(*))= 3x3y((p(n)n F(*)a

a F(x))v (F (>)a £ (>)a F(x)))s 3x3y(0v0)= 0.

m lMpumep 6. MpuBecTn K NpeaBapeHHO HOpManbHO QopMe crnejyloLLyto
hopMyny Noruku npeagnKaToB:

B = VXR(X)V 3xQ(X,y)=3xR(x)v 3xQ(x,y) =3x(k(x)v Q(X,y))

Tpebyemas opma nonyyeHa. B gaHHOM cryyae Gopmyna COAepXUT TONbKO
OAWH KBAaHTOP CYL|ECTBOBAHWS, CNefoBaTeNlbHO, ee BCEOGLLHOCTb 3aBUCUT

oT Buga npegukatoB R(x) u q (x,y). Ecnm 3jclg M, uto Bs 1, To oma

obLuesHaymma.

3.7. Npaktnyeckoe 3aHATME Ne8.
BbINONHUMOCTbL OPMY/ NOTUKKU NpesnKaToB

3.7.1. Ha mHoxecTBe M onpegeneHbl 0fHOMecTHbIe npeaukatbl F(X) u G(X).
Kaknm ycnoBusm yj0BNeTBOPSIOT 061aCTU NX UCTUHHOCTM, €CNIN UCTUHHBI:
a) Vx(F(x)—G(x))a 3x(f(x)a G(x));
6) 3x(f (x)a G(x))a 3x (f (a)—>G (x)).
3.7.2. BbINonHMMbI Nn cnegytowme Gopmynbl:
a) 3xP{x)\
6) 3xYy(a(x,x)n<2(x,y))\
B) 3x\/y(Q(x,y)*>\/zR(x,y,z))-
3.7.3. AABNAOTCSA NN TOXAECTBEHHO UCTUHHBIMU Cneaytolne GopmMynbl:
a) 3xP(x)—= ¥ xP(x)\
6) \/xP{x)">3xP(x\,
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B) 3xP (x)Vv 3xQ(x) (p{x)vQ{x))-
N 3xVyQ(x,y)  My3xQ{x, y);
A) P(x)-> VyP(y);
e) Ax(p(mn (r-><2(x)))  (vx(p(x)-> LLx))->ar).
3.7.4. floka3aTb TOX/JECTBEHHYIO UCTUHHOCTb CnefytoLWwunx hopmyn:
a) 3xP (x)—VxP(a);
6) V x(f(x)—>2 (a))—> (3XP (x)n Vx<2(x));
B) Vx(f(x)—>Q(x))—>(¥XP(x)n 3xQ (x)).
3.7.5. [lokasaTb, 4T0 ecin C He COAePXKNT CBOGOAHbLIX BXOXAEHUNA X , TO:
a) 3xP(x) = VXP(x);
6) VxP(x)a C 3 ¥x(P(x)n C).

3.7.6. MpuBecTV K NpeABapeHHOI HopManbHoOIl hopme cneaytowme Gopmynbl fo-
rMKu npegukaTos, cumtas P u Q GeckBaHTOPHbIMW hopMynamu:

a) 3xVy3zVuP(x,y,z,u);
6) 3x\/yP(x,y)n3x¥Yy<2(x,y)\
B) 3x\/yP(x,y)v3x\/lyQ(x,y);
) 3xVyf(x,y)—>3xVyQ(x, y);
8) Vx3>'(P(x)«-~ALL -'
e) Vx(p(x)*>3yQ(y)).
3.7.7. NpunBeCTU K CKYNEMOBCKOW HOpManbHoOl opme:
a) Vx3yQ(x,y)-"3xVyQ(x,y)-,
6) 3x(p(x)—>(Vyj2(x.y)— \VizR{x,2)))-
3.7.8. [lokasaTb 06L4E3HAUMMOCTb CAEAYIOLLUX (OPMYN:
a) Vx(p(x)—>Q(x))-» (VxP(x)-* Vx<2(x));
6) VX(P(x)-> Q(x))—>(3xP (x)—>3x«2(x));

B) Mx(q —>P(x))<-> (q -4 ¥YxP{x)).
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3.7.9. [loka3aTb TOX/ECTBEHHYIO IOXHOCTb hOpMybl

3.7.10. NycTb 0 = }, rge PLP2,...,P1— ogHOMeCTHble NpefuKaTHble
cMMBONbI. [JoKas3aTb, UTO AN NGO popmynbl A curHaTypbl O CcyliecT-
ByeT popmyna B, akBuBaneHTHasi A, NOCTPOEHHas C NMOMOWb A,V 1

u3 3 -cocTaBnsowux, T. e. hopmyn euga 3x(B{a A, n...n Bs), rge s>\

n B, (1<i<n) unmewoTsug p(x) nim P{x) ana HekoToporo P u3 o .

3.8. lMpmeHeHne A3biKa I0OTNKN NpeankartoB
ANA 3anucy MateMaTuyecKnx npeanoXxeHui

|_|pI/I nepesoje C/I0BECHbIX Bblpa)KeHVIVI B /IOTNYeCKYyHd CMMBO/IMKY Haao WNMETb
YeTKOe NpejcTaB/ieHWe 06 MHTepnpeTauum 3TOW CMMBOAUKUW. [103TOMY Heo6Xxoam-
MO YETKO 04YepTUTb MHOXECTBO M , cojepXauiee BCe BbIlCKasbiBaHUA, K KOTOPbIM
NPUMEHAOTCA NOrMYeckne MeToAbl M Npuembl. 3aTeM Hajo Bbli6paTb nepeyeHb
npeagnkartoB, KOTopble 6y,qu CNY>XXNTb OCHOBHbIMW HE3aBUCMMbIMU NpeanKaTamu,
yyacTBYWLWMUMN B (hOpMynMpoBKax. Kaxablii U3 3TUX NpeAnKaToB CTaHOBUTCSA
BbIiCKa3sblBaHMeM, Korfga BCe ero nepemMeHHble 6yp,yT 3/IeMeHTaMun 13 MHOXXecTBa
M |, HasbiBaemMoro NpeAMeTHONR 06nacTbio.

MONHOCTbLIO PeWwnTb Nornyeckne nNpobaembl, BOZHUKalOLWMe B "CNOBECHbLIX™ A3bl-
Kax, MOXHO 6b1/10 Gbl TONbKO NepeBeAs BCe ()pasbl B CUMBOJIMKY MCMO/b3YEMOTrO
MCYMC/IEHUS, & 3aTeM M0/Ib30BaTbCS TOMIbKO (hOPMasibHbIM annapaTtoM 3TOro uc-
YNCNEHUA.

KBaHTOpbI COYETAKTCS APYF C APYTOM W NIOTUYECKAMU CBSA3KAMW MHOTUMW CMOCO-
6amu, NO3TOMY MepeBoAbl BbIPaXEHWIA, COAEPXALLNX KBAHTOPbl, 06bIYHO HEOAHO-
3HayHbl. OfHaKO B HEKOTOPbIX 06N1acTAX 3HAHUSA, B YaCTHOCTW MaTemaTWKe, 3TOT
nepesog Han6onee ectecTBeHeH. CaM fA3blK NOTMKW NPEAMKATOB OUYeHb YA06eH Ans
3anncu MaTeMaTUyecKnx MpeanoXxeHunini. OH faeT BO3MOXHOCTb BbipaxaTb s0rmye-
CKMWe CBA3W MexXAy MOHATUSIMM, 3anuCbiBaTb OMpPefeNneHuns, TeOpeMbl, 4oKasaTenbCT-
Ba. BbI60Op NepeyHs He06X0AMMbIX NPEAUKATOB, ONUCHIBAIOLWMX 3afaHHble CBOCTBA
UKW YCNOBWS, TaKXe CPaBHUTENLHO NPOCT. PAacCCMOTPUM HECKO/IbKO NPUMEPOB.

3anncb mateMaTuyeckux onpe,u,eneHMVl

O OnpepeneHne 6eCKOHEYHO Manoi PyHKrw. dyHkums a(x) HasbiBaeTcs 6ecKo-

HEeYHO Manoi npu X —>a, ecam lima(x)=0. 370 Kjaccmyeckoe onpegene-
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Hue, NpeAcTaBnsALLee, N0 CyTW Aena, onpejeneHune npejgena PyHKUUU, paBHo-
ro Hynw. Mepenuiwem 3To onpefeneHne Ha A3blke e —5:

lima(i)=0 Ve>035(e)> 0Vxe MuWwf(x,e,5),

X->a
rae P(x,Etb)= (0 < \x—a\ <5 —|a(X)| < e) — TpexmecTHbIii npeaukart, on-
pefensioLWniA YyCNoBUS NPeAenbHOro nepexoaa.
O OnpepgeneHue akCTpeMyma QyHKLUUN (MMHUMYMa B Touke J10, puc. 3.8).
3x0e M Vxje M \/x2e M P(x$,x{,x2),
rae
P(x0 *2)= ((*,< *0)-> (/(n,)> 1 (x0))N ({x2> x0)m->(f(x2)> f(x0)))
34ecb UCMONb30BaH TPEXMECTHbIW Npegukar
O OnpefgeneHue BbINYKNOCTW (BOTHYTOCTH) pyHKumm fix) (puc. 3.9).
Ecnu Bo Bcex Toukax umHTepsana (a,b) BTopas npoussogHas f Mx) <0, To
fix) Ha (a,b) Bbinykna. 3T0 MOXHO BbIPa3nTb COBCEM MPOCTO C MOMOLYbHO

cneaywuero BblpaxeHus: VxG (a,b)(3///(x)n f U(x)< o). Wcnonb3oBaH

OfHOMECTHbI nNpegukat /K x).

O OnpefgeneHune YeTHOI hyHKLMN.
dyHKuns fix) HasbiBaeTca YeTHOW, ecnv o6nacTb ee OMNpPefeneHUs CUM-
MeTPpMYHA OTHOCWUTE/IbHO Hauyana KOOPAWHAT W AN KaXAOro X M3 obnactu

onpepeneHuns BbIMONHAETCH paBeHCTBO /bl =1/(-*). Torga

Vxe Mm((-xe M) n(/bl =/(-*))).
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®opMynMpoBKa MaTemMaTUyecknx Teopem

Teopembl MaTeMaTUKW AoMycKaloT (OPMYNMPOBKM B BUAE YCMOBHbIX Npeanoxe-
HWiA. TOBOPS 0 CTPOEHWU MHOTWUX TEOPEM, MOXHO BbIAENIMTb B HUX TPW HYacTu: ycC-

nosne Teopembl— npegukat P (X), 3agaHHblii Ha MHoxecTBe R 2; 3akniouyeHve
TeopeMbl— npeaukat Q (X), 3agaHHbIi Ha MHOXecTBe R 2; pasbAcHUTeNbHas
4acTb, onucbiBakLlass MHOXeCTBO 006beKTOB, 0 KOTOpPbIX NOET pedb B Teopeme.
Hanpmmep, CTPOeHMNe TeopemMbl MOXeET 6bITb TaKUM: "EcCnn N0 60 3NeMeEHT X U3
MHoxecTBa M o6nagaeT csoiictBoM P (X), To oH o6nagaeT csoiicteom Q{x)".
Takum o6pasom, Teopema hopmynupyetes Tak: \/xe M(p(Xx) —» Q(X)).
BcnoMHMM, HanpumMep, TeOpeMy 0 KOHeYHbIX NpupalieHnsax (Teopemy JlarpaHxa).
Ecnn f(x) HenpepbiBHa Ha [a,b] v guddepeHympyema Ha (a,b), To Hali-
feTca Ha (a,b) Takas Touka c, 4TO

Myctb npeavkaT p(a,b,x) BblpaxaeT cBoiicTBO (yHKumn Yy = f(x) 6bITb
HenpepbiBHOW Ha \a,b\ wu pguddepeHympyemoin Ha (a,b), a Q(a,b,c)=

Torpa cama Teopema JlarpaHxa MoXeT 6bITb
cpopmynuposaHa Tak: Bce (a,b\p(a,b,x)*> Q(a,b,c)).

B cBoto ouepeab, npeavkaTt p{a,b,x) moxeT 6bITb pacwudposaH 6osee nog-

po6Ho:
o f(x) HenpepbiBHA B Touke x0, T. e lim f(x) = f(x0)
Xx~*x0
mnun Ve>035>0V xe e M (0<|x-x0|<5~|/(x)-/(x0)|<e),
rae M — o6nacTb onpegenennsa fix);
o f(x) HenpepbIBHA Ha [a,b\

wim Vye[a,& ](\/e>035>0\/xem (0<|x-y|<5-4]/(x)-I(y)|<e)).

AHaNorMyHo ¢ NOMOLLbIO A3blka 8 —5 MOXET 6bITb BbIPaXEHO CBOWCTBO Audde-

peHynpoBaHHocTM Ha (a,b). HanoMHUM, 4TO ecnu cyuiecTBYeT NpousBoAHas

N . N
f\(x) B Touke x0,10 H >T© / () MsnnwHaAs geTanusauyus yc-
<)
noswuii yacTto He HyXHa, T.e. MOXHO  OrpaHMYnTbCA topmynoii

3ce (a,b\P7~0).
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hopma TeopeMbl MOXeT 6biTb MHOW. PaccMOTPUM Clefylolyl0 TeopeMy W3 nu-
HeliHOW anrebpbl.

Nio6ble YeTbipe BEKTOpPa B R* /IHHCHHO 3aMueHMbl. 3Ta TeOpeMa MOXeT 6bITb
cpopmynuposara B Buge V xe R P(x), rae P(X) — pgokasbiBaemoe CBOICTBO
(Npeankar, Bblpaxawwmuii 3To cBOICTBO). [leiicTBUTeNbHO, NycTb a,b,c u d —

BekTopbl U3 Kb,a a,(3,y n 8 — HeHyneBble AeliCTBUTENbHbIE Yncna. Torga

Vae R\be R3V/ce R*"Vde RBae KY0}3|3e R\{0}3ys tf\{o}35s R\
\ {O}(aa + [3b+yc + & =0).

MocTpoeHre NPOTUBOMNOJOXHbIX YTBEPXAEHWI
1 A0Ka3aTeIbCTBO METOAO0M OT MPOTUBHOIO

370 3ajayva, 1Ierko ceogsuwasca K hopmanbHbiM npeo6pasoBaHusaM. Ecnu ecTb yT-
BepxaeHue A, TO MOCTPoUTb A MOXHO C MOMOLbIO PABHOCU/IbHBLIX Npeobpaso-

BaHuii. HOrAa 3To, npaBAa, NPUBOAUT K TOMY, 4To A paeT HeraTuBHoOe (HEKOH-
CTPYKTMUBHOE) onpejeneHue. Yawe 1 34eCb MNOAY4ATCA MNONOXUTENbHbIE
(KOHCTPYKTWBHbIE) ONpejAenieHuns.

Hanpumep, Bo3bMeM onpegeneHre 6eCKOHEYHO Masioinl W Haiijem ero oTpuuauve

Ve >035(e)>0V.ve M (O< |g- a < 8 —»|a(X)] < e)= 3e>0V5(e)>03xe M

(p<\x- a\ <5 v fa(;c <e)=3e>0V8(e)>03xe M(o<\x- a<5nlaX)|>e).
3T0 HeraTMBHOe onpejeneHue. OHO NoAOKAET ANS (hOPMUPOBAHNA KOHTPRpUMepa
ANS TOTO, UTOBbI A0Ka3aTh, uTo A(X) — He GECKOHEYHO Manas BeNMuMHA B TOUKe a .

.Mo3nTuBHOEe onpegeneHne 6GeCKOHeYHO 6onblwiolk Takoe: lima(x)=°°, T.e.
Ve >038>0vxe M (0<|x- gl <5-4]a(x)| > e).

Oco6blii MHTepec NpeacTaB/seT MOCTPOEHME YTBEPXAEHWS, oTpuLaloLWwero cnpa-
BeA/IMBOCTb HeKOTOPOW Teopembl: VX 6 M[p{.x) —~Q(x)).

Vxe M(p(x)-~Q{x)) =BxE m(p(x)aQ(x)). CnegoBaTenbHo, 4TOGbI JOKa-
3aTb, uTo Teopema Vx e M{p{x) — HeBepHa, J0CTATOUHO yKasaTb TaKOii
anemMeHT xe M , ans kotoporo P(Xx) wuctuHHo, a Q{X) noXHO, T. e. NpuBecTn
KOHTprpumMep. TPOAEMOHCTPUPYEM 3TO Ha C/iedylolem npumMepe. PaccmMoTpum
yTBEPXAEHNE “ecnn (yHKuus HenpepbiBHa B Touke X0, To oHa u guddepeHyn-
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pyema B 3Toli Touke". KOHeYHO, 3TO He TakK. M3 Kypca MaTeMaTM4ecKoro aHaamsa
M3BECTHO, 4TO guddepeHynpyemocTb 60nee cTporoe TpeboBaHue. N3 audcepeH-
LUpyeMocTu criefyeT HenpepbIBHOCTb, U3 HEMpPepbIBHOCTU AUt depeHLUpyeMocTb
He cnegyeT. CthopMynmpyem 0CHOBHOE YTBePXAeHMe.

Mycte M — MHOXeCTBO Bcex (yHKUMIA, onpefeneHHbix B Touke X0, p(f) —
npegukar, BblpaXawuwmnii CBOMCTBO (PYHKUMM 6biTb HenpepbiBHOW, a Q(/) —
CBOMCTBO 6bITb AU hepeHUMpyemoii B Touke X0. Torga ocHoBHas Teopema UmeeT

cTaHgapTHbli Bug V/ G M (p (f)—Q{f)).

MpoTusononoxHoe yreepxaeHne umeet sug 3 /e M(p{/)n Q {f)), T.e. Haii-
feTcs (yHKUMS, onpefeneHHas B Touke X0, KOTOpasi HenpepbiBHA, HO He WMeeT

npoussogHoii B x0.

Takux (yHKLMUIA MHOXECTBO, 3TO Bce (hYHKLMU, COAepXKaliMe TOUKY M3noma wunm
TouKy Bo3Bpata. MpocTelilwas n3 Hux y = |x| (puc. 3.10). B Touke X —0 OHa He-
npepbiBHa, HO He AnddepeHumpyema. CnefoBaTenbHO, OCHOBHAA TeopemMa HeBepHa.
AHanornyHo o6eTonT Aeno u ¢ hopmoii \/XP (X), PaccMoTpuM yxke pasoGpaHHblii
npuMep 13 NUHelHo’ anre6pbl U HalileM K HeMY NPOTUBOMOMOXHOE BblCKa3blBaHWMe.

Vae R3vbe R3Vce R3vVde RBae A\{0}3|3e A\{o}3ye A\{0}35e R\
\{o](aa +p*+yc+5d =0)=3ae RBbe RBce RBde RVVae K\{ojV|3s
e K\{0jVye K\{0jV5e K\{o](aa +[dfc+yc+ =o0)=3ae RBbe RBce

e RBde R3Vae K\{o}vpe R\{o}Vye K\{o}V5e K\{0}
(aa+$b+yc +bd ¢ 0).
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CxeMma fjoKa3aTesbCTBa OT MPOTUBHOIO OYeHb MOXO0Xa Ha TONbKO YTO PACCMOTPEH-
Hblii cnyvaii M TakoBa: mpegnonaraeTcs, 4Yto Teopema Yxe mM(p(x)”~> 0(x)) He-
BEPHA, T. €. UCTUHHO MPOTUBOMONOXHOE yTBepxAeHue V xe M{P(x)—Q{x))=

s3xe M(p{x)n & ) Ecnm u3 nocnegHeit opmynbl NyTemM SOTMYECKUX pac-

CYXXAEHUN NPUXOAAT K HEBEPHOMY YTBEPXAEHMWIO, TO 1eNaeTCs BbIBOA O TOM, 4YTO
MCXOfHasi Teopema BepHa. Mo 3Toii cXeMe NMPOTMBOMOMIOXKHOE BbICKa3biBaHWe Hajo
cBECTU K NIOXHOMY, T. e fokasatb MCTUHHOCTb thopmy bl

Yxe m[p(x) —Q{x)) Cac , FAe C — HEKOTOPOE BbiCKasblBaHue. [eicT-
BuTenbHo, Vxe M (p(x)-> Q{x)) ->c/lc=Vxe M (p(x) Q(x)) v(cac)=
r Vxe m(P(x)—Q(x)).

dopMyNpoBKa 06paTHbIX
1 NPOTUBOMNO/OXHbIX TEOPEM

PaccMOTPUM YeTbipe CXeMbl TEOPeM:

1. Vxe M(p(x)—<2(x));

2. Vxe M(Q(x)->P(x));

3. Vxem (p(x}->a(x);

4. Vxe m(<2(x)->P(x)).

[lBe Teopembl, Y KOTOPbIX YC/IOBME OAHOI SBNSETCA 3aK/OYeHUeM ApYroii, a yc-
NOBWSI BTOPOI 3aK/lOYeHMeM NepBOi, HasblBalOTCA B3aWMHO 06paTHbLIMM, T. €.
Vxe M{p(x) —=Q(x)) u Vxe m f (x) —=P(x)) B3aumHO o6paTHbl K
Vxe M(Mx) —>Q(x)) nVxe mlg(x)-4 P(x)) Takke B3aMMHO 06paTHbI.
MepBas Teopema 06bIYHO HasbiBaeTcs NPSMOI TeopeMoii, a BTopas — 06paTHOM.
[iBe TeopeMbl, y KOTOPbIX YC/IOBME W 3aKNOYEHWE OfHOV ABNAIOTCA OTpULaHMEM
YCNOBUA U 3aKNI0YEHUA APYTOi, Ha3bIBAOTCA B3AUMHO MPOTWUBOMONOXKHbBIMU.

B Hawel cxeme Vxe M(p(x) =Q(x)) » Vxe M[p{X) =Q(x)) — B3a-

MMHO npoTuBonmonoXxHbl n Vxe m(q(x)”> p(x)) w Vxe m{gq{x) —/4Ux))
TakXKe B3aWMHO MPOTMBOMONOXHbI. [psiMast 1 o6paTHast Teopembl B 06LLeM Cryyae
He PaBHOCU/bHBI, T. €. OfHA U3 HUX MOXET GblTb UCTUHHOIA, a Apyrasi 0XHON. Ho
Teopembl 114 12 1 3 BCerpa paBHOCUIbHBI, 1 3TO 1ETKO JOKA3bIBAETCS:

vxe M(p(x)  Q(x))= Vxs m{p(x)v Q(x))= Vxe m[p{x) v Q(x))=

s Vxe Afjp(x) v P{x))= Vxe m{q(x)v P(x))= Vxe m(q{x) —P&1).
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AnanornuHo X G m (g {x) —=P(x))=Vxe M (p{x) — £>(*)).

= [pumep 1. Bosbmem MpocTylo Teopemy U3 Teopun AndpchepeHLnanbHbix
ypaBHeHUN. Myctb y +aly/+a2y =0 — nuHeliHOe OAHOPOJHOE And-
depeHLManbHoe ypaBHeHe ¢ NOCTOAHHbLIMK Ko3dhpuumeHTamn, a yaa) wu
y2{X) — [Ba YaCTHbIX PELIEHNs 3TOrO ypaBHeHNs U3 MHOXecTBa M Bcex
uacTHbix pewennit. p[yLy2) — npepukar, sbipaxalowmii TOT dakT, uTo
y. (&) n o Y2(*)  ABNAIOTCA  YACTHbLIMW  PELUEHUAMU  YypaBHEHUA
ylL+ax ‘-\a2y =0, a <2(")= YIM + YI(X) — Takxe yacTHOe peLueHue
3TOr0 ypaBHEHMUS.
Ecnu y,(8) u Y2(X) — p4Ba N0OGLIX YaCTHbIX PELIEHUS YPaBHEHWS
y" +a¥y‘+a2y =0, 10 y,(;c) +y2(x) ecTb TaKkxe peleHne 3ITOro
ypaBHeHUS.
Wtak, ocHosHas Teopema V jIVy2e M(P(y],y2)—<2(")) sepHa. Torga
o6partHas Teopema Viy,Vy2e NIyAYr)) HesepHa. [eicTem-
Te/IbHO, OHa 3BYYMT Cregylowum o6pasom: "ecam y,(;k) +Yy2(X) peleHne
ypasHeHus y" +ax' +a2y - 0, 70 YAX) M y2(A) TOXe peweHns aToro
ypasHenus". MpoTusononoxHas reopema Vy,V;y2 G M [p[y Dy 2) — Q{"))
TakXe HeBepHa, M0 yTBepxAaeT, Tro "ecnm y,(x) W y2(X) He ABNAOTCA Ya-

CTHbIMW peweHuamu ypasHenus Y +afy'+a2y =0, 1o y{(x) +¥2(x)
TaKKe He 4aCTHOE PeLleHne 3TOT0 ypaBHeHNs”. HakoHel, Teopema, NPOTMBO-

nonoxHas o6patHoii  VyjVyj G m(<21) — Yr))y BepHa: "eciu
Y, (X)+ y2(x) He  ABnseTcs YacTHbIM pelleHnemM  ypaBHeHUA

yR+aly'+a2y =0, 10 yAA) u y2(X) — TakKe He YaCTHbIe PELueHns
AaHHOTo AnddepeHLyManbHOro ypaBHeHus”. Mposepum BCe CAenaHHble yT-
BEPX/AEHUA Ha npocTeiillem npumepe.

y*" +/ -2y =0, k2+ K-2=0, =1, K2=-2,Yy, =eX, y2=¢~2xm
VICTUHHOCTb OCHOBHOW TeOpPeMbl NPOBEPAETCA NOACTaHOBKOMN
Yi+Yr=e*+e2x Y +¥r =¢*- 2e~2*. 3T+ Yr =eX+4e=2m,
yI+y -2y =ex+4e"2* +ex- 2¢-1%- 2e* - 2e~2X =0.
MpoBepuM UCTUHHOCTbL 06paTHO Teopemsbl. MycTb

_ [es +e~2xJ g I* +2e~x +e~4x e 2X+2e~X e~4x
Y, 4Y2-Y,+Y2 = v - Jo= e ~T~PX-- L2y 4+ A .3r
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e2xX+2e'x  _ 4
" x L2y M % eax
e+ e e+ e

torga, Hanpumep, Yy~ +y{- 2y2* 0, T.e. o6paTHas Teopema HesepHa.
TOUYHO Takxe NpoBepsAeTcs NCTUHHOCTb BCEX OCTaNbHbIX paHee BblCKa3aH-
HbIX MPefnoXeHWA.

®dopmMynnpoBKa HEO6XO0ANMbIX
1 OCTATOUHbIX YC0BWiA

HekoTopble TEOpemMbl MaTeMaTUKM, B YaCTHOCTW TeOpeMbl CyLiecTBOBaHWA, cop-

MynMpoBaHbl B BUAe “... A8 TOr0 YTOG6bI..., HEO6XOAMMO W fOCTAaTOYHO, 4TO...",
uanm ... TOrfa 1 TOMbKO TOTAa, Korga...". 3Ta KOHCTPYKLMA NPUBOAUT K 3KBUBA-
neHumn, T. e. umeet Bug Vx e M(p(X) ><2(*)) ¢ Ecnu BepHYTLCA K yXe pac-
CMOTPEHHO thopme V xe M(p(X) — »TO MOXHO BCMOMHMUTb, YTO B UM-

nnukauun npegukat Q(X) noruuecku cnepyer us npegukata P (x), nostomy
P(x) HasbiBatoT JOCTATOYHLIM yCI0BUEM ana £?(x),a Q(X) HasbiBaloT HEO06-

X0LUMbIMycoBueM ans P(X) @ Vxe m | p(

Ecnm Teopema nmeert thopmy Vxe M[p{x) Qkx)), T0
Vxe M (p(x)  Q(x))s Vxe M((p(x) -4 2(n))n (Q(X)-» P(x))) =

=Vxe M (p(x)—><2(x))aVx€ M(<2(x)-> P(x)).Takum o6pasom, p(X) ss-
NAeTCA HEO6XOAUMBIM M focTaTOuHbIM ycnosuem ans Q(X),a Q(X) Heobxoam-
Mo 1 gocTatouHo ans P[X).

= [pumep 2. B cnepytowux npegnoxeHunsx nocrasuts cnosa "Heo6X0AUMO,

HO HejocTaTo4yHO", “AOCTAaTOYHO, HO He Heo6xoaumMo", “He HEOBX0ANMO 1
HEeLOCTaTOYHO" UM "Heo6X0[MMO 1 AOCTAaTOYHO".

[ns Toro 4to6bl x2- 5x +6 =0..., 4T06BLl X = 3.
Mycts  P(x) =(x2—5x +6=0), Q(X) =(x - 3). KopHu ypasHeHus

X--5x+6=0 paBHbl X, =2, x3=3. PaccmoTpum

Vx e {2,3pfr) -4 Mpn A=2, p{2)=1 2(2) =0, 1—>0=0,

T.e. pfx) W q{x). CnegosarensHo, ans P(X) Q{X) He asnsercs Heo6-
X0AuMbIM.  Tenepb  PaccMOTPUM  MPOTMBOMONOXHYIO — UMMAMKALMUIO
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Yxe {2,3}*<27*)—~ )| wm3gecs npu x =2, P{l)=\, Q(2)=Q 0->1=1

nnpu X=3, MN3)=1 e(3)=1 i-un =1, BTopas UMNAMKaLMA BepHa.
3HaunT, gng P(X) Q(X) sBnAeTcA JOCTAaTOUHbLIM yCNOBUEM. MTaK, nepso-
HayanbHOe MpeAnoXeHne fOMKHO GbiTb CHOPMYNMPOBAHO CReAytoL UM 06-
pasom: "[Anf Toro, 4To6bl X2-5X +6- 0 ZOCTATOUHO, HO He HEOGX0AWUMO,
4yTo6bl T =3".

Mpumep 3. Ans Toro uto6el dyHkums fiX) 6bina MHTerpupyema Ha oT-

peske [a,b]s..., 4To6bl /(X) 6Gblna orpaHnYeHa.

Mycts P{X) — npeaukar, sbipaxatowmuin ceoiicteo dyHkumn fix) 6biTh
nHTerpupyemoii Ha [a,6], a npegukat Q{X) BbipaxaeT cBOCTBO OrpaHu-
YEHHOCTW 3TOW pyHKuMM Ha oTpeske U/, ZN. N3 Kypca maTeMaTuyeckoro

aHann3a W3BeCcTHO, YTO ecnn (BYHKUMA MHTerpupyema no Pumany Ha [B,6],
TO OHa W OrpaHuyeHa; ecnm xe YHKUWA OrpaHWYeHa, TO U3 3TOT0 He cne-
AyeT ee WHTerpupyemMocTb No PumaHy. Kak npumep MOXHO NpuUBECTH
t N\ \ LX— pauynoHansHoe,
tyHkuno Oupuxne d(x)=\ Taknm o6pasom,
[0, 6 — nppaynoHansHoe.

Vxe " T.e. ana P{x)

Qix) sBnseTcs HEOB6XOZMMbIM, HO He AOCTATOYHBLIM yCNOBMeM. WTak, ans
TOro uTo6bl pyHkuyms fix) 6bina mHTerpupyema Ha otpeske [a,b], Heobxo-
AMMO, HO HE 4OCTAaTOYHO, 4To6bl fiX) 6blna orpaHuyeHa.

3.9. MNpakTnyeckoe 3aHAaTne Ne9.
NMpMeHeHne A3blka NOrTNKN NpegukKartos
B MaTtemartunke

3.9.1. 3anucaTb Ha A3bIKe NOTUKN NPEANKATOB CNeAYytO e ONpejeeHus:

1. [iByX paBHbIX BeLeCTBEHHbIX Yucen ([,Ba Bel,eCTBEHHbIX yucna /1 n y
Ha3blBAOTCA PAaBHbIMU X =Y , €CIN He BbIMONHEHO HU OJHO U3 COOTHO-
WweHuin X >y nam y > X).

2. OrpaHUYeHHOro cBepXy (CHU3Y) uncnosoro mHoxectsa A (MHOXeCTBO
A ¢ R HasbiBaeTcs OrpaHWuYeHHbIM CBEPXY (CHW3Y), ecnn cyuiecTsyeT
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TaKoe BellecTBeHHOe 4ncno XT, YTO AN BCEX yumcen ae N1 BbINONMHEHO
ycnosue a <XT {a>XxT)).

3. JInHeNHO He3aBUCUMbIX BekTOpos X],X2,...,Xt (Bektopsl X{X2,...,xk
HasblBaloTCA /IMHENHO 3aBMCUMBIMU, ecnn Cyu ecTBYKOT Takue BeljecT-
BeHHble uucna  aj,a2 . He BCe paBHble HYMO, uTO

a,x, +a2x2+...+akXk=0. B npoTWBHOM  CAyyae  BeKTOPbl

X{X2,...,XK Ha3blBAKOTCA NMHEAHO HE3aBUCUMbBIMY).

4. OnpegeneHue AByX NeprneHANKynapHbIX BekTopoB 13 R3 ([Ba BekTopa

a n b un3 7?3 nepneHAMKyNAPHbLI, €CIM UX CKaNApHOE NpoM3BedeHue
PaBHO HyN0).

5. Mpeaena 4ncnoBoil mocnefoBaTenbHOCTU (MocnegoBaTenbHOCTL
} HasbiBaeTcs CXOAALENACA K YACAY X, €CAW CyLeCcTBYeT Takoe Yncio

7%, yTo Ans no6oro e >0 Haigetcs Takoit Homep N = A”(e), uTo npwn
Bcex N>N wunmeeT mecTto HepaBeHCTBO [X((-X|<£. X HasbiBaeTcs

npegenom nocnegosatensHoctn {xn}.)

6. CTporo MOHOTOHHOI nocnegosatensHocTh. (MocnegosatensHocTs {xfl}
Ha3sblBaeTcs Bo3pacTalmLen (y6biBatowLeit), ecnm npu
n=1.2,. Xml>Xn (x(l <xn). Bospactatowme u y6biBatol e no-
CNef0BaTe/IbHOCTY Ha3biBAOTCA CTPOTO MOHOTOHHbLIMN.)

7. dyHaameHTanbHOW nocnegosatensHocTn {x,}. (MocnegoBaTenbHOCTb
{n'n} HasbiBaeTcs (hyHAAMEHTANbHON, ecnm gns no6oro e >0 Hagercs
Takoii Homep N = A”(e), uto npu scex N, 1> N(e) BbinonHsercs Hepa-
BEHCTBO jX,, —X | <e.)

8. Mepuopguyeckoit dyHkymmn. (PyHkums /(n) HasbiBaeTca Nepuofnye-
CKOW, ecan cyuyecteyet Takoe uyucno T @0, uto npu no6om X M3 06-
nacTu onpepeneHns yHkuMu yucna X —I u x + T Takxke npuHagne-
XaT 3ToW 06nacTu v BbIMOAHAETCA ycnosue / (Xx+7')= /(*)e)

9. MOHOTOHHO BO3pacTatoLeii yHKUuN. (PyHKLUNA / (X) HasbiBaeTcas MO-
HOTOHHO BO3pacTaloleii, ecnn u3 HepaseHcTea X{ <X2iX],x2S M

cnegyet, uto / (*,)</(*2)0
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10. Npegena dyHkuum F{X) npn X — +<> (Uncno N Hasbisaetcs Npeje-
nom yHkumn f{X) npu X —>+°°, ecnn ana nwo6oro 8>0 Hangercs
N(e)> 0, uto npu Bcex xe M , ygosnetsopatowiux ycnosmio X >N,

sbinonHaerca Hepasenctso \f{x)- A<e.)

3.9.2. CchopmynupoBaTb Ha A3blKe NOTUKU MPeAMKaTOB Chefytolie TeopeMbl U3
MaTeMaTU4ecKoro aHanu3sa:

1. MpwusHak Nei6Huya. (NMycTb >n,*% >0 n Mwx@=0. Torga 3Hako-
yepegytowmiica pag ~ (-1)" HXn cxogurea.)

2. Teopemy BeliepwTpacca* (HenpepbigHas Ha oTtpeske \a,b\ dyHkums

/ (*) orpaHmyeHa Ha 3TOM OTpe3ke.).

3. Teopemy Ponng**. (MycTb (yHkuus fiX) HenpepbiBHa Ha oTpeske
[9,b], audepeHympyema Ha uHtepsane (a,b) u fib), Torga
HalpeTcs xoTs 6bl ogHa Touka CE (ia,b) Takas, uto /7 /(c)= 0.)

4. Teopemy O cpeAHeM Ans onpegeneHHoro uHterpana. (MycTb yHKUUA
/ M HenpepbiBHa Ha oTpeske \a,b\. Torga cywiectsyer Takas Touka

b
cE [a,b], uto jf(x)dx =f{c)(b-a).)

5. Kputepuii Kown*” ans nocnegosatensHocTeld. (fns Toro 4tobsl nocne-
gosarensHocTb {X, } 6bina cxoadueiics, HEO6X0AMMO U 4OCTATOUHO, YTOGbI
OHa 6blna hyHAaMeHTaNnbHOM.)

3.9.3. [loka3aTb HeCnpaseAnMBOCTb YTBEPXKAEHWIA:

1. Ecnm dyHkums f{X) wnHTerpupyema Ha oTpeske [a,b\, To oHa moHO-
TOHHa Ha 3TOM OTpe3ke.

2. Ecnu gudpdpeperuympyemas dyHkums f(X) umeer B Touke x0 BTOpytO
NpPon3BOAHYI0, paBHyto Hynwo (/;/(x0)= O), TO Touka X0 — TOuKa 3Kc-
TpeMyma yHKLumMN.

* Kapn BeiicpwTpacc (1815-1897) — HemeL KU maTeMaTuk

** Muwens Ponnb (1652-1715) — paHLy3CcKnii MaTemaTuk.
*** ABFYyCTUH /lyn Kown (1789-1857) — chpaHuy3ckuii matemaTuk
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6.

Ecnu dyrkums fix') orpaHuueHa Ha oTpeske M ], TO OHa MHTerpu-

pyema (No PuMaHy*) Ha 3TOM OTpes3ke.

Ecnn cpyrkums fix) auddepeHympyema B Touke a0, TO OHa MMeeT B

3TOV TOYKE NOKaNbHbI IKCTPEMYM.
Ecnm cpyrkuma fiX) npepctasuma pagom Telinopa Ha otpeske [n,£3],
TO 3TOT pag cxoguTtes k fiX) Bo BCex Toukax aTOro oTpeska.

Ecnn chopmyna normkn npefnkaTos BbIMOAHMMA, TO OHA 06LLe3HaYNMa.

3.9.4. Vicnonb3ys NPUBEAEHHYIO OCHOBHYIO Teopemy, chopMynmpoBaTtb K Heil 06-
paTHYyto, MPOTMBOMONOXHYIO 1 06paTHYlO K NPOTUBOMONOXHOK Teopeme, 1
NPOBEPUTH UX UCTUHHOCTb, MPUBEAA HEOGXOANMbIE MPUMEPbI.

1

Ecnn B YeTblpexyroabHUKe AUAroHann B3aWMHO MePMeHANKYNspHbI, TO
3TOT YeTbIPEXYTONbHUK — POM6.

Mycts dyHkymns f{X) HenpepsisHa Ha oTpeske \a,b\ u Ha koHUax 3Toro
0Tpe3sKa MPUHMMAET 3HaYeHWUs PasHbIX 3HaKOB. Torga Mexagy Toukamm a
n b Haligetca no kpaiiHeli Mepe opHa Touka ce(a,6), B KOTOpOW

dyHKUMA ob6pawaetcs B Hynb: /(c) =0.

Ecnn dyrkuums fix) audpdeperumpyema B HekoTopoii Touke X0, To oHa

B 3TOl TOYKE HemnpepbiBHa.

Ecnn gudbbepeHympyemas yHkuma 7 (x) umeeT B Touke 40 MakCUMyMm

U MUHUMYM, TO ee MPOU3BOAHAA 06paLyaeTcs B Hylb B 3TOM TOYKe.

Ecnun yncnosoit pag CXOAMTCA, TO ero M -ii uneH CTPEMUTCA K HYy-

o Mpn M— 4-00 .

. JononHUTbL cnegytone NPeanoXeHUs cNoBaMu “Heo6XOAMMO W focTaTou-

HO", "Heo6X0AMMO WM HeAOCTaTOYHO", “AOCTAaTOYHO, HO He Heo6xoaumo"
UM "He Heo6XO4MMO U HefOCTaTOYHO", CHOPMYNMPOBAB HEOBXOAUMbIE U
[40CTaTOYHbIE YCNOBMSA.

1

Ans TOro 4to6bl ABa TPeyroabHWUKa GblNN PaBHbI,..., 4TOOLI BCE YrNbl
OAHOTO TPeyroNbHMKa 6biN PaBHbl COOTBETCTBYIOLL UM yraam Apyroro.

BepHrapg Puman (1826-1866) — HeMmeLKuil MaTeMaTuK.
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[ns TOro 4to6bl BCE CTOPOHbI MHOFOYrONbHWKA GbIAN PaBHbI,..., YTOGLI
3TOT MHOTOYrONbHWK GbIN NPaBUbHbLIM.

Ons Toro 4to6bl ABa BeKTOpa B R2 GbinN NMHEAHO 3aBUCUMBI,..., YTOGbI
OHM GbIAN KONNUHEAPHBI.

Ons Toro  u4to6bl  dyHKums v —cwy +C2y2+ +Cnyn> rfe
C1,C2,...,Cn — npon3BoNbHbIE MOCTOSHHbIE, 6biNa OBLWUM PEeLIEHNEM
anddhepeHLManbHOro  ypaBHeHUA + +..+anyn=0,...,
uTo6bl pyHKUMKM Y\, Y21->YT16biA1 TMHEAHO HE3aBUCUMBIMW PeLlEeHNS-
MW 3TOTO ypaBHEeHMUS.

Ana Toro uto6bl yHKuMN F,(X) 1 /s(x) 6biin AByMA NepBoo6pasHbl-

Mu oT dyHkuum f(X) Ha oTpeske uT06bl PA3HOCTb MEXAY
HUMM 6bia PaBHa NOCTOAHHOMY YMCHY.



haBa 4

NcuucneHune npeankaTtoB

4.1. CNHTaKcucC A3blika
UCUYUCNIEHNA NpefnKaToB

Wcuncnenne BbiCKasbiBaHUl —e O4eHb y3kas noruyeckas cuctema. EcTb Takue
TUMbI NOTUYECKUX PACCYXAEHWUI, KOTOPbIE He MOTYT GblTb OCYLLECTBNEHbI B pam-
Kax WCYMCNEHUs BbiCKa3biBaHWI, Hanpumep, "NPOCTOe YMCNO fBa— YETHOE, Cre-
[0BaTe/IbHO, CYLLEeCTBYIOT MPOCTbie YeTHbIe Yncna". KOppekTHOCTb 3TOr0 yMO3aK-
NIOYEHUS OCHOBAHA Ha BHYTPEHHEW CTPYKType caMoro NpejnoXeHns 1 Ha cMbicne
cnosa “"cyujectsyet”. [03TOMy BO3HMKaeT NOTPEGHOCTb PacLUWpPEHUA UCUNCNEHMNA
nyTem BBEAEHWA B HEro JOMONHMWTENbHbIX MOHATWIA W CUMBONOB. [ONONHUTENb-
HbIMU MOHATUSMM ABASIOTCA MPeAUKaThl, @ CUMBONAMU — CUMBO/bI KBAHTOPOB.

[Ona Toro 4toGbl hOPManbHO OMMcaTh A3bIK WCUUCNEHUS MPEeANKATOB KakK A3blK
¢opmanbHoii Teopuu, HEOBXOAMMO 3aAaTb MHOXECTBO ero CUMBOMOB W Npasuna
NocTpoeHUs hOpMyN A3bIKa, T. €. CUHTAKCHKC.

B al'IChaBMT UCYUCNEHNA NPEeANKATOB BXOAAT:
O CcTpO4HbIe naTuHCKue 6yKBbI c nHaekcamu n 6e3 HUX

a,b, ¢,...x,y, z,.M\ — MpeAMeTHbIe MepPeMeHHbIe;

O MponucHble naTuHckue GYKBbI €  MHAEKCAMM  BHU3Y UM Ge3  HUX
O 4., 4 ,J2,... — nepeMeHHble BbICKA3biBAHMUS;

O nponucHble natuHckne Gyksbl ¢ nHAekcamu seepxy Fp,Gr,...,SP, TP nam
Xe cuMBO/bI ¢ nHaekcamn sHusy Fp, Fp,Gp,Gj — nepemeHHble
npeanKaTbl OT P MepeMeHHbIX;

O CMMBOAbI NOTUYECKNX OMepaunii a,v,—> ;

O ckobku u3anatble (,),,;

00 CUMMBOJbI KBAaHTOPOB V, 3.
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Tak Xe Kak B UCUMCNEHNUN BbICKA3blBAHWIA, B UCHNCIIEHUN MPEANKATOB OMpejens-
eTca opmyna u nogdopmyna. ®opmMynoit cumTaloTCA Crnefyroline nocnegosa-
TeNbHOCTW CUMBONOB andhaBuTa:

O KaxJjoe MepemMeHHOe BbiCKa3blBaHUE;
0 Fp{axa2,...,ap) — cdopmyna, ecnu F p — cuMBON nepemMeHHOro npeaukara,

a —CWUMBO/Ibl NPEAMETHbLIX MEPEMEHHbIX;

O ecnu A — dhopmyna, cogepxauias nepemeHHylo X, 1o cnosa VXA n 3xA
Takxe popmynbl, npuuem nepemeHHas X 8 VXA 1 3XA Ha3biBaeTCA CBA3AH-
HOW;

O ecnu An B dopmynsl, o An B, Av B, A—B, A Toxe chopmynbl.

Mpumepsl hopmyn:

1. 3XF* (-*)—=>VyG2(y, z). 310 dopmyna, T. k.G2(y,z)— npeameTHbIii npe-
AvKaT, cofepxalinii ase cBO6OAHbIE MepPeMEHHbIe, T. e. aeMeHTapHaa opmy-
na, VyG2(y, z) — Takxe opmyna, COAepxalyas CBOGOAHYIO NepemMeHHyo Z
M NepeMeHHyl Y , CBf3aHHYl KBaHTOpPOM Bceo6uHOCTU. B hopmynax
FI{x) 1 G2(y, z) HeT nepemMeHHbIX, CBA3aHHbLIX B O4HOI POPMYyNe W CBOGOA-
HbIX B 4PYTOiA.

2. (x)a3yG 2(x,y) — He hopmyna, T. k. B F 1(x) nepemeHHas X cBs3aHa,
a G2(x,y) cso6ogHa.

Moachopmynoit anemenTapHoii dhopmynsl A siBnsetcs, Bo-nepsbix, oHa cama. Ecnm

VXA nnn 3XA—mopmynsl, To A — nogdopmyna, 1 Bcskas ee 4acTb— MOA-

opmyna. Ecnu A* B dopmyna, rge * = {a,v,— J, To ee nogdopmynamm ss-

naoTcs AU B 1 Bce ux nogcopmynsl.

BeoauTcA noHATMe o6nactu pAeiicTBMA KBaHTopa. MycTb dopmyna umeeT BuUpj

VXA nnn 3XA. Torga o6nactbio feiicTBus kBaHTOpa VX (COOTBETCTBEHHO 3X)

HasbiBaeTcs popmyna A. Mpu 3TOM He0GXOAMMO, UTO6bI BbINMOMHAANCL CNEAYHO-

Lne ycnoBus:

1. B chopmyne cBOGOAHbIE W CBSA3aHHble MepeMeHHble 0603HA4alOTCA PasHbIMU
6ykBamu.

2. Ecnu kakoli-nn6o KBaHTOP HaxoAuTcs B 061acTW [eiicTBMA APYroro KBaHTO-

pa, TO MepeMeHHble, CBA3aHHbIE 3TUMKU KBaHTOpamu, o0603HavatoTCa ((@a3HbiMU
6ykBamu.
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HapylweHue aTUX ABYX YCNOBWIi B MCUMCNEHUM MPEAUKATOB HasbiBaeTcsi KOMMN3N-
e/l NepemMeHHbIX. Hampumep, BbipaxeHue 3XG(X, y)) He sBnsetcs
(hopMYNON, T. K. He YR0BNETBOPSET BTOPOMY YCI0BUIO.

Teopema 4.1. Ecnn B dpopmyne A M3MeHUTb 0603HaYeHUA Kak CBOOOAHbIX,
TaK W CBA3aHHbIX MEpPeMeHHbIX, MeHAs GYKBY Ha Apyryio BClLOAY, rAe OHa
[AaoAMT, Tak, 4ToGbl NPU 3TOM yAO0BNETBOPANNCL NepBOe H BTOPOE YCA0BMUA,
TO No/nyYyeHHOe TakuM 06pa3oM HOBOE BbipaxeHue 6yaeT hopmynoi.

4.2. AKCNOMBI
M OCHOBHbIE npaBuna BbiBOa

AKCUOMbI BXOAAT B KOHEYHOE YMCNO HEKOTOPbIX 3afaHHbIX QOPMYN, KOTOpPbIE 3a-
paHee CUMTAlOTCA BbIBOAUMbIMU. AKCUOMbI AeNATCA Ha NATb FPynn, npuyem nep-
Bble YeTblpe rpynnbl NPeACTaBNAOT cO6O He YTO MHOE, KaK aKCUOMbI UCUUCNEHUS
.BbICKa3blBaHWA.

. 1. A->(B-»A);
2. (A4 -»(B-»C))-»((A-»B)-»(A-»C));
M 3. AnB—A;
4. AnB —> B;
5 (1-48)-» (A—>C)-» (A—BnC));
. 6 A—=Av B;
7. B~">Av B,
8. (A->C)->((B->C)->(Av B->C)); (4.2.1)
9. (1 -»A)-»(B-»N);
VI, 10. A-*~A\

n. A\
V. 12, \/xF(x)—=F(y)\
13. F(y)—BxF(x).

PaccmMoTpuUM Temepb HECKONbKO MpaBu/i 06pa3oBaHWs BbIBOAUMbIX (hopmyn. 3ame-
TUM, Y4TO CEKBEHL MU B NCUYMCNEHUM MPESUKATOB OMPefenstoTCA Tak Xe, Kak B nUC-
UMCNEHNU BbICKa3blBaHWIA.
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1. Mpasuno 3aknioyeHns {npocToro 3aknoyeHns). OHo Takoe xe, kKak B ucuuche-
HWW BbICKa3blBaHUI, TONbKO 06beM HOPMyn, K KOTOPbIM MPUMEHAeTCA 3TO
npasnno, LWupe.

[-A:]-A—B
pB

2. [MpaBuno NOACTAHOBKA. B MCUMCNEHMM BbICKa3biBaHUI 3aMeHANNCH TOMbKO
nepeMeHHble BblCKa3blBaHWUA B BbIBOAMMON chopmyne Ha nobyio dopmyny.
B uMcuMCNeHNM MpepuKaTOB MOXHO 3aMeHATb MepeMeHHble BbliCKasbiBaHUS W
nepeMeHHble NpefuKaTbl. ITO TPeGYeT yyeTa HEKOTOPbIX AOMOMHUTE/bHBIX yC-
NOBWIA, 4TOGLI B pe3ynbTaTe MOACTaHOBKM monyyunach hopmyna nc4mcneHms
npejuKaToB.

a) 3ameHa NepeMeHHOr0 BbickasblBaHua. Mycts dpopmyna JI{B) cogepxut ne-
pemMeHHOe BbicKasbiBaHue B . Torga moxHo 3ameHuTs B no6oii dopmy-
noii G, yaoBneTBOPAIO L CNEAYIOLLUM YCNOBUAM:

e cB06OAHbIE MepemeHHble B G 0603HaueHbl 6yKBaMW, OTAWYHLIMKU OT
CBA3aHHbIX MepemMeHHbIX B A, 1 CBA3aHHbIe nepemeHHble B G — 6yk-
BaMU, OT/INYHBIMI OT CBOGOAHbIX MepeMeHHbIX B A;

e ecnn B B A HaxoguTcs B 06/1aCTM 4eCTBMS KBAHTOPA, 0603HAYEHHOTO
Kakoii-To 6ykBoii, To 3Ta 6ykBa He BxoanT B G . Torga

1(48)) |-a(@).

B

m Mpumep 1. MNycte A{B)=VxVy(Cv \fzH(z,x)n (c v f(X,;?))). 3aecb
C Henb3q 3aMeHMTb, Hanpumep, dopmynoii \/n:C(g) umm IXp{X), T. K. He
6yfeT cobntofaTbCa BTOPOE YCNOBUE KONMU3UM MepeMeHHbIX. 3amMmeHa xe
BbickasbiBaHus C dpopmynoit \/z\/t(Ca H(z,t)v La F(z,t)) sosmoxHa,
T. K. 06a ycnosna GYAYT BbIMONHEHbI. B pesynbTaTe Monyynm BbipaxeHue,
ABNAto LW eecs hopmynoi

VxVy(VzVF(C n H(z,t)v La F(z,t))v \fzH(z,x)A

A VZMH(CA H(z, t)V LA F(z,t))v F(X,y)).

2

3ameHa nepemeHHOro npegukaTa. Mycts dopmyna A(F) copepxut nepe-
MeHHbI npegukat F 0T N nepemeHHbIX M MycTb wMeeTca opmyna
G(t],t2,...,tll), copepxawias N cBOGOAHBIX MEPEMEHHbIX = cu
cB060AHbIE MepemeHHbie B G 0603HaueHbl 6yKkBaMW, OTAUYHBLIMKA OT CBA-
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3aHHbIX NepemMeHHbIX B F, T. e. BbINONHAGTCA MepBOe NPaBU/O 3aMeHbl Mne-
pemeHHbIX 1 cnegytoliee npasuno: ecnn F B A HaxoguTes B o6nactu
AeCTBMA KBAHTOPA, CBA3LIBAIOLLETO Kakylo-1n6o 6ykBy, To 3Ta GykBa He
BxoguT B G ; Torja Bo3amoXHa nopctaHoBka dpopmynsl F B A BMecTo
npegukata F .

Mpu NOACTAHOBKE HYXHO CNefuTb (yKasbiBaTb), KakoW W3 MepeMeHHbIX
tl,t2,...,th 8 G cootsetcTByet kaxgoe nyctoe mecto 8 F(...). Hanpumep,

nycte A= y)v F(x,r)). Tpebyercsa samenuts F chopmynoit
ViBv{h{ulx v H(v, t2)). 3aecb BbINONHEHO NepBOe U TPeTbe YCIOBME, Clie-
[0BaTeNbHO, MOACTAHOBKA BO3MOXHA. Jlyulue OTAENbHO BbINMCATL, YEMY PaBHO
F 8 kaxgom mecte cpopmynsl A, 1 BO3BPaTUTL CTapble mepemeHHble. Torga
F(x, y) =Vi3v(IT(it, x)v #(v,>0) un \/u3v(h(h,x)v H(v, r)),
opmyna A 6yseT umeTb BUS
A =3x3;y3z(\/*v3v(#(w, x)v H(v,y))v Vi/3v(#(m, v)v IT(v, r))).

Ecnun xe nepsoe v TpeTbe YCNOBUSA He BbIMONHAOTCA, TO MOTYT MOAYYNTHCA
BbIPAXEHUA,  He  sBAflowiMecs  popmynamu.  Hanpumep,  nycTb
A= Bv V/XF{X) «n Heob6xogumo noactasuts £Y(n) Bmecto B. Monyunt-
cs soipaxerne U{X)V VXF(X), koTopoe He sBnseTca opmynoii, T. K. Ha-
pyweHo nepsoe ycnosue. AHanornuHo, nycte A—YX(B — F(X)) n Hago
noactasnts sMecto B \/xU(X). Monyuum \X(\fXL/Z(X)-" F(X)). 370 He

cbopMyna ncumcneHma nNpeauvkaTtos, n6o npn noACTaHOBKE HapyweHo
TpeTbe ycnosue.

Onepauns NOACTAHOBKM MepeMeHHOro npegnkata B 06LieM cnyvae Bbipa-

n
KAETCA CNefylolwum o6pasom: 3’(,0)\) 3T0 NpaBUNO MOXHO BbIPa3nTh
f(.)
Tak. Ecnu chopmyna A CORepXUT nepeMeHHblii npegukat F, To nogceta-
HOBKa npumeHsercs, ecnu ang dopmyn G(t],t2)...,tn) n A seinonnsoTca
nepsoe U TPeTbe YCN0BUS W, KPOME TOTO, CNeaytollee: OTMeUeHHble nepe-
MeHHble He JOMKHbI BXOAMTL B chopmyny A. Mpu aTom cnpa-
BEANMBLI Cieaytowne hopmynb:
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}(3xA (*)) ecTb 3XJ (n(x))
B B

i)

| (3*A(x)) ectb 3X  }(a(n))

F(...) FQ

8) 3aMeHa cBO6OAHO NpegMeTHON nepeMeHHOR. MycTe hopmyna A asnsetcs
BbIBOAUMOW hOpMYy/oii B MCUMCNEHUN NPeAnKaToB, a hopmyna A nonyye-
Ha 13 A 3ameHoii N060A CBOGOAHON NpeAMeTHOW MepeMeHHON Apyroii
cBOGO/AHOI NpeAMeTHO NepeMeHHO Tak, 4TO 3aMeHAeMasn nepemMeHHas 3a-
MeHSeTCA OJMHAaKOBbIM 06pasoM BClOAY, FAe OHa BxoauT B A, Torja A
ABNAETCA BbIBOAWMOI (HOPMYNoil B McYMCNeHUW NpesukaToB. Hampumep,
WV f (x)* G(y))a(P(y)-4 3xG(x)). 3ameHum y Ha Z, noayuum

\fX(F(X)—>G(z))a (f(z)—» 3xG (x)). 3aeCb HeNb3A 3aMEHUTL MepemMeH-
HYIO Y MepeMeHHOM X, T. K. CBOGOAHAA MepemMeHHas 4O/KHA 3aMEHATLCA
TONbKO CBOGOAHOW NepeMeHHOIA.

-

MpaBuno nepeuMeHOBAHNA CBA3AHHBIX MPEAMETHBLIX MepeMeHHbIX. Ecam |—A

B MCUMCNIEHWN NpeAuKaToB, To AL, nonyyeHHas 3ameHoi B A CcBA3aHHbIX Mne-
PEMEeHHbIX APYTUMU CBA3AHHBIMU MepeMeHHbIMU, OTIUYHBIMW OT BCeX cBO6GOA-
HbIX MepeMeHHbIX hopMynbl A, Takxe BbIBOAMMA B UCUYUC/IEHUN MPeANKATOB.
Mpyn 3TOM 3amMeHsiemMas CBA3aHHas nepemeHHas B popmyne A foMKHA 3ame-
HATbLCA OfMHAKOBbLIM 06pa3oM BCIOZAY B 06nacTu feiiCTBMA KBaHTOpa, CBA3bI-
BalOLLEro faHHYl0 MepemMeHHyl, M B caMOM KBaHTope. Hanpumep, ecnn
VXG (X), TO BOMOXHbI CNefytoLue BapuaHTbl NepermMeH0OBaHMUA:
3yF(y)-> VzG(z) wwm 3xF(x)*> VzG(z) WN3YF (y)— VXG(X).
MpuBegem Tenepb f4Ba NpaBna CBA3bIBAHUA KBAHTOPOM:
1. Ecnm G — A(X) — BbiBOAMMas hopmyna B ucumcneHun npegukatos u G He
COAEPXUT nepemMeHHoii X, To popmyna G \/;>CA(D) ToxXe BbIBOAMMA B WC-
\-G" A (x)
YNCNEHNU NPEAUKATOB, T. €. H -ommmemoeeeaee .
|-G -» VUXA(X)
2. Ecu A{x)— G — sbiBognMas qpopmysa B ucumcneHmn npegukatos u G He
COAEPXUT nepeMeHHOW X, To dopmyna 38A(4:)—G ToXe BbIBOAMMA B MUC-

FA(X)->G
YnucneHMn Npegnkatos, T. e.
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Allpyrve npasmna BbIBOJA PacCMOTPUM MO Mepe HeobxoaumocTu. WX, kak u B nc-
UMCNEHUW BbICKa3bIBAHUIA, JOBONLHO MHOTO.

4.3. NMpou3soaHble nNpasuna BbIBOLA
B UCUNCNEHUN NpegnKaTos

MNycts G,F,® — npoussonbHele dopmynbl, I,IM,, 72,73 — KOHeuHble mocrne-
[0BaTeNbHOCTU hOpMyS, BO3MOXHO nycTbie, a G(t) nonyuaerca us (/(n*) 3ame-
HOI BCex CBOGOAHBIX BXOXAEHNA X Ha /, T4 — KOHe4YHas MocnejoBaTeNbHOCTb

copmyn, He cofepxalias N cBOGOAHO. Torga B UCUMCNEHNU MPEANKATOB BePHbI
cnepytoLie NpasKaa BbIBOAA!

rbG;r2-F

-NpaBnuNo BBEAEHUA KOHBIOHKLMUK.
r,r2i-Gnr

r-cnF
ry-G

N—GakF
ry-F

-Npasnno ygjaneHna KOHbHOUKLUN.

r|- G
r-G vr
r'- F
U-GvF

— MPaBWNO BBEAEHNA AN3BIOHKLNM.

r]-GvF;r2C|-¢o;r2~|-o

- MPaBWIO yaaneHus An3bOHKLUN.
r|>r2,ry|-o

r,G|-F

npasnno BBEAEHWUA UMNANKALUW. (4.3.1)
r|-G —F
r|-6 —F;r21-G

- MPaBW/O YAaNneHUs UMMNAUKALNK.
r,,r2|-F

r,Gl-

- NpaBn/Io BBEAEHUS OTPULAHNA.
r-G

7 3ak. 4306
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r,G\-
g - npaBuIo yaaneHnsa oTpulaHus.
r|-G
r,]-G;r2|-G
JR— npasuIo CBefleHUss K MPOTUBOPEUNIO.
1*21
ri-
10. —— — TMpaBuWJ/IO0 YTOHYEHUA.
r-G
11. —€ — npaBuno pacwimpeHns.
TVG,F, rz|-¢
12. p ~ ~ p | — npaBuno nepecTaHOBKMW.
" rlyG,G, r2xe
. | npasuno CoKpalleHuns.
r,,G ,r2]-o0
T4l -C(*)
14, — pmmeemeees [-r — MpaBuO BBEAEHNA KBAHTOPa BCEOOLHOCTU.
r4]- \/xG{x)
|- \V/xG(X)
15.  a— Vemomeee npaBwno yaneHnsa KBaHTOpa BCEOOLHOCTU.
ri-6l)

r1- G(t)
NaxG(x)

— NpaBuo BBEAEHWS KBaHTOpA CyL eCTBOBAHMSA.

1/ —mmme -7 0 npaBnNo yaaneHna KeaHTopa CyL{eCTBOBaHMUSA.
r4,3xu\xj|-H

4.4. HeKkoTOpble TeopeMbl
ncyucneHusa npegmkaros

Tak Kak Bce (DOPMyNbl, BbIBOAUMbIE B WCYUCNEHWU BbICKa3blBAHUIA, ABNAOTCA
TakXe BbIBOAWMbLIMU B MCUMCNEHUW MPeAUKATOB, TO, COBepLIas MOACTAHOBKM B
BbIBOANMbIE (DOPMY/bl UCUMCNEHNS BbICKa3blBAHUIA, MOXHO MONYYUTb HOBbIE Bbl-/
BOAMMbIe (HOPMYy/bl MCUMCNEHUS NpeankaTos. OGHapYXWTb BbIBOAUMOCTb (hop-
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MYnbl B UCYMCNEHUN BbiCKa3biBaHW He npepcTaBnseT oco6oro Tpyaa. [ns ato-
ro HeT HeOGXOAMMOCTU MPOBOANTL ee (POPMaNbHbLIF BbIBOA, AOCTATOYHO YyCTa-
HOBWTb, 4TO (hOPMyna ABNAETCA TOXAECTBEHHO WCTUHHOW B CMbicne anre6psbl
BbICKa3blBAHWIA.

Hanpumep, Lava F(\Av A= —F (x)v F(x) MoXHO B3Tb U 60ee
A

anvuHyo gopmyny =1~* (BnC —B)n A=1,Torga
3XF{X)yyH(y)
1*(/) =1 A—(BxF(x)a Vyf/(y)—=3xF(x))n A
B,C
Bce Npou3BOAHbIE MPABNNA, BbIBEAEHHbIE 4N WCUMCNEHUA BbICKa3biBaHWiA, ocTa-

I0TCA B CMNe B UCYUCNEHUM MpeaunKaToB, Hanpumep npasunio CNOXHOW nogcTa-
HOBKW W CNIOXHOTO 3aKNKOYeHUd, NpaBnuio cunaornima n ap.

BbiBegeM  mocnefHee YNOMsHyToe MpaBuno0 —  MNPaBUNO  CUNNOrM3Ma

......... +—---—--. B wucuyucneHun npegukaToB 3TO MNPaBMIO BbIBOAUTCA

n3 pgokasyemoii popmynsl  {A—>B)-~* {{B—C) —=(A—>C)). TMockonbky
Npasua0  MOACTAHOBKM B  WCYNCNEHMM  NPEANKaToOB  MMeeT  MecTo, TO
\-(G—F )— ((F =£>)— (G —£))). Konnnanu nepemeHHbIX 346Cb He MOXeT
BOSHWKHYTb, T. K. WHaye MMena Gbl MECTO KOANU3UA B KAKOM-HWUBYAL W3 hopmyn
G,F wwm D nu6o mexay nepemMeHHbIMU KakOW-HWGYAb Napbl 3TUX DOpPMYN.
Opanako Kaxpgas napa npegcrasnset VMIANKAL IO
G—F,F »D uan G D, noaTomy konnm3us umena 6sl MECTO MO KpaiiHei
Mepe B OJHOIA M3 3TUX Nap, Yero no MpPeanonoXeHUo HeT, T. K. BCe 3TU napsl BXO-
AAT B NPaBMO0 CUNNOTU3MA.

Torpa no npasusy CAOXHOTO 3aKN0YeHNA
-4 f)-» ({F-4 £5)-> (G -> D))
|-G—=D !

BbiBedeM elie OAWO MPOW3BOAHOE MPaBWU/IO BbIBOAA WCHUUCIEHWS MPeANKaToB —

NPaBMNO CBA3bIBAHUA KBAHTOPOM j—H M n,

MycTb gaHo |G (x). B ncumcneHun npesukatos BbiBoguma copmyna A—>B.
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G(x)
Torga npumenum nogeraHoeky | (JT—B) =|- A-4 G (x). Ocranocs BoCnonb-
B
30BaThCA nepsbiM  OCHOBHbIM npasuaOM  CBA3bIBAHMS KBAHTOPOM
|-G — N(x I- A—=G(x)
S T, rae G He cOfepXMWT nepemeHHOl X. UTaK, [-i-----eeooeeee T-T
|-G -4 VjkA (x) y T A-> VxG(X)

MOXHO MpeanonoXnTb, 4To A He BXOANT B G(X), v.«. €e BCErja MOXHO TaK
BbIGpaTh.

[Nanee, nycTb o — npon3BobHas BbIBOAMMAA  opmyna.  Torga
®

J (A -4 VXG(X))=]-® -» VXG(X). HakoHew, no npasuay npocToro 3akaroye-
A

HUS S .

|- VxG(XS

m [Mpumep 1. [loka3aTb BbIBOAUMOCTb opmynbl

Bocnons3yemca nepsoi akcuomoii A—=>(B—>A) .« cpenaem B Hell cne-
/ullHy)
aytowyto nogeraHosky  J(A -> (B -4 A))=\-F{x)-"{G{y) "F{x)).
AB
Mo TONAbKO 4TO AOKAa3aHHOMY MPaBUNYy CBA3bIBAHMS KBAHTOPOM MMeeM
Vic(-F(x) (G (M)~ /r(n;))). MprmeHss ewe pa3 3T0 Xe MpaBuno, nony-
yaem |-

OnpegeneHne OTHOCUTENbHO BbIBOAA U3 COBOKYMHOCTU (hOPMYN aHanoruy-
HO OMpefeneHnAM UCHUCNEHUS BblCKa3blBAHUA.
BbIBOZOM B McuMCneHWM NpPeSMKAaTOB Ha3biBAeTCA KOHEYHAs MOCnefoBaTeNb-
Hocts thopmyn G[,G2,...,Gii Takas, uto gns kaxgoro / (L<i<n) Gt ects
nn6o akcmoma, NM6O HENOCPEACTBEHHOE CNEACTBUE OAHON UAW ABYX Npefdbl-
Ay nx hopmys.
ONs McUMCNeHUs NpefuKaToB CrpaBefnuBbl Te Xe NOrnyeckue 3akOHbl U
npasuna, KOTopbie 6GbIAM [OKa3aHbl PaHEe B WCYUCIEHWM BbiCKa3blBAHUIA.
PaccMoTpUM HEKOTOpbIE N3 HIX.
. rCl-A
Teopema flefyKumnun. B ncuncneHnn BbliCKasbiBaHN —; ---. B ucumncnenmmn
M-c-~A

NpeanKaToB 3Ta Teopema umeeT Ty xe copmy: ecnm dopmyna G BbiBOAUMA U3
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copmynel F , To chopmyna F G BbiBOAWMA B UCUMCNEHWM MpPeANKaTOB, T. €.
F\-G
T s . Mpu atom npegnonaraetcs, uto G u F Takosbl, uto F — G sBna-
—=G
etca popmynoii, T. e. Mexay G n F He BO3HUMKAeT KONAN3NN NeEPEMEHHBIX.
* Mpumep 2. VXF(X)-~* 3xF(x). Bocnonb3yemca ABYMS MOCNEAHUMU

akcuomamn VxF(a:)-> F(y) n F(_y)— 3xF(X) ncuncneHus npegukaros
\-A"B;\-B"C
M MPUMEHVM K HUM MPaBU/IO CUIOTU3MA ------- Jrmmmmmmmmm e . Nonyunm
-A C
I - F(y)"\-F(y)->3xF(x)

|- VXF(X) -4 3aF (a)

Mpumep 3. Va,VjF(y, >)<» VY\/XF(X, y). Bocnonbayemcs onstb Ase-
Hapuatoii akcuomoii VaF(a')-> F(y). MpumeHss ee nepeblii pa3 kK nepe-
MeHHOW X B kBaHTope F(X,Yy), monyuyaem Vxf(X,y)—F{u,y)-, nocne
BTOPOro npuUMeHeHuns K nepemeHHOIA y 6yaem MeTb

YXYyF(x,y ) F{u,v). WNcnonb3yem Tenepb nepsoe NpaBuO CBA3bIBA-

HUs KBAHTOPOM  ----------m- [ Hanpumep ansa dopmynbl
G —=YxA(x)

A(Y)=Vx4yF(x,y)—* F(ii,v). Torga nonyuum BbIBOAUMYIO (HOPMY/y
VxVj>F(x, }»—=VVvF(m, v). MpuMeHunB 3T0 Xe NpaBuio ewe pas, npu-
aem k popmyne |"yX\fyF(X,y)™ VvVmF(m,v). Caenaem Tenepb 3ameHy
CBA3aHHbLIX nepeMeHHbIx, nonyunm |- VXMyF(X, ¥ ) -» VYVXF(X,y).
To4YHO TakMMm e 06pa3soM MOXHO foOKa3aTb W o6paTHOe cnejoBaHue
1- VYVXF(X,y) =V xVyf(x,y). Ans 4oKasaTenbCTBa UCXOAHOI (hopMy-
I-GiI-F
Nbl OCTanocCb NPMMEHUTbL Npasnn0 BBeAEHUA KOHBHOHKUUN ‘j:—;——'g-. To-
- VXAyF(X, y) - MyMXF{X, y) |-\/AVxF(x,y ) — \/X\/YF(X,y)
il \-VxVyp(x, WY\V/XF(X, y)
m Mpumep 4. |- 3XVYF(X, y) —Vy3XF(X, y). Bocnonbayemcs onste ABeHa-

ALATOl aKCUOMOM W NMPUMEHWM ee K nmepemeHHoW Y B npegukate F(X,Yy).
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Monyunm WYF(X,y) — /r(x,v). Mpogenaem To Xe camoe ¢ TpUHagya-

TOWA aKkcMomoii NPUMEHNTENbHO K nepemeHHO y:
Mo npasuny cunnorusma Haiigem

- F(x,v) —=3wF(w,v)

v F (I SV ) 2o « K nonyuyeHHoli chop-

Myfne TnpuvMEHUWM CcHadana BTOPOe MNpaBwui0 CBA3bIBAHMA KBAHTOPOM

n — g *nonyuum sbisogumyto dopmyny |-3xVyF(X,y)—"3wF(w,v);

3aTeM nepsoe nNpasui0 CBA3bIBAHWA KBAHTOPOM ——-----

|-3xV_y/r(™:,_v)™ Vv3wF(w,v). HakoHel, NpUMeHWB npasBuno nepe-
MMeHOBaHMs CBA3AHHBbIX nepeMeHHbIX, OKOHYaTesbHO Haiigem
|- y) —=VyEIXi*x,y).

K coxaneHuto, obpatHoe cnegosanue V x3yF(x,y)—>3y\fxF(x,y) e

ABNAETCA BbIBOAMMbIM. ®OpManbHOe JOKa3aTeNbCTBO 3TOr0 [4OBONLHO FPO-
MO34KO, HO camMa CeKBEHLUA Nerko MpoBepseTcs, ecnu ee MPUMEHUTb, Ha-
npumep, K HaTypaibHOMY psgy Yncen.

Mycte F(x,y) ={ana BCAKOro HaTypanbHOro yucna X cyLecTyeT 60/b-
wee HatypanbHoe umcno _y} Torga VX3YF(X,y)= {ans scakoro Hary-
panbHOro yucna X cyujectsyeT 6onbliee HaTypanbHoe _y}. 9T0 yTBepxpje-
HUe BepHO. {cywiecTByeT Takoe HaTypanbHOe Y, uTO
KaXxfoe HaTypanbHOe X MeHblue 4yncna vV} OTO yTBEPXAEHUE, OYEBUAHO,
HeBepHO.

Mpumep 5. |- W F (x) =G(X)) = (\/XF(x)" VxG(x)). Bosbmem pse-

Haguartyto akcuomy YXF(X)->F(y) u cgenaem B Heil cneaylowyio nog-
CTaHOBKY:

JOVEE)N F(y)m 1=V x (f(x)~ G (x))-*(F(y)-* O(y)).

VxF(xIF(y)
VicxogHas dopMyna MMeeT BMA WMAAMKALMW. DTO 3HAYMT, YTO MOCHINKA
thopMynbl JONXKHA GbITb BLIBOAMMOIA, T. €. |-V e(F (*) —>G(X)), Torga no

-G(x7)
BblBEJEHHOMY paHee NMpaBuy CBA3bIBAHWA KBAHTOPOM -f-i------- —F [OJIXHa
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6bITb BbIBOAMMA M popmyna |—F(X) —>G(,v). 3T0 06CTOATENLCTBO ONpaB-

AblBAET TO/IbKO YTO BbIMONHEHHYK NOACTaHOBKY.

Nanee no npasuny npocToro 3aKoYeHus Haxofum
I- VX(F{X) -> G (*)); |- V< ( f (x ) G(x))-4 (p (y)-» G{Y))
I-F(y)->G(y)

nonb3yemcs  Tenepsb BTopon aKCMOMOV  WcuMCneHns  NpesukaTos
/2 =(M—B)—((8 —=C)— AC)) n cpenaem B Heil Takyl noj-
CTaHOBKY

MY HY- Q)

17> [-(vxf(X)-> F(y)™ ((F(y)"G (y))" (VXF(X)— G(y))).

n.s.c

W3 nony4eHHo# thopmynbl MO NpaBuy MPOCTOrO 3aKNKOUYEHUA, NPUMEHEH-
HOrO ABAaX/bl, HEMeANEHHO CrefyeT

[- VXF(x) -> F(y); I- F(y))-> ((F(y)-4 G(y))-> (V xffr)-» G(y))
- (F(y) ->G(y))->(VxF(x)->G(y))

I-F(y)~* G(y);: 1- (F(y)-> G (y)-> (VXF(x)" G(y))
I- VxF(x)—=G (y)

MpuMeHUM K NocnegHei BbiBeAeHHON hopMyne MepBOe MPaBMIO CBA3bIBA-

HUA KBaHTOpomM  ~ A nonyuum  —V xFLx)—> Mepe-
c a VXA(X)
MMeHyeM CBAi3aHHble nepemerHsble, Toraa |- VxF(jc) —=>VXG(X). HakoHeu,
Cfl-o
N0 TEOPEME AEAYKUUN j——--—--— MOAYUNM, YTO

Vx(F (x) -4 G(x))]- VXF(x) -4 VXG(X)
I- VX(F(X)->G(x))" (VXF(x)-> VXG(x))'

4.5. OkBUBaneHTHble popmMynbl

Oge dpopmynsl G M F Ha3sbiBatoTca 3KBUBANEHTHBIMU, ecnu |-G *>F .

Teopema 4.2. Ecnu B chopmyne ucumcneHus npegukatos G 3ameHMTb no6yto
YyacTb 3KBUBANEHTHOW (DOPMYNOA H ecnn MNONYyYeHHOe BCMEACTBME 3TOM
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3ameHbl BoipaxeHne G' Takxe aBnseTcs POPMYNON W COZEPKWT BCE CBO-
604Hble NpeamMeTHble nepemMeHHble popmynbl G, 70 G n G1l3KBUBANEHTHbI.

dopMynbl, He cofepxaline 3HaKa UMMNAWKALUKM, U Takue, YTO 3HAK OTPULLAHMSA
OTHOCKTCS TONBKO K 3N1EMEHTAPHBIM YacTsM, Ha3blBaloTCA HOPMaNbHbIMK (opMa-
MW ncxogHoi hopmynbl. Hanpumep,

3n'(74(x) —=#(*)) = 3x(3(x)v 22(n") = VX (" (x)v B(x))= -S(x)j s

=Vijc(a(x)a S(x)).
3HaKM N0rnYeckux onepaunii KOHbIOHKLUN U AN3BIOHKLUM N KBAHTOPbI Cylle-
CTBOBAHWA W BCEOGLLHOCTU HasbiBaloTCs ABOACTBEHHBIMU Apyr apyry. ®op-
myna G pgoiictBeHHa thopmyne F, ecnn oHa moxeT 6biTb monydyeHa us F
W3MEHEHMeM Kaxforo u3 cumeonos a,v,3X,\/X Ha ABONCTBEHHbIA. Hanpu-
mep, dopmyne \/x(nv _#*)n ABOVCTBEHHA cnegytowas opmy-
na: 3x(An (v (x)v B(*)nB(x))). O6patm BHMMaHMe, YTO paccTaHOBKa CKOGOK

B (popMmyne M3MeHMNacb B COOTBETCTBAM CO CTapLIMHCTBOM NOTMYECKMX Orepa-
LUWiA; NOpAROK xe AelCTBUI fOMKeH 6biTb NpexHUM. Ele gns npumepa Bo3bMeM

thopmyny _y)v Vz24(x,2) n BzA(Y, zj). fina Hee gBoiicTBeHHOMN 6ygeT
opmyna  IXMy[n{X, y) n (bz~x,r) v VZA(Y, zjj). 3aecb NosBMANCL HOBbIE
CKOBKM NS COXpPaHEHWUA NpPexHero nopagka 4encTeuii.

MopAfOK ABOWCTBEHHOCTH:

1. Ana aneMeHTapHON POpMynbl 4BONCTBEHHON ABNAETCA OHA cama.

2. Ecm G1 geoiicteeHna G, a F1 goitcteeHHa F , 1o gns dopmynst GaF

aBoiicTBeHHoOl sBnsetcs dopmyna Glg F1, a gna dpopmynsi Gv F peoiicT-
BeHHa Glv F 1.

3. Ecnn Gl gsoiicteeHHa G, 1o ans G paBoiicTBeHHOi dpopmynoit sasnsetcs G .
4. Ecm G1 geoiicteeHHa G, 10 ans VXG(x) (unm 3-x(T(n;)) ABOWCTBEHHOIA
topmynoin 6yaet 3XG'(X) (cootsercteeHHo \fx(j (X)).

Teopema 4.3. Ecnu dpopmynst G u F 3kBMBaneHTHbI, TO 4BOMCTBEHHbIE UM
hopMynbl TOXe 3KBUBANEHTHbI.

Teopema 4.4. Ecnm nepecTaBUTb CTOSILYME HEMOCPEACTBEHHO APYT 33 APYIOM 0f-
HOPO/AHbIE KBAHTOPbI, TO (DOPMYy/a NPW 3TOM NPEBPATUTCA B 3KBUBANEHTHYHO .

Hanpumep, BX3yF(X, y) <>3y3*F(*,y).



FnaBa 4. cuncneHvne npegmkatos 195

HopmansHas copma dopmynsl G HasbiBaeTca NpeABapeHHON (NpUBEAEHHOI)
HOpManbHO hOPMON, ecnn B MOCNELOBaTENLHOCTI CUMBO/OB, 06pasytownx op-
Myny, KBAaHTOPbl NPeJLIEeCcTBYIOT BCEM OCTalbHbIM CUMBONAM. B ucuncneHun npe-
AVKATOB MOXHO fOKa3aTb Te Xe TeOpemMbl, 4TO U B UCYUCNEHUN BblCKa3blBaHUA.
3TN Teopembl (NpaBuna) NO3BONAOT NMPOM3BOAWUTL NPeobpasoBaHUA IKBMBANEHT-
HOCTU NpefABapeHHbIX HOPMyN, COCTOALLMNE, HanpUMep, B BbIHECEHUW 3a CKOGKN ©
«BHECEHWMN B CKOGKM KBAHTOPOB BCEOGLYHOCTU W CYLLeCTBOBaHUSA.

Mx(G v F(x))

G v VxF(x)

oG v \/xF(x)
\/x(GvF(x))’

VX(G a F(xJ)
- Ga VxF(x)

G a VxF(x)
Vx(Ga F(x))’

(4.5.1)

A\{Gv F(x))
-GVvBxF(x) ’

G v 3xF{x)
-3 x{GVvF(x))"

-3 G aF(x))
~ G aBxF{x) ’

- Ga 3xF{Xx)

|-3x{G a F(x))'
B anre6pe npeankatoB yCTaHOBNeHbl MpeoGpa3oBaHUs pPaBHOCUAbHOCTU. C UX
MomoLblo 40Ka3blBaNoCh, YTO ANA KaXAON hopmynbl anrebpbl NpeankaTos Cylle-
CTBYET PaBHOCU/bHAA el HopManbHasa opMyna. B ncUMcneHun npeankaTos MOx-
HO aHanorMyHblM 06pa3soM YCTaHOBUTL, YTO ANA BCAKOW MpesBapeHHON hopmynbl
(a cnegoBaTenbHO, W A4NA NPOU3BONLHON (HOPMYAbI) CyL,eCTByeT IKBUBaNEHTHas

eli HopmanbHas hopmyna.
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4.6. lepyKTnBHasa aKBMBAJIEHTHOCTb

B uMcuMcneHnu npepukatoB CyLiecTByeT elle OAHO MOHATUE 3KBUBANEHTHOCTW
cpeaun dopmyn.

Ase copmynsl G u F HasbiBatoTcs JeAYKTUBHO IKBUBANEHTHBIMU B mcuucne-
HUM, ECAIN M3 AKCMOM 3TOTO UcuMcneHus n cpopmynsl G nocpejcTBOM Mpasun wnc-
YMCNEHU MOXHO BbiBecTW chopmyny F 1, 06paTHO, N3 aKCMOM MCUUCIEHUS U
copmynsl F BbiBogMMa popmyna G . Ans ncumcneHus npeguKkatoB MoHATUE 3K-
BMBANEHTHOCTN (POPMYN M UX AefYKTUBHOMW 3KBUBANEHTHOCTU He PaBHO3HAUHO.
Teopema 4.5. Ecnu G v F 3kBMBaNneHTHbl B WUCYUCNEHUM MPefUKaTOB, TO
OHU 1 AeYKTUBHO 3KBUBANEHTHbI.

[okasaTenscTBo.
MycTb G 9KBUBANEHTHO F, T. e Torga

G<»F=(G-» F)a(F - G) 4 no npasuny yaaneHus KOHBIOHKLUN

FAnB |-(G -»F)a(F-»G)
— b nonyuum : ECAM K aKCUOMaM MCUUCNeHUs
A IS F

NPUCoOeANHNTL cbopmyny G s TO no npasuny npocrtoro 3aKNK4YeHns
I-G,G-> F

MpucoegnuHus Kk akcuomam copmyny F, Takum xe o6paszom

MOXHO BbiBecT chopmyny G . OTcloga cnegyer, 4To 3KBUBANEHTHbIE (HOPMYbI
F n G asnstoTcs Takxe feYKTUBHO 3KBUBANEHTHbLIMY.

OGpaTHOe yTBePXAeHWe, OJHAKO, HEBEPHO. PacCMOTPUM fiBe aneMeHTapHble hop-
Mmynsl AW B. OHW 6yAyT AefYKTUBHO 3KBMBANEHTHbIMU. [leliCTBUTENbHO, eCnn
NPUCOEANHUTE K aKCMOMaM WCYWUCNeHWs npepukatos dopmyny A, To ntobas
thopmyna, B 4acTHocTM B, cTaHeT BbIBOAWMON MOCPEACTBOM MOACTAaHOBKM B
opmyny A. To xe camoe GyfeT, ecim Mbl MPUCOEANHUM K akcuomam opmyny
B. Ortcioga cnepyet, uto copmynsl A u B epyKTUBHO 3KBMBANeHTHbI B UC-
yncneHun npepnkatos, OAHAKO 3T hOPMY/bl, OYEBUAHO, He IKBUBANEHTHbI, T. K.
opmyna A«> B He aBnseTcs BLIBOAUMOW B UCUMCNEHNU BbICKA3bIBAHUI W, Crie-
[0BaTeNbHO, B UCHNCNEHUN NPEeANKATOB.

Teopema 4.6. Ecnn gse opmynbl AeAyKTUBHO 3KBUBANEHTHbI, TO U3 TOTO,
4TO OAHA N3 NNX TOXAECTBEHHO WCTUHHA, CNefyeT, YTO H Apyras Takxe TOX-
[leCTBEHHO UCTUHHa.

MoHATNe AeAYKTUBHON 3KBWBANEHTHOCTU NONE3HO MUMEHHO ANA WUCYUCNEHUS npe-
AVKaTOB. VcumcneHme BbiCKasblBaHUM, Hanpumep, NOMHO B Yy3KOM CMbIC/e (TeO-
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pema 2.9), noaTomy nm60 opmyna MCUUCNEHWNA BbICKa3biBaHWIA BbIBOAUMA, NGO
ee NpUCOeJNHEHNE K aKCMOMaM MCYMCNeHWUs BefeT K npoTusopeuunto. Ecnu ase
hOpMybl UCUMCNEHUA BbICKA3bIBAHMI BbIBOAUMbI, TO OMW MPOCTO 3KBMBANEHTHbI.
Ecnu xe ofiHa BbIBOAMMa, @ Apyras HeT, TO OMM He MOTYT GbiTb AefYKTUBHO 3KBU-
BANEHTHBLIMU, T. K. MPUCOEAMHEHMNE BbIBOANMbIX (DOPMYN K aKCMOMaM MCUUCNEHNS
HOBbIX BbIBOAMMbIX (DOPMYN He AaeT, MO3TOMY Apyras HeBbIBOAMMAA chopmyna
OCTaHeTCA HEeBbIBOJUMOIA.

B 3akntoueHune 6e3 gokasaTenbCTBa npueenem gBe NPakTUYeCKN BaKHble TEOPEMbI
ncyuncneHns.

Teopema 4.7. No6ast BbIBOAMMARA B UCUMCNEHUN NpefnKaTOB hopmyna o6l e-
3HaYMMa.

Teopema 4.8 (Teopema egens*). Bcakas TOXAECTBEHHO SCTHHHas (opmyna
NOTUKM NPEANKATOB HBNAETCA BbIBOAUMOI B MCUMCIEHMN MPEAMKATOB.

4.7. MonyyeHue v-gpopmy.

CkynemMoBCKNe OyHKLUN

Kak yxe ynomunanocs 8 pasgene 3.6, cywectsytoT V-chopmynbl, 3 -popmybl u
CKYNeMOBCKMe HOpManbHble opmbl (V 3 -chopmynsl). V-hopmynbl v CKynemos-

CKMe HOpManbHble hOpMbl MCMONb3YIOTCS B METOAe Pe30NtoLMiA ncumncneHns npe-
ANKATOB.

MycTb hopmyna curHaTypsl 2 WUMeeT BUA

VijelVje2..VIC,3yBy 2.3y A (xLjc2,....jc,..y |y 2,...y,.1), (4.7.1)
rae A(X1,x2,...,xn,y1,y1,--'y) — GecksaHTopHas hopmyna. Mokaxem, 4To Ccy-
wectsytoT f],/2mweexf M — n-mecTHbIe (PYHKLMOHANbHbIE CUMBONbI, He BXOAS-
wue B curHatypy X, Takue, 4UTo ANA CUTHaTypbl bl= cnpa-
BeAMBO

\-VxJ\fx2.. \fxn3y13y2..3yinA(xI>x2>..,xnyy i,y 2,...ym) A
N(X1.x2,....xn, fi(xi,x2,...,.xt}), 72("1 (w! )’

[LeiicTBUTENbHO, PACCMOTPUM HEKOTOPbIA Habop (a,,a2,...a,)e M ,rpe M —
o6nacTb  onpegeneHus  npegukata  A.  Ecim s aToro  Habopa
\~3yBy2..3yT/(aLa2,....an,yLy2,.y,n), 10 B kKauecrse /,(ii

*KypTt ®puapux Megens (1906-1978) — HeMmeLKuit maTeMaTUK W NOTUK.
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BO3bMeM Takme 3HaueHus bt, uto }A(a],a2,...,an,bub2,.bl)l). Ecim xe
\i-3yX3y2..BymA{axaz2,...,atL,y",y2,...ym), 1o 8 kauectse /,( a , )
MOXHO B3ATb NMPOM3BO/IbHbIE 3HAYEHUA.

PaccmoTpum Tenepb 60nee o6 mnii cnyyai

3X]..3x,Vy1..W,18321..3Z,V U,...VU,j 3v1..

.3V, SA(X1,...,y 1. V,,.). 4.7.2)

MocTaBuM B COOTBETCTBME KaXAOW MepemMeHHON, CBA3AHHOW KBaHTOPOM CyLiecT-
BOBaHUA, Kakylo-HWGYAb YHKUMIO, onpejeneHHylo Ha M , npuHumatowyio 3Ha-
ueHns n3 M 1 3aBMCALLYIO TONLKO OT MepeMeHHbIX, CBA3aHHbIX KBAHTOPOM BCe-
06LWHOCTM U NpeALIecTBYOWMUX [aHHOMY KBaHTOpY cyujecTBoBaHus. Ecam
KBAHTOP CYLECTBOBAHUA CTOUT MePBbLIM, TO MOCTaBUM €My B COOTBETCTBME KaKoe-
HUGYAb 3HaueHue nepemeHHoW m3 o6nactmu M . Ans paccmaTpusaemoii popmybl

(4.7.2) nepemeHHbIM Xt 6yayT nocTaBneHbl B COOTBETCTBME KOHCTaHThl g, nepe-
MeHHbIM 7 — doyHkyumn fi{y]9y 2. YTT) 1 T-4> nepemMeHHbIM Vv, — (yHKLAN

GAy].Y2."- Y, 29HIH2>""H 1) )m ECAN 3TW KOHCTaHTbl W (OYHKLWMW TaKOBbl, 4TO
B pesynbTaTe 3aMeHbl WMU COOTBETCTBYIOLLMX MepeMeHHbIX B Mpeaukare
A(jc, y, Sw>)1, V,,...) MONYYEHHbIA Npejnkat

l-ak’ Yoro YIBAYN YD) oo L (Y17, Yo

OL( 2 1 W Loty ) oo ®3(Y e s 1))

TO UCNOJb3yeMble KOHCTanTbl U OYHKLMUM

HasbiBalOTCA PaspellaownmMu QyHKUMAMI nan GyHKUMaMu CKynema pns dopmy-
nbl (4.7.2). Mpusesem HeCKONbKO NPUMepOB.

m [pumep 1.PaccMOTpUM CnefyloLLylo 3aMKHYTYIO npeABapeHHyo copmy

B =acVy3zVu3vVwA(*,y,r,u,v,w). O603HaUMM 3HAYeHWe X, KOTOpoe

CyLLeCTBYeT B COOTBETCTBUM C MEPBbIM KBAHTOPOM, KOHCTaHTON &, 0T6pOCUB

npy 3TOM KBaHTOP cyuiecTBoBaHWs: B =Vy3zVw3vVwA(tty,z,H,v,w).

CDaKT, 4TO ANfa BCAKOIO y MOXeT 6bITb HaﬁAeHO 3HauyeHne Ana Z, MOXeT

6bITb BbIpaXeH HEKOTOPOW dyHKumelr z = /(>')> Torga

B=VyVvw3vVwA(ay,/(y),u,v,w).
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AHanornyHo, ToT akT, 4To ANA NO6GLIX Y, HakgeTcs Vv, MOXHO Bbipa-
3UTb CKYNeMOBCKOI yHKUMeRA v = (p(y,w), koTopas noAcTaBnaerca BMe-
cto v: B =\/y\u\/wA(a,y,f(y),u,<p(y,u),w).

Tak Kak BCe MepeMeHHble B WCXOAHOW chopmyne AO/MKHbI ObiTb CBA3aHbI,
KBAHTOPbI CYL{eCTBOBAHUA MCKNIOUEHbI, a MOPALOK KBAHTOPOB BCEOGLYHO-
CTW He BIMAET Ha 3HauyeHMe hOPMY/bl, TO KBAHTOPbI BCEOGLYHOCTU OT6pa-
CbIBAOTCA B MPEANONOXKEHNU, YTO BCE OCTAaBLUMECA MepeMeHHble UMW CBS-
sanbl. Torpa B =A(ay,f(y),u,<p(y.u),w), rae o0./(y) n (p(ym) —
cKynemMoBckue PyHKLMN.

m Mpumep2.4na dopmynst \/x3r\/)BmM((y >z —>y >x)n u<r)n (n <n))
noctpouts V-chopmyny. 3geck chopmyna JaHa B KOHKPeTHOM BUje U pas-
pellatoLy e yHKLNN TOXe MOTYT GbiTh BbIpaXeHbl KOHKPETHO. KOHKpeTu-
3Mpyem nuwb 061acTb OMpejeneHUs OCHOBHOrO npeawkata. [lycTb

M =N . Nonoxum z =/, (x), Torga
\/XNAY3u((y > 7, (*)-» y >n)n (M </, (n-))n 1 < X)).
AHanornyHo U =/2(x,y) n
V\V((y >/, ()~ y > on (F24xy) < 7, () n{/2{x.y)<x)].

OcTanocb nogo6pate Bug yHkunii /, n /2 takum o6pasom, 4To6el op-

myna (y>7/,(*)-> y>x)n (/2(x,y)< /,(x))alll *Y <X) 6bina 6bl

UCTUHHOMA npu no6bix X,YE N . Hanpumep, MoxHo B38Tb /,(X)=x+1, a

f2(X)=x.Torpa (y >X+1—>y >X)N (x< x +1)n (n-<x)=1n1ln1=1
m Mpumep 3. Ans dopmynsl \/x\/;y3r3?(.P(x,2)n /' (y,r)) noctpoutb V-

dopmyny.

Mycte  Ar={01}. z=/,0,v), VxVyStiPix.2*APiyjXx,)")}

‘= y). VxVy(p(x,f2(x,y))n P(y.f, (X,y))). 3pecb P — nio6oii

ABYXMECTHbI nNpeankat, noatomy dyHkuum 7/, n /2 Heo6xo[MMO BbIGpaTh

Tak, uto6bl popmyna P(X,/2(x,y))nP(y,7/1(X,y)) 6bina TOXAECTBEHHO

ncTuHHOM. Monoxum /}(X,y)= /2(x,y)= 1, npuuem nyctb P(x,0)=1 n

P(x,l)=1. Torga

PN (< yNAP(y, 7/, (ny)) =P(xMnp(y,l)=lnt=1
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m Mpumepd. VjeVy3z3vV ((s(x,y,y)—> (s(z,v,x)aP (v,/,}))), M=N,
S(x,y,2)=(x+y =2), P(x,y,2) =(x W =z).
Nycts z=f,{x,y), v=Ff2(x,y), Torga
V*VyVr(s(jc,y,y)-» (S(/, (X,y) f2(X, y).ac)n P(.f2(x, y\t,t))).

Bbi6 2270, y)= ACLACO, =/2060y)=1.T

blbepem z=/,U,y )= 0.1 =0, av= X,y)=1.Torga

Y.y)-" (S(/.(ny)/2(ny) mna(/2(x.y)« ) =(*+y =y)-»
—((n-1+1=n)n (let=t))s (*+y=y)—mnl=1

4.8. YHU(pukauma opmyn
ncyncneHus npeankaTos
Ans nonyyeHMs NOAXOAAWMX Pe30NbBEHT B MeTOAE Pe30NOLUUIA UcUnCneHuns npe-

AUKATOB MPUMEHAKOTCA MOACTAHOBKM B (DOPMyNbl McumcneHus. Mpouecc 3Tux
NOACTAHOBOK Ha3blBaeTcA YHUGMKALMEN.

MMogcTaHOBKOW CMrHATYpbl 2  HasbiBaeTcs KOHEUHOE MHOXECTBO BUAA
{(r,, %, \(rr,x2 N} rae ti — Tepm curwary-
pbl 2, oTanunbili oT Xi (I <i <n), asce nepemeHT bie XItX2,...,XHpasnuunsl. Mog-

CTaHOBKa, KOTOPas He COAEPXNT 3NIEMEHTOB, Ha3biBaeTCA NYCTON 1 0603HauaeTcs B .
Henun gaHa nogctaHoBka 0 = TO ¢(z)j-* O3HauaeT, UTO NOBCIOAY MNe-
pemeHHaa X 3ameHseTcs yHKUMEN ¢(z), a nepeMeHHas Y — npeAMeTHON KOH-

cTaHTOl a. MycTb MmeeTcs aTomapHas chopmyna (nutepan) P (s,y,z). Bygsem
o6o3HauaTb 4epes PO uacTHbIA cnyyaih nuTepana P, monyvalouwimiics npu wmc-
noNb30BaHWM MoAcTaHOBKM 0. Pe3ynbTaT NpuMeHeHWs MoAcTaHOBKM 0 K Kaxjo-
MYy W3 NUTepanoB MHOXeCTBa NuTepanos 0603Hauum {/}3}0 .

Onpegennm  KOMMO3NLWIO  ABYX WAM  HECKONbKMX MOACTaHOBOK. [lycTb
Q={t"\xu t2%2,....,tnva\  X={9i]y1,9J]|y2,-,9 raj®,,}— NOACTaHOBKN CWTHa-
Typbl 2. Torga  KoMno3uums QX nonyuaetcs M3 MHOXecTBa

»9w|>'|u} BblYepKMBaHMEM BCEX 3MEMEH-

TOB ans kotopbix tjX—Xj, wu Bcex anementos Q\yt Takmx, uto
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y,e{ x , 3} Hanpumep, nycts 0={/(y,z}xz\y}={/ lic.l2 |z},
%={a\x, }\y,c\z,d\w}="\y*q2\y1,q 1\y~qi \yi \ T orj»

{2 KA NN\ XA\ AN\y2<dp\yM*\y* 3= \f{b,c\x,c\y,a\x,I\y,c\z,d\w}.
3geck X=1f(b,c)& X =xt, t2X=¢ ¢y =x2, y, =xe {my}, y2- ye {xy},
Y3 =rii Y4 = {*,.y}. CnefoBatenbHo, BbIYEPKHYTb Hago aljt u b\y,
Torga  KoOMMmo3uuua  ABYX  MOACTaHOBOK 0X 6yfeT  uMeTb  Buf
{7'(ftelljccly.clze(fw}.

[ns NoACTaHOBOK CNpaBefNBO CedytoLLee:

1. (pe>.=p0x, T.e. nocnesoBaTesbHOe NPUMeHeHVe NoACcTaHOBKM 0, a 3aTeM
noctaHoska X MPUBOAUT K TOMY e Pe3ynbTaTy, YTo U MPUMEHEHWE KOMMO3W-
LM NOACTaHOBOK.

2. (0J1)5 =0(X8), T. e. KOMNO3MLNA NOACTAHOBOK acCcOLMATUBHA.

MogcTaHoBka O curHatypbl £ Ha3sbiBaeTcs YHUDMKATOPOM ANsi MHOXeECTBa
{4.4,.. 0} dopmyn curHatypbl, ecrv 00 =40 =...=/[40. MHOXeCTBO
qopmyn {4, ,4,....4} curHatypbl £ HasbiBaeTcs YHUULMPYEMbIM, ecan ans
Hero cyLL,ecTByeT yHudmkatop.

Haubonee 06WnUM wam npocTelwum yHUpUKaTopoM (HOY) ans MHOXecTsa
dopmyn {4 .4 ,....0} HasbiBaeTcs yHUdukatop 0P, ecnn gns noboro pyroro
yHudbmkatopa 0 cyujectsyeT nogctaHoska 0, Takas, 4yto 0 =070,. CywjecTsyeT
anropuTM, HasbiBaeMblii ANTOPUTMOM YHU(UKALNK, KOTOPLIA NPUBOAWT K Hanbo-
nee o6uiemy yHudmkatopy A1 yHudmumnpyemoro mHoxectsa {4, 4 4  }wwm
co06LLaeT 0 HEeBO3MOXHOCTM 3TO CAeNaTb, eCA MHOXeCTBO (hOPMYN He YHUU-
Lmpyemo.

Mycts {4 .4 ,....,4 } — HenycToe MHOXeCTBO aTOMapHbIX hOpMyn CUrHATYpbI
2. MHoOXecTBOM paccornacosaluit 8 {4, ..., } HasbiBaeTcs MHOXECTBO
OTNNYatoLLMXCA TEPMOB B MepBOi cnesa nosvuun. Hanpumep, 4ns MHOXeCTBa
{~(*/(y,9(a)),7*(*)),P(*,/(y,x),y)} MHOXeCTBOM paccornacoBaHUi sBns-
eTcs = MEepBOVi cnesa NosuLMM NepBOro NMTepana CTOUT TepM #(«)*

KOTOPbIA OTNUYAETCS OT COOTBETCTBYIOLLEN (MepBoii cnesa) MosuLMM BTOPOro
nutepana X.
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Lna MHOXecTBa /(y,1) P(x,¢),P[X,7 (y,/,(r)))] MHOXecTBO paccorna-
coBaHNii — (NOAYepKHYTE B OCHOBHOM MHOXECTBE
thopmyn).

PaccMOTpUM anropuT™ yHUGMKALMKM ANs ABYX NUTepanos. Ha KaxAoM Liare anro-
puTMa MOACTaHOBKA MPUMEHSETCS K KaXAoMy U3 nuTepanos. MycTb PO —1ucxoa-

HOe HenycToe MHOXecTBO aToMapHbix opmyn, 00=£ — nyctas NOACTAHOBKA.
OG603HauMM Ha K -M ware: PK— MHOXecTBO aTtomapHbIX (hopMyn (nuTepanos),
DK — MHoXecTBO paccornacoaHuii, 0~ — ocyujecTensemMas nogcTaHOBKa.
MpuBegem wWwaryn anroputma yHudmkauum Ans  Asyx nutepanos. LWar 1
K —0, Pk =P0, Qk =£. LWar 2. Eciu PK — 04H03N1EMEHTHOE MHOXECTBO, TO
KoHel anroputma, HOY=0P". B npoTUBHOM Cny4yae HaxoAMM MHOXECTBO pacco-
rnacosanmnii DK. War 3. Ecnu DK He cogepXuT nepeMeHHbIX, TO KOHel, anro-
pUTMa, MHOXECTBO WCXOAHBIX (hopmyn He yHuduuyupyemo. Ecnn DK cogepxut
nepemeHHytlo XK ntepm tK mecnu XK BxoanT B tK, To KOHeL anroputma, MHOXe-
CTBO NNTepanos He yHuduumpyemo. War 4. Ecnn cywecteyet XK,tkET Takue,
uto XK —  nepemeHHas, He Bxogdwas B tk, TO 0= {F|CP

=20 =@k{****} un fit+i = Pk{h\xk}= M+ o= mlllar 5-
K =K +1, nepexo/ Ha Hauano BTOPOro Liara.

Ecnn KonuyecTBO NMTepanos 6onblue ABYX, TO MocnefoBaTenbHO yHUMLMpyeTcs
nepsblii CO BTOPLIM NNTepanom, 3aTemM pe3ynbTaT yHUUKaLUKM YHUbULmupyetcs ¢
TpeTbMM NINTEPANOM M TaK Aanee 4O TexX Nop, noka nM60o BCE MHOXECTBO nntepa-
noB He 6yfeT yHUduULMposaHo, NMGO NONyYeH OTBET O TOM, YTO 3TO MHOXECTBO
He yHUduympyemo.

Teopema 4.9. Ecnu PO — KoHeyHoe HenycToe yHUDULMPYEMOE MHOXECTBO

aToOMapHbIX (QOPMYyN, TO aNTOPUTM YHUUKALUKL BCerfa 3akaH4YnBaeT paboTy
na BTOPOM LUare n NocnegHAs noactaHoska OP 6yaeTHOY ans PO.

m Mpumep 1. PO ={p(x, 7 (y. 9(a)),h(x% P{x,f{y,x), y)}.
LWar 1. K- 0, PO — ncxogHoe MHOXecTBO, 0" =e.

LWar 2. PO — HeogHo3nemeHTHOe MHOXecTBo, DO = {g(a),x).
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War3. xg g(a)-

LWar 4. V— nepemeHHas, g(c/)— Tepm, ji* He BxoauT 8 §(ci),
0={«(aH .0i=9/00={«("W -
P> = Po0i=\Pi?(a)j'{y'S(a)\h(g(a))}Pla(a\ fb 'S{a))y)l

War 5. K = 1, nepexoa Ha BTOpOW Luar.

War 2. P, — HeogHo3nemenTHOE mHoxecTso, D] =\h(g(a)\ y}-

War 3. y£ h(g(a)).

War4. 0 =AC<,(a)bl’02=°10 = bl 7)bl Ya(a)]bl"

P2= /20, ={P(g(0)./ (A (9(a)).g(0))./ H(g(«))"(g(«)./ (" (g(«)).g(«U

Afe(@))}={Pfe(a"/ (Afe(@) g(NP7(g(@)-

LWar 5. K =2, nepexof Ha BTOPOIi Lwar.

LWar 2. P — 0fHO3/1eMEHTHOE MHOXECTBO, KOHEL, anropuTma

HOY =02 ={g(a]|x,/i(g(a)b}-

m Mpumep 2. P, =\p(x,f{a,q(z),h(u))), P(x,f{a,u,z))\.
War 1. K =0, PO — ucxogHoe mHoXxecTBO, O =e .
War 2. P§ — HeogHoanementHoe MHoxecTeo, DO
War3. 9(2)-
War4. 0={Nh},©, =050 = {g(zj(»},
p\=Po0, ={P{x.f[a,q(z),h(*{z]})) ,P(x.f(a,¢{z)).2)!
Lar 5. K =1, nepexof Ha BTOPOW Lwuar.

War2. P1— HeogHoanemeHTHOe MHOXecTBo, D, ={fr(g(z))z}.

War3. re h(g(z)), koHew anroputma, MHoxecTso PO He yHudmympyemo.
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4.9. MeTopg pe3ontouuni
B UCUUCNEHUN NPEegnKaToB

MeTog pe3ontounii yxe paccmaTpusancs Hamu B pasfese 2.7. Ero npaktuyeckoe
MCNONb30BaHWE B NCUNCNEHUWN MPEANKATOB 3HAUMTENbHO CNIOXHEe, YeM B MCHMC-
NeHUN BbICKa3biBaHWiA. TeopeTnyeckas OCHOBa MeTOfa He W3MeHWnach. [ns TOro
uTOGbl OKA3aTh, YTO N3 HEKOTOPOTO MHOXECTBA POPMY/ NCUUCIEHUS NpPeAnKaTos
NOTUYecKN cneayet AaHHasa chopmyna, 6epyT oTpuLaHme 3Toii hopmynsl 1 06aB-
NS0T ee K UCXOLHOMY MHOXecTBY. [ocne Yero 4okasblBaloT NPOTUBOPEUNBOCTD
dopmynbl, ABNAO LWL EACA KOHBIOHKLMENR OPMYN UCXOAHOTO MHOXECTBA U aHHOWA.
Mo cyLyecTBY, 3TO He YTO MHOE, Kak MeTOJ 40Ka3aTeNbCTBA OT MPOTUBHOTO.

B 0T/MUME OT MCUMCNEHUS BbICKA3blBAHU B UCUMCNEHUN MpPEeAMKATOB B MeTOAe
pe3ontoumii ecTb 0CO6EHHOCTU. [iNA UCKNIOYeHNS KBAHTOPOB WCXOJAHOE MHOXeCT-
BO (popmyn Heob6x0AMMO NpMBOAUTL K V -chopme M yHuduymposats. Mocne Toro
KaK MOsy4yeHO MHOXeCTBO AU3bIOHKTOB, OCYLLeCTBASETCA NPOLECC OnpoBepxe-
HWSA, @HANOTUYHbI NCYNCNEHUIO BbICKA3bIBAHMI: Ha KAX/0OM 31eMeHTapHOM Luare
40Ka3aTenbCTBa UCMONb3YETCs NPaBUNO, HasbiBaemMoe Pe30oLne.

OCHOBHas Mjes MeTofa COCTOMT B crefytolem. [ns TOro 4ToGbl 40KasaTb, YTO
dopmyna A normyecku cnepyeT M3 HeKOTOPOro MHOXecTBa opmyn
r={a,nz
NPOTMBOPEUMBO, T. €. He CYLLeCTBYeT MHTepnpeTaLumn, B KOTOPOI Gbl OMO yAOBNE-
TBOPANOCE. MHOXeCTBO I, MPOTUBOPEYMBO TOTAA U TONLKO TOTAA, KOTAa hopMy-

N1n}, HyXHO foka3aTb, 4YTO MHoxectBo copmyn I ,=Twu{a}

na A g A2n..nAn—>A ssnfetcs 06Le3HauYMMOM, T. €. UCTUHHON B Nt060OIA

MHTepnpeTaLnm.

[ns TOro uTo6bl OMPefeNTb UHTEPMPETALMI0 MHOXECTBA hOPMYN, HEOGXOAMMO

3afaTb 06nacTb MHTepnpeTauun. OfHako Takux obnacteil Ans copmyn ucumcne-

HWUA NMPefNKaToOB MOXeT GbiTb 6ECKOHEYHO MHOro. Yale Bcero B kayecTse obnac-

TW WHTepnpetauuu 6epyT MHOxecTBo HT , HasbiBaemoe yHMBEPCYMOM 3pbpaHa™.

Teopema 4.10. Ecnu mHoxecTBO cpopmyn I HeyposnetsopHmo Ha Hr, To oHo

HeyA0BNETBOPHMO Ha Nto6OM gpyroii 061acTM HHTEPHPETAaLHH.

YHusepcym 3pbpaHa peKypcUBHO CTPOUTCA CnefytoLum o6pasom.

1. MHOXeCTBO BCeX NPeAMETHbIX KOHCTaHT U3 [ npuHagnexut Ap.Ecaun I He
COAEPXUT HW OAHON NpefMeTHOW KOHCTaHTbl, To B HT BXOAWT npoussonbHas
npeAMeTHas KOHCTaHTa, HasbiBaeMas N0 6bIM MMeHEM.

>Kak 9p6paH (1908-1931) — chpaHLy3cKuMii MaTemaTnk.
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2. Ecnrmtepmbl  GATr,r=1,n n / .— Kako-HMGYAb (DYHKLMOHaNbHbIA CUMBOA,

3aBUCAWLMIAOTH nepemeHHbix,n / e [,T0 /-(r, )6 A r . Hanpuwmep.

r={px)v Q(x,y), p{f(x),P(f(x))vR(g(a))!
Hr =\a,f(a),g(a),f(f(a)).f(g(a)).g(f(a)l g(g(a

r = {I\Cci>/ (c2/ (c3)). 4 (Ci\pi (=X, /(*))>O(xY,1)y P, (x,2),4 (X)v
vij(y.z,t()v P3(x,u)v ~(.t.Z"fa.C )},
Ar ={c,c2,c3,/(c,),/(c,),/ (c3),/ (/(c,

MeTopa pe3onitoumnii OCHOBbLIBaeTCS Ha TeopeMe dp6paHa.

Teopema 4.11 (Teopema OpbpaHa). MHOXECTBO JU3bIOHKTOB I HEBbIMOMHU-
MO TOTA H TONbKO TOTAQ, KOTJa MMEETCs KOHEYHOE HeBbIMOMHUMOE MHOXe-
CTBO [C KOHCTAHTHbIX YaCTHbIX cny4yaeB 3STUX AU3BHOHKTOB Ma Hr.

Takum 06pasoM, MHOXeCTBO [ HEBbINMOMHUMO, eC/IM MOXHO HaliTM Takue nopg-
CTAaHOBKW KOHCTAaHT M3 HT BMecTo npeAMeTHbIX MepeMeHHbIX, NpU KOTOPbIX Mo-
Ny4eHHOe MHOXECTBO AN3bIOHKTOB GY/AeT NPOTUBOPEUNBLIM.

Mycts B — ausbloHKT curHatypsl 2 Buga B =4 v N12v..v 1 vC wnm
# =1 V,,.vAnv C, rge , — atomapHble chopmynbl, Mpeanonoxum, uto
mHoxectso {A4.4,..40.,} wumeer HOY O0F. Torga A|OpvCOp wm
L0p v COp HasbiBaeTcs CKNelikod B,
Mycte B{ \ BJ/l— pgBa gu3bloHKTa, He MMelOwWMe 06LMX MepeMeHHbIX, [ n
[Ar — atomapHble pOpMyNbl UAKM OTPULLAHWA aTOMapHbIX dopmyn B i, n i,. Ec-
am 0 n A2 umeor HOY 0P, TO AW3BLIOHKT, MONy4aemblii M3 hopmysnbl
BfipvB 2QP sbiuepkusaruem J 0P n J120P, Ha3biBaeTcst G6UHAPHON Pe30/bBEH-
Toii B] mu B2, a dopmynsl 4 u 12— oTpesaeMbiMh. Ecnm BfiP=[1 wu
B20p = /12, To 6uHapHas pesonbeeHTa B, n B, pasHa Hynwo. Eciu dhopmynsl B]
1 B2 nmetoT o6uyme nepemeHHbie, TO Nepes HaxoxaeHWem UX 6MHAPHONR pe3onb-
BEHTbl B OAHO 13 hopmyn 06LLMe NepeMeHHble Haf0 NeperMeHoBaTh.

m Mpumep 1. B, =~ (x)vP2(;t,c,), B2=P (c2)v P2(c2,c,). ®opmynsl

A, u B2 06wunx nepemeHHbIx He UmetoT. MycTb

O =P, (x), A2=P(c2), A =P,(c2), 0={c2\a,
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SDv S20 =Pi(c2)v P2(c2,¢c,) v P1(c2)v P2(c2jci).
Tak kak A0 =7 (c2), 120 = /~(c2) BbluepkHeM ux. Torga 6uHapHas pe-
30nbBeHTa B}u B2 pasHa 72 (c2xci)e

PesonbsenToii gusbioHktos B{ n B2 res(B{B2) HasbiBaeTcs ogHa u3
Cegyo wux:

1. BuHapHas pesonbBeHTa BXu ii .

2. BuHapHas pesonbBeHTa ckneiiku B[ n B2.

3. BuHapHas pe3onbBeHTa BXHekneiiku B

4. BWHapHas pe3onbBeHTa CKNeikn A, Heknelikn #2.

m [pumep 2. HaiiTu BCce BOSMOXHbIE PE30/IbBEHTHI CNEAYIOLLEr0 MHOXECTBA
thopmyn

fer)vP 2(4 P, (x,z)VP,(c) P4(c)Pa(s)V P3(x),P, (X,7(x))}.

Mycts B, = P ,(x,j)vP3(c), B1=P](x,f(x)), A =Pt(x,z),

A2=P\ (X'f(X))>4 =A~L(*>/(+*)). 0 =

B.Ov B2 =P (x,7(*)v P, (c)v P, (*/(*).

BuHapHas pesonbBeHTa i, n B2 pasHa P3(c), re5'(fil,fi2)= P3(c).

AHanoruuHo, nycts S, =/>(jc,z)v P3(c), B2 = P4(jc)v Pj{x),

A =P3(c), A, =P3(x), Aj =P3(x), 0=£]ac}

B,OvBI10="(c,2vPI(c)vr(c)vr(c)l

res(B,,B2)="P,(c,z)v P4(c).
MycTb T — MHOXeCTBO fMU3bIOHKTOB. Pe30NtoTuBHbIN BoiBog C 13 I ecTb Takas
nocnegosatensHocts CXC2,...yCn pnsbioHkToB, 4to C = CI U KaXAblii AN3b-
OHKT C- unm npuHagnexut I, WAn ABNAETCS Pe30/bBEHTON AU3BLIOHKTOB, Npej-
wecTsytownx C(.
Kak yxe ynomMuHanoch, Ans fokasaTenbcTsa BbIBOAUMOCTM C 13 [ MOXHO moka-

3aTb, 4TO MHOXecTBO L = Twun {c) ABnseTcs NpOTMBOPEYMBLIM. DTOT CNOCO6
[l0Ka3aTenbCTBa OCHOBbLIBAETCA Ma CnedytoLLeii Teopeme.
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ma 4.12 (0 noNHOTe MeTOAa pesonioynit). Ecnim ' — MHOXeCTBO JU3b-

IOHKTOB, TO MHOXECTBO 3aMblKaHW BCSOﬁLIJ'HOCTM dopmyn m3 T HeBbINON-

HUMO
m3 r.

TOrfAa W TONbKO TOTAa, KOrfa CyLLecTBYeT Pe30NOTUBHBIA BbIBOA HYNA
Mpumep 3. MpoBepuTb Ha NPOTUBOPEUNBOCTL CNEAYHOLLLEE MHOXECTBO
opmyn: T = {~(c,),P2(y)v P,(c,y), (-x)v P4(y)v Po{X,y\P2(cr),
A4(c2)} = Kapg.,apgl}.

B\=Ft, b2=f, a, =/i(C]), a2=>K 4 e=4,]4

B,Ov B,0 =P, (c,)v P, (c,)v P4(y)v P, (c,y),

K, =res(F, F3)="P,(y)V P3(c,y);

B, =F2, B2=F6, A, =P3(c,,y), A =P3(c,y), 0=E,

B,0vB 20 =P3(CLy)v:p (y)v" (y)v"(Cly),

F7=rei(F2,F6)= A (y)v™(y);:

B\=F4, B2 =Fj, A, =P2(c2), A2 =P2(y), 0 =taly}.

B,Ov B20 =P ,(c,) v (c,)v P4(c,), F8- res(Ft,F7)= Pt(c2)\
res(F5,F8) =res(p,(c2),P4(c,))= 0. VCXOfHOE MHOXECTBO [U3bLIOUKTOB
NpOTUBOPEYUMBO.

Mpumep 4.

Iy ={vx(p.(x)a P2(x)) ™ 3y(P3(x,y)nP 4(y))),¥ x(pS(x )" P2(x)),

3x(P5(x)n =(x)n Vy(P3(x,y)-» P,(y)))}. [Mposepum na npoTuBO-
peYnBOCTb 3TO MHOXECTBO, MNPEABAPMTENbHO TMpUBEAs Bce HOPMYNbI
K V -chopme.

Fo= Vx((* (x)n P7x))-~ 3y(P, {X,¥)n PA(Y)j)= V x~ (x)aA (x))v
V 3y(P3(x,y)n P4(y)))3 Vx3y((p, (x)v P, (x)v P3(x,y))n (*"(x)v P2(x)v

v.P4(y))). KBsaHTOp cywecTBOBaHMA OMYCTUM, BBEAA CKYNeMOBCKYHO

dyHKUMI0O Yy =/(-*), KOTOpas Mo BCAKOMY X HalfeT ANA Hero 3HauyeHue
y . Torga nonyuum V -chopmyny

Vx((Zje)v POV ps(x./ (x))n (p,(x)v P2(x)v P4(/'(x)))).
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Tenepb ONyCTUM 3HaK KBaHTOpa BCEOGLLHOCTW, Mpejnonaras, 4To fokasa-
TeNbCTBO GyAeT NPOBEAEHO ANA BCAKOTO (PUKCMPOBAHHOTO X . AHaNOrNYHO,

F3 =ac(a5(n)n />(x)n VY{P3(X,y) -» P5(y))) =
s HxYy(™(x)n Z{(n) N~ (jc,y)v P5(y))). OnycTnm 3HaK KBaHTOpa Cylie-

CTBOBAaHWA, CTOAWMIA nepes Bceli hopMynoi, Npeanonoxms, 4TO fOKasa-
TenbcTBO 6yAeT NpoBeAeHO ANA HEKOTOPOro (WMKCMPOBAHHOTO X = @&, HO
T. K. X — no6oe 3HaueHne, TO OHO GyfeT CNpaBefnnMBO ANA BCEX CNYy4aes.

Torpa (™ (fl>y)v A (>)m OTbpocum Tenepb KBaHTOP
BCEOGLHOCTM, paccyxAan Kak B MpeablAyLem cayyae.

F2 =Vx(ps(x)-> LWX))= VX(/>(x)v T2(x)]
Takum 06pa3om, MHOXeCTBO AN3bIOHKTOB UMeEET BUA
r=£(,)v P2(x)v P3(x,f(x)),PI(x)v P2{x)v Pt (xIP5(a\P:(alP3(a,y)v

vP M ©® b 3M}= {FuF2F3Ft,Fs,F6} Nccneayem ato mHOXecT-
BO Ha BbIMONHMMOCTb C MOMOLLbLIO METOAA PE3OIOLMA.

Hangem res(Fi,F4) A, =Pi(n), A2=Pxx), 0 ={zl]jc},

Ffiv F40 = Pt(a)v P2(a)v P3(a,f(a))v Pt(a),
F1=res{F, F,)= P2(a)v P3(a,f(a))-

res(F5F7)=? Ax=P3(a,y\ 4 =P3(a,f{a% 0={/Tal(y},

F50v F,0 =P3(aj(a))v P5(/(a))v P2(a)v P3(a,f(a)),
F8 =res(F5,F1)=P2(a)vP5(f(a)y,

rei(F6,Fs)=2 AL=P1{x\ A4 =P2(a), 0 = {dhc}>
F60 v FsO =P2(a)v P5(/(a))v P5(a)v P2(a),

F9 =res(F6,Fs)=P5(a)v Ps(f(a));
res(F2,F4)=? A =P (4 \ =Pt(a), 0="e|m},

F20v F.0 =P, (a)v P2(a)v Pt (f{a))v Pt(a),
Fw =res(F2,F4)= P2(a)v P4(f(a));

res(F6,Fs)=? Aj =P2(x\ a4 =P2{a\ 0= {a|n}.
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F.0v F80 = P5(e)v P (B)v Pr(a)V P5(/(a)),
F, =res(F6,Fg)=P5(a)v P5(/ (a));
res{Fs,F6)=1? A, =Ps(x\ A, =P5(y), 0={tly},
F50 v F60 = L|(a,x)" P5(x)v¥s{x)vP_(x),

Fu =rei(F5F6)=P2(x)vP3(a,x);
res(FL,Fr_)-"l A2=P2(,y), A, =P ,(a), 0="fi|x},

F70v FI20 = P2(a)v P3(a,/(a))v P,(x)vP3(a,a),
FB=rM(F7,F12)= ~(a,a)vP 3(/,/(a)).

HaxoxaeHue Apyrux pe3osbBeHT TaKXe He 4aeT BbIBOJ HYNfA, Clef0BaTeNb-
HO,  MCXOJHOE  MHOXEeCTBO  BbIMOJHMMO, T.e. B  CUFHaType
2 ={P[,P2,P3,P4,P;,/\a}popmynbl u3 MHoxXecTBa I, UCTUHHBI.

m [Mpumep 5. lokaxeMm npaBuibHOCTb paccyxaeHunsa 3.4.11.
(\/x(p(x)—>N1(x))n VX(P(X)—£2(*)))-» (3.TP(.r)—bX(8(x)nA(x))).
Mo meToay pesontouunit, ytobsl L n 4 n..n f —=/1 =1, Heo6X0[MMO,
ytobul {a,N2,.... 4,10} ~.

Mpeo6pasyem NOCLINKY W CNefjcTBUE OCHOBHON (POPMYbI:
(vic(p(jc) v 72(jc))a Y x(p(x) v O (x))) = (\/x(p(v) v /2(x))a (p(n) v 0(a))).
BxP(x)v Bx(gq(x)a R(x)) = VxP(x)v Bx(g(x)aR(x)) = VXP(x)v

v 3y(e(y)n R(y)) =Vx3y(p(7)v (e(y)n R(y))).

Haiigem Tenepb oTpuuaHue CNeaCTBNA MMNAUKaunn

Vx3y(pMv(<2(y)A«(y))™ 3xYy(p(x)n ($y) v LLL)).

KBaHTOp cylecTBOBaHWA OTGPOCKUM, MOACTaBMB BMECTO MpeAMeTHOI mne-
pemMeHHOW X KOHCTaHTy a . OTGpocuB Temepb B NOChbINKe U CneAcTBUU
KBaHTOPbI BCEOGLLHOCTM U NPEANONOXMNB, YTO 40Ka3aTeNbCTBO NPOBOANT-
cA ANs M0 GbIX 3HAYEeHN NPeAMeTHbIX MepeMeHHbIX, MONYYNM MHOXECTBO
AN3BLIOHKTOB

T ={p(x)v R(x),P(x) vQ{x). P(a),Q(y)v R(y)}= # .F2,F3,F .}
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[ns TOro 4ToGbl JOKa3aTh, UTO WCXOAHOE PacCyXfeHue NPaBUIbHO, Heo6-
XOAMMO M3 [, MONYYNTb PE30NIOTUBHbIN BbIBOA HYNS:

Fs =res(F, F3)=R(a),
F4=rei(F4,F5)=Q ~,
F7 =res(F2,F6)=P{a),
res(F3,F1) =o.

4.10. NMpakKTuyeckoe 3aHATME Ne 10.
YHngukauyma gopmyn. MeTton pesontoyunii
B UCUNCNIEHUN NPEenNKaTOB

4.10.1. MocTpouTb BCe nonapHble komnosmyuu 0,0” NofCTaHOBOK

01 02

03 ={p2€ 1] x’c2\y>x\r\a 04 = {'|IC>z|y.X] z}curHatypsl
S ={c,,c2,F, ,F2}.

4.10.2. OnpefennTb, yHUULUPYEMO AN MHOXeCTBO . B cnyuyae yHuduumnpye-
MOCTW HaiiTn Hanbonee o6WMiA yHUUKaTop:

a) I ={P(c,x,F2(F,(y))\P (z,F2(z\F2(n))};
6 r =Ne (4 "W)if(y.y)};

B) I ={p(c.n:).p(c.c)};

n r={pC.xF(x)).,P(cyy}

a) T ={F(u,Ft(x,y)\F(y,z\F(fi,F,(c,r)}.

4.10.3. OnpeaennTb, UMEIOT NU CKNENKN cneaytoline AU3blOHKTbI. Ecnn ckneiikn
UMeLoTCA, HaliTn nx:

a) P(vP (F(y))v");
6) Pt(x)VP2(y)v pXF{x)h
B) F, (x)v F2(y)v FI(F2(c))VF, (r)v F2(r).
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4.10.4.

4.10.5.

4.10.6.

HaliTi BCe BO3MOXHble Pe30NbBEHTHI CAefyro W MX nap AU3BIOHKTOB!

a) P . AVPAP AVP AV,
6) N (x)v P,(x,x),”(c,F(c));
8) P(a)v Q(x,b\p(x)v Q(b,y)

MpoBepuTh, BHINONHUMO N1 MHOXECTBO (hOpMyn:

P.=A(c|./(cr)1/(c3))
F2 = P2(c))
6 F1_=Pi{x,x,f(x))
_ _P4 =Pi(x y z)v P3(x, z)
=P2(x)v Pi{y,z,u)vjy(x,u)v P3{x,y)v P3(x,z)
N6 = "3(c1>c3)>
B) F =V*(p(*)-> Vy(p(y)" ((<2(x)->e(y))v VzP(z)f

MpoBepuTL NCTUHHOCTb CAEAYIO LLMX (hOPMYS METOAOM Pe3ontoLuii:

v ((3v3vvfi(i,v,w)n 3zA(z,c,z)n 3XYYyB(y, x,a))),
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v UXA(b, X, X) v VXVmB(x, u, b)) —>((VxA(jc, X, ¢ ) —» 3y3zA(i>,y,z)) v

v B(a,a,b));
1) (3a:\/y3rB(x, y, r))n (BuVYVXA(U,X, y)v Vx3rii(x,a,r))n
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a) (VuvvVw/4(u,v,w)v Mx3yB(x,b,y)v V«VvC(w,v,i))n
n (3XA(x,a,b)vVy3zB(a, y,z)v\/vVuC(y,u,a))n
n (\VwB(a,i>, w))—>(Vu3v3wC(u,v, w)a 3xV>>3zC("\, y, ));
e) (3>>Vzfi(yy,a,z)—VnVVA(i> v,J<))A
a (\/M\/vA(v,ua)v \/y3uVzB(u,y,z))A (V zfi(z,z,2))—

—>(3yB{a,y,b)n 3xYy3?2a(x, y,z))v 3uVVv3wA(m, v, w).

4.11. HekoTopble npobnemel
akKcnMomMaTmMyeckoro ncuymncneHnsa npeanKkaros

Pa3pewmmocTb

I'Ipo6nema, 3aKnyaruiadaca B OTbICKAHUW anroputMa, pellarowero 1y uan nHyw
Cepuo OAHOTUMHbLIX 3afay, Ha3biBaeTca anropuTMUYecKoil npobnemoii paspewn-
MOCTU. HepaspewnmMocTb anropuTMMUYECcKOn npo6nembl O3HayaeT, 4TO Takol
anropuT™M HeBO3MOXeH. MpocTediwnii npumep Npo6nembl paspewMocTu— Mnpo-
6nema paspeliMMocTi anre6pbl NOrMKN, KOTOPas COCTOWUT B OThICKaHWUMW anropuT-
Ma, Mo3BONAKLLEro Ans no6oii popmynbl anre6pbl NOrUKWN YyCTaHOBUTL, ABNAETCA
NN OHA TOXAECTBEHHO WCTUHHOW, TOXAECTBEHHO NIOXHOW WK BbINOAHUMOW. Ans
anre6pbl NOTMKK 3Ta Npo6nema peLeHa.

Mpo6nema paspelmmocTi ANs UCHACNEHWUS NPEAUKATOB, B OTAUYUE OT MCYUCAe-
HUA BbICKa3biBaHUIi, OKasanacb CBA3AHHON C CePbe3HbIMW TPYAHOCTAMM, 3aBUCA-
WKUMU OT TOYHOTO OMpPejeneHns NOHATUS anropuTma. Mocne NosBAEHUS TOYHOTO
onpegeneHus anropuTmMa nosiBUIack BO3MOXHOCTb 40Ka3aTb, 4TO nMpo6nema pas-
PEWNMOCT ANS WCYMCIEHU MpPeAnKaToB Hepaspewwuma, T.e. HeoGXOAUMbINA
8 9TOW nNpo6neme anroputm HesosmoxeH {tM. Teopemy 3.8).

HenpoTtneBopeunBOCTb N HE3ABUCUMOCTb

MMpoTMBOPEUMBLIM Ha3blBAaeTCs Takoe MCYMCIeHUe, B KOTOPOM Kakas-1uGo dhop-
Myna fokasyema BMecTe CO CBOMM OTpuLjaHueM. 3Ta npobnema AN MCUUCNEHNS
NpeAMKaTOB peLlaeTcs B MOAOXNUTENbHOM CMbicne. [na fokasaTeNbCTBa HENPOTK-
BOPEUMBOCTI [OCTATOYHO OGHAPYXWUTb Kakylo-HUGYAb HEBbIBOAUMY hopmyny
B NCUYNCNEHUN NpPeAnKaToB.

MOXHO nokasaTb, YTO BCAKOW BbIBOAMUMON (DOPMYyne NCUUCNEHUA NPeJuKaToB CO-
OTBETCTBYeT BbIBOAMMAA (DOPMyna MCUMCNEHWUS BbICKa3biBaHWI, ANS KOTOPOro



fnaBa 4. UcuncneHune npegukatos 213

npo6nemMa HeNPOTUBOPEUMNBOCTN peleHa. OTClOa HeMeANeHHO cnedyeT HenpoTH-
BOPEUYMBOCTb MCUMCNEHUS NpefuKaTOB. B camom fene, ecnu Gbl McumcneHue npe-
AVKATOB 6GblNI0 MPOTMBOPEUMNBO, TO B HeM BCAkas hopmyna 6bina Gbl BEIBOAUMOIA.
B uacTHocTM, Gbina 66l BiBOgMMa popmyna A, cocToswas U3 ofHoN 6ykBbl. Ho
Toraa A 6bina Gbl BHIBOAWMA U B MCUMCNIEHUMN BbICKa3bIBAHUIA, YTO He BEPHO.

MoMUMO HempoTMBOPEYMBOCTM BO3HWKAET BOMPOC O BbIBOAMMOCTW KaXpjoW ak-
CMOMBI M3 OCTaNbHbIX. ITO BOMPOC HE3aBUCUMOCTU CUCTEMbI akcuom. CucTema
aKCWOM MCYMCNEHUS NMPefMKaTOB— Hes3aBMCMMas cucTeMa. Hes3aBUCUMOCTb aK-
CNOM TOBOPMT O TOM, YTO B CMCTEME HET NULIHMX aKCMOM. 3Ty He3aBUCUMOCTb
MOXHO YCTaHOBWUTb MOCPEACTBOM WMHTeprpeTaLun. MeTop MHTepnpeTauunii, ofHa-
KO, MPUAOXNM K BOMPOCAM HE3aBUCUMOCTU TO/IbKO B M3BECTHBIX TPaHMLaXx.

B pasfene 2.8 o6cyxpancs BONPOC HE3aBUCUMOCTM aKCMOM WMCHWUCIEHUS BbiCKa-
3bIBaHMi1. BONpoC 0 He3aBNCUMOCTM akCMOM OBGbIYHO CTAaBUTCA AN HEMPOTUBOpe-

UMBBLIX CUCTeM, B 3TOM cny4yae OrpaHW4MBAIOTCA CBEAEHWEM HE3aBUCUMOCTM
K BOMPOCY O HEMPOTUBOPEYNBOCTU AaliHON CUCTEMbI aKCUOM.

lNonHoTa B y3KOM CMbIC/e

Nornyeckas cucTemMa HasblBaeTCA MONHON B Y3KOM CMbICIE, €CU Henb3s 6e3 npo-
TUBOPEUMs MPUCOEAMHUTL K ee akCKOMaM B KayeCTBe HOBOI aKCMOMbI HMWKaKyto
He BbIBOAMMYIO B Heil hopMyny Tak, 4To6bl NONyYeHHas Npu 3TOM cucTema Gbina
6bl HEMPOTUBOPEYMNBOIA.

B oTnnuMe OT MCUMCNEHNS BbICKa3biBaHWI, UCUMCNEHUEe NPeAMKATOB OKa3biBaeTCs
HeMo/HbIM B Y3KOM CMbicie. K ero akcuomam MOXHO MPUCOeANHWUTL Ge3 MpoTu-
BOpeuuns Hefokasyemyto B Hem dopmyny 3x/”x)— VX.F(x). Bce npegmeTsl TO-
XAECTBEHHbl — TaKOB COAePXaTeNbHbl/A CMbICA 3TOW (hOPMYyNbI.

MpuBesem Ans AoKasaTenbCcTBa NMLWb COOBPaXeHMA, HocALLMe 06U XxapakTep.
Kaxpan BbiBOAWMas (hOpMyna WCHUWCNEHUS BbICKa3biBAHWI MMeeT BbIBOAUMBIN
aHanor B UCYNCNEHUN NPefUKaTOB 1 MOXeT GbiTb NMPUCOEAMHEHA K aKCMOMaM 3T0-
ro ncuucneHus. Hanpumep, Takas: A—» A OHa BbIBOAUMA B NCUMCNIEHUN BbICKa-
3biBaHUi. Ecnu o6nacTb onpepenedns M npegukata F(X) coctonT u3 ogHoro
anemMeHTa X, To A—» A npespawiaeTcs B WCYUCNEHUU MPEAUKATOB B (hOpPMYyny
3ar/"x)—>V xF(x), Kotopas 6yfeT UCTUHHOW. OHa He GyfeT WUCTUHHON, ecnn
M cogepxuT 6onblue, Y4eM OAWNH 3neMeHT. OAHAKO M3 0GLLeNOrnyeckux nono-
XEHUWA Henb3s 3akNuUMThb, 4To 06nacTk M copepxuT 6osee OFHOrO 3neMeHTa.
Taknm 06pa3om, UcUMCNeHe NPefuKaTOB HEMOMHO B Y3KOM CMbICHIeE.
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lNonHoTa B LULMPOKOM CMbIC/ie

Noruyeckas cucTemMa NOMHa B LWIWPOKOM CMbICNe, eCAN Nt06Gas TOXAECTBEHHO WC-
TUHHas popmyna B Hem fokasyema. Ha ocHoBaHuM Teopembl [egens npoGnema
MONHOTHI B LUMPOKOM CMbIC/IE PeLlaeTcs ANA UCUMCNEHUA MPELUKATOB MONOXKM-
TeNbHbIM 06pasom.

Bce BbIBOAMMbIE (hOPMY/bI UCHUCNEHUA NPEAUKATOB NPEACTaBNAIOT COBOI ToX/Ae-
CTBEHHO MCTUHHbIE BbiCKasbiBaHWA. OBPATHO, Kaxhas TOXKAECTBEHHO WCTUHHas
thopmyna BbIBOAWMA B MCUMCNEHUN MPEAMKATOB. M3 3TOrO ACHO, YTO B Mcumuchne-
HUM NPeAnNKaTOB Hesb3s BbIBECTU CKONbKO-HWGY/Ab COAEPXATENbHOE MO CyLyecTBy
BbICKasblBaHMe, B Y4aCTHOCTU, MaTemMaTuyeckoe. O/HAKO eCIM K aKCMoMaMm ucuunc-
NeHUs NPefUKaToB NPUCOEANHUTL KaKMe-TM60 HEeBLIBOAMMbIE POPMYNbl B KayecT-
BE HOBbIX aKCMOM, TO MONYYUTCH FPYrO€ UCUMCNEHME, B KOTOPOM BbIBOAWUMbI, MO-
MUMO TOXAECTBEHHO WCTUHHbLIX hOpMYN, 1 Apyrue popmynbl. CpejcTBaMn 3TOro
McUNCNEeHNst MOTYT GbiTb OMWCaHbl PasfMYHble MaTemMaTUyeckne AUCLUMANHBI,
Hanpumep apudMeTMKa, TEOPUA YMCEN, TEOMETPUS, Teopus MHOXecTB. Jlto6as de-
AYKTUBHAA CUCTEMA MOXET GbiTb BbipaXeHa yKasaHHbIMW CpeacTBamMu. Mpu aToM
nto6as BbiGpaHHas cMCTeMa akcMOM AO/XHA BbiTh BHYTPEHHE HEMpOTMBOpPeYMBa U
He3aBMCUMA, T. €. KaXAaA M3 aKCMOM 4OMKHA GbiTb He BbIBOAUMA W3 OCTaNbHbIX.
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Teopua anroputmoB

5.1. XapakTepHble yepTbl anropntmMma

MoHATME anropuTMa B MaTemMaTuke Npolno 60nblwoi nyTb pa3sutua. ObLee on-
pefeneHune anropuTMa, UMetoLLLee MHTYUTUBHBIA xapakTep, cepytoLyee.
ANTOPUTM — 370 06LWNiA, eANHOO06PA3HbIN, TOUHO YCTaHOBNEHHBIA CNOCO6 peLue-
HMA No6oi 3afaunm M3 faHHO MaccoBoii npo6nembl. Takum o6pa3om, anropuT™m
BCerja CBfA3aH C pelleHMeM MaccoBOi Npo6aembl. 3ajadn Takoro knacca oTamua-
I0TCA APYT OT Apyra 3HaMeHUAMM BXOAALLMX B HUX MapameTpoB. [pumepbl anro-
PUTMOB: W3BMEYeHME KBafpaTHOrO KOPHA, NpedeNbHbIi nepexop, HaxoxieHue
npon3BoAHoOI 1 T. N. MpuUBefeHHOe MOHATUE anfopUTMa HecTporoe. B Hem BCcTpe-
4aloTCA CNOBa, TOUHbIA CMbICN KOTOPbIX He yCTaHOBNEH, Hanpumep “cnoco6”. Tem
He MeHee faxe NpW TakOM OMpejeseHNN MOXHO BbIeNINTb HEKOTOPbIe XapaKTep-
Hble YepThbl anropuTma:

1. OMCKPeTHOCTb. Kaxpas mocnepyrolias BeAMUYMHA NONy4aeTcss W3 3HAYEHMi
npeAblAyL X NO ONpeseneHHOMY 3aKOHY. Bce BenWUMHbI nonyyaloTcs nocne-
floBaTeNbHO APYT 32 APYroM.

2. [eTepMUHUPOBAHHOCTb. Mexjhy BCEMW BEANYMHAMM, MONYyH4AaeMbIMW anro-
PUTMOM, CyL|ecTBYyeT XecTkan NMPUUMHHAA CBA3b. locnegytoline 3Ha4eHNs 3a-
BUCAT OT MpPepbIAYyLLUX.

3. OMIEMEHTAPHOCTb LWAaroB anropuTMa. 3akoH MoNyyeHus nocnepyoLeid cuc-
TeMbl BeNIMYNH U3 NpeALlecTByloLLell fOMKEH BbiTh MPOCTLIM.

4. MaccoBoCcTb. HauanbHas cuctemMa BE/IMUYMH BbIGUPAETCA U3 HEKOTOPOTO MHOXe-
cTBa. HavanbHble yCNOBNA MOTYT BapblPOBaTLCA B GECKOHEUYHbIX Mpe/enax.

5. Pe3synbTaTNUBHOCTb. KOHeuHblii pesynbTar Bcerga Ao/KeH GblTb NONyYeH.

CnoBo "anropuTm" NPOUCXOAWT OT UMEHW MaTemaTuka anb Xopesmn* (an Fopes-
MWU— anroputm). VIHTYyUTUBHOE NMOHATUE anropuTma paboTaeT, KOrAa peyub uget

N6y Oxadap Myxammag nén Myca an-Xopesmun (oK. 783-ok. 850) — apabckuii maTemaTuk.
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0.HalileHHOM anropMTMe peLleHUs KOHKPEeTHOW 3afauu. MON0XeHUe Cyl|ecTBeH-
HO MEHSeTCs, eCM BO3HWKaeT anropuTMmUyeckas npo6naema, peLlueHne KOTOpoil He
HalifjeHo, 1 TpeGyeTcs YCTaHOBUTL, MMEET N OHa pelleHne. B atom cnyyae Hago
40Ka3aTb 160 Cyl ecTBOBaHWe anropuTmMa, 1M60 ero oTcyTcTBUE. [MepBoe MOXHO
cfienaTb nyTem hakTMYeCKOro OMMCaHWA MpoLiecca, pellatoLiero 3ajadyy. B atom
cnyyae AOCTATOUHO W UHTYUTUBHOTO MOHATUA anropmTMa, 4To6bl Y40CTOBEPUTLCA
B TOM, YTO OMWCAHHbI/ NpoLiecc ecTb anropuTMm. [loKasaTb HecyliecTBOBaHWe an-
ropuTMa Takum nyTeM HeBO3MOXHO. [lns 3TOro Heo6XoANMO TOUHOe popmanbHoe
onpefeneHue.

B yTOYHEHWUW NOHATMA aNropuTMa BblIeNA0TCA TPWU HanpasneHus:

1. YToUYHeHMe NOHATWA 3WEKTUBHO BbIYNCAUMONW (PYHKLUU. DTUM 3aHUMaNUChb
N. Yepy n K. Fegenb. B pesynbtate 6bin BblAeneH KNacc 4aCTUHHO PeKYpPCUB-
HbIX (PYHKLMWIA, NMeoLwmnx CTPOroe MaTeMaTnyeckoe onpegeneHue.

2. MawwnHHaa apudmeTnka. 34ecb CyLLHOCTb NOHATUA anropmMTMa pacKkpbiBaeTcs
nyTeM pacCMOTPEHUS MPOLLECCOB, OCYLLeCTBAAEMbIX B BblYNCANTENbHON Ma-
LLnHe.

3. HanpasneHue, cBA3aHHOe C MOHATMEM HOPMasnbHbIX anropuTMOB W3 paboT
A. MapkosBa .

CylyecTBoBaHWe PasANYHbIX ONpeAeNeHNid MOHATUS anropuTMa MMeeT U CBOU
npeMMyLLecTsa, T. K. AN PeLIeHNs PasnuuHblX 3ajady yAo6HO WCMONb30BaTb pas-
NNYHbIE Hanbonee NoAxXoAALLMe ANS 3TOTO CAyYas ONpejeneHuns.

MepBoe HanpaBneHWe—- yTOUHEHME MOHATUS anropuMTMa— CBA3AHO C TOUHbIM
onucaHneM cneuuansHOro knacca yHKLMIA, HasbiBaeMbix PEKYPCUBHBIMU. Ymncno-
Bble (PYHKLNM, 3HAYEHUA KOTOPbIX MOXHO BbIYMCAUTL MOCPEACTBOM anropuTma,
HasblBAK TCH BbIYUCANMBIMU (DYHKLMAMU, MOHATUE anropuTMa 34ech He onpejene-
HO (popManbHO TOYHO, MO3TOMY MOHATME BBIYNCAUMON (PYHKLNU OKa3blBaeTCH MH-
TYWTUBHbIM. O/IHaKO COBOKYMHOCTb BbIYMCAUMBIX (DYHKLUIA, COOTBETCTBYHO LLUX
ycnosuam 1-5, T.e. yAOBNETBOPAIOLIMX XapaKTepPHbIM 4epTam anroputMa Ans
MHOTUX MPOLLECCOB, 0Ka3anach OJHOI 1 TOVi Xe, Nerko onucbiBaeMoii B MaTemMaTm-
YecKMX TepMWUHax. 3Ta TOYHO OMWUCAHHas COBOKYMHOCTb YMCNOBbIX (DYHKLUIA,
coBnagatollas ¢ COBOKYMHOCTbIO BCEX BbIYNCAUMBIX (DYHKLNIA B CaMOM LINPOKOM
NOHUMAHUM aropuTMa, Ha3biBaeTcs COBOKYMHOCTbI0 PEKYPCUBHBIX (YHKLMNA.

PekypcuBHble (hyHKUMM BnepBble onucaHbl egenem, 3aTem B 1936 r. Yepy npu-
Wen K TaKoMy e Knaccy PyHKUWA. AHanu3 upeid, nexalnx B OCHoBe onpejene-
HUA PeKYPCUBHBIX (BYHKLMIA, No3sonun Yepuy BbickasaTb FMMOTE3y O TOM, 4TO
KNnacc pekypcuBHbIX (WYHKLMIA TOXAECTBEHEH Knaccy BCIOAY OMpejeneHHbIX Bbl-

AHppeit AHppeesny Mapkos (1903-1979) — coBeTcKuii MaTemMaTuK.
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YMCMMBIX (OYHKUMA. DTa rmnoTesa u3secTHa nog umeHem Tesuca Yepya\ poka-
3aTb €e Henb3f, T. K. MOHATME BbIYUCAUMOW (PYHKLWM TOYHO He OMpefeneHo.
B cuny Tesuca Yepya BOMNPOC O BbIYUCAUMOCTU (DYHKLMW PaBHOCWUIEH BOMpoOCY
0 ee peKypcuBHOCTW. MMOHATME PEKYPCUBHOW (PYHKLMK cTporoe. MOCKOAbKY B an-
ropuTMUYecknx npobnemax peyb 06bIYHO WAET He 06 anropuTMax, a O BbIUMCIN-
MOCTW HEKOTOPbIX CreynanbHbIM 06pa3oM NoAo6paHHbIX, pellarolnx npobnemy
(PYHKLMAX, TO MOXHO CTPOro [0KasaTb, 4YTO pellalolyas KOHKPETHYK 3ajavy
yHKLMA He MOXeT 6biTb PEKYPCUBHOW, a CNIefoBaTeNIbHO, He CYLLeCTBYeT W anro-
puTMa pelleHUs 3TOW 3agaun. VIMEHHO 3TUM nyTem Yepy fokasan HepaspeLiu-
MOCTb anropuTMMU4eckoil NPoGaeMbl NOTUKN NPeANKATOB.

Ecnn nepBoe HanpasneHWe YTOUYHAET MOHATUE aNropMTMa Yepe3 Knacc pekypcus-
HbIX (DYHKLWIA, TO BTOPOE, CBA3aHHOE C MAallWHHOW apuMeTUKO, CHavana yTou-
HSAeT MOHATUE aNTOPUTMA, a 3aTeM OnpeaenseT KNacc BbIYUCANMbIX (DYHKLNI. ITO
HanpasneHue pa3suTo MOCTOM U TblOpUHrOM . OCHOBHAA UAes 3TOr0 Hanpaefne-
HWs 33K YaeTCs B TOM, YTO aNrOPUTMUYECKME NPOLECChl — 3TO MPOLLEcChl, KO-
TOpble MOTYT UMUTWPOBATLCA HA MOAXOAALLE MOCTPOEHHbIX MalUWHaxX, KOTOpble
OMMWCLIBAIOTCA B TOUHbIX MaTeMaTUYECKUX TepMMUHAX. B pe3ynbTaTe okasbiBaeTcs,
UTO CMIOXHbIE MPOLLECChl MOXHO MOZAENMPOBATb HA MPOCThIX YCTPOKcTBaxX. Beakmnii
anropuTM MOXeT 6biTb 3ajaH HEKOTOPOI (hYHKLWOHaNLHON CXeMOl W peannsosaH
B COOTBETCTBYlOLLE MalnHe TblopuHra. 3Ta rumnoTesa HasbiBaeTcs TE3NCOM
ThlopuHra. Ero Takxe Henb3s 40KaszaTb MO TOV e MPUUMHe, YTO M Tesnc Yepua.
Bce M3BECTHblE 40 CMX MOP anropuTMbl MOTYT GbiTb 3afaHbl NOCPEACTBOM ThiO-
PWHTOBbIX (DYHKLMOHANbHBIX CXEM.

TpeTbe HanpasneHne — TEOPUS HOPMaNbHbIX anropuTmMoB Mapkosa.

Bypem HasbiBaTb aN(aBUTOM A BCAKOE HEMyCTOe KOHEYHOE MHOXECTBO CUMBO-
7I0B; Camu CMMBONbI HasbiBatoTcs OykBamMin. CNOBOM B andpasute A HasbiBaetcs
BCAKAA KOHeYHas nocnefoBaTeNbHOCTb GYKB 3TOro andpasuta. MpocTeiwnmmn aeii-
CTBMUAMU B HOPManbHbIX anroputMax MapkoBa ABNAIOTCA NoOC/nefoBaTe/bHbIe 3a-
MeHbl BXOX/EHW MOACNOB CMelnanbHOro BMAa Ha Apyrue cnosa. HopmanbHblit
anropuTM MOXET MepeBOAWTb CNOBO a B C0BO P, mpuuem Ha MHOXeCTBe CNOB
MCMoNb3yeMoro ancasnTa cNoBo P 0AHO3HAUHO onpedenseTcs 3TUM anaBuToM u
CNOBOM a . HopManbHbIii anropuT™M MOXET 6biTb U He MPUMEHUM K CNIOBY &, ec/n
OH He NpeoGpasyeT a HU B Kakoe CNOBO.

OCHOBHOE NonoxeHne 06 "yHWBEPCaNbHOCTU” HOPManbHbLIX aNTOPUTMOB — MPUH-
LN HopmManusauuu-, no6oit anropuTM Haj KOHeYHbIM anasuToM A 3KBMBANEH-
TEH OTHOCMTENbHO A HeKOTOPOMY HOPManbHOMYy anroputMmy Hag A . 3T0T
npuHUMN nogobeH Tesucam Yepua u TblOpPUHTa U HegokasyeM W3-3a Heomnpepe-

AnaH MatucoH TblopuHr (1912—1954) — aHrnuiicknii matemaTuk.
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NEeHHOCTU (hOpManbHOrO MOHATUS anropuTMa. Ha npakTWKe AOCTATOYHO OrpaHu-
UMTbCA anropuTMamu, AedcTBYIOWMMU Ha NOCNEeA0BaTENbHOCTAX HaTypanbHbIX
umcen U BbIJAlOLLUX B KA4UeCTBE 3HAUEHWIA Takxe MocnefoBaTeNbHOCTU HaTypanb-
HbIX 4ucen. [eiicTBUA HOPMaNbHbIX anrOpUTMOB MapkoBa MOXOXMW Ha fedcTBus
MallnH ThlopuUHra.

B nocnegytowunx pasgenax 6onee nmogpo6HO M3y4yuM Knacc pekypCUMBHbIX (hYHK-
UM 1 npouecchl, NpoucxoAsLLMe B MallMHax TblopuHra. HopmanbHble anropuT-
Mbl MapkoBa He GYAYT paccMaTpUBaThCA.

5.2. Bbluncnmmble, 4HaCTUYHO PEKYPCUBHbIE
M o6LepeKypCUBHbIE PYHKLMN

MycTb YHKUMA Y 3aBUCMT OT LLeNIOYMCNEHHbIX apTyMeHTOB XY,X2,...XI.

OyHkumMa § = /(% ,,x2,..x/) HasbiBaeTcst IPDEKTUBHO BbIYNCAUMON, ecnn cyuie-

CTBYET anropuTM, NO3BONAIOLWMNIA BbIYMCNATL ee 3Ha4yeHuA. MpocTeiiwne adchek-
TUBHO BbIYMNCNUMbIE DYHKLMM:

1. ~.(x)=x +| — onepatop casura.

2. 0 (X)=0 — oneparop aHHyNMpOBaHUA.

3. M7(x],x2>..,Xxn) =XT, 1< T < N — onepatop NpoeKTUPOBaHUA.
PaccMOTpUM  (OyHKL MK XLX2,. . IXKIN 72X\ X1,...,xn\...,/T(X"X2,...uxn) u

yHKLMIO a (hyHKumMo y(x,,X2,...,XN) onpesenum paBeHCTBOM

AcHO, uTO dyHKUMA Y (X, ,X2,...,XN) nonyyeHa cynepnosvuuneinr yHKUNA
QU X2,...,XT) n £XXi,x2,...,.xn\ f 2{x,,x2,...,xiX .., fm{d,x2,...,x,1). Ouesung-
HO, 4TO ecnu Bce oyHKUUKN /, n & Bcrojy onpejeneHsl, To y — BCHO-
Ay onpegeneHa. PyHKUMA y 6yjeT He BCIOAY onpedeneHa, ecim xoTs 6bl 0A4Ha U3
yHKunii /p /2,...f, He Bclogy onpegenena wiv ecnu /3,72, BClOAy on-
pegeneHsl, HO C/i >/ r..../ ,») Tfe-TO He OoNpefeneHa UT. n.

MoryT 6biTb Cy4an, KOrAa He BCe PYHKLNN 3aBMCAT OT BCex N ap-
rymeHToB X[,X2,..X/L B 9TUX cnydyasx gns noay4eHus cynepnosuumu Ucnonb3sy-

0TCH  (PUKTMBHbIE apryMeHTbl U (OYHKLAN . X2,...)XH). Hanpumep,
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f(*>Y.z) =/, (n),/72(X, y,1),y,X) =>d (X, x2,x3,X4),
/,(x)=F (xy,z2),f2{x,y,z2)=F2(x,y,r),

/30> 2)=/2(*y,2), F4(x,y,z) = I\(x,y,Z), npuuem ncnonsayerca cynep-
nosuums o, F1,F2 Ft>F4.

MpUMKUTVBHas peKypcus

MycTb MMeTCA ABe (DYHKUNU <pP(*2>*3nemen*«) U V (X W-"2**» N ji+i)*« > 1- On-
pefenum HOBYIO (HYHKLUIO

/(0,x2,n3,...,m,)= d(x2,x3>..,x1),
fly +\x2,x3,..xI) =y (y,f(y,Xx2,X3,.... %1 \X2,X3...*,,),
f 3aucuT OT N aprymeHTos, (p oT N —1L,ay oT N +1 aprymenTa.

roBopsT, uto oyHkums / nonyueHa u3 (p m W N0 CXeMe NPUMUTUBHON pekyp-
Chn. OuengHo, uto f  MHTYMTWBHO BbIUMCAMMA, €M ) U Y — WHTYUTUBHO
BbIYMCUMbIE PYHKUMK. JeiicTBuTensHo, nycts X{=4,,x2=a2,...,xn = an. Torga

/{0,a2,a3,...,a,,) =<p@,as,....a,) =H0,
/(l,a2,ar,....al=y(0,/(0,a2,...,a,"a2,...,a,1) = \|/0i>0,a2,...,.an) = i1,
/(2,a2,a3,...,aq) =>|f(l,/(,a2,...,an\az2,...,an)= y(l,fc,,a2,....an)= b2 ur. a.

B uyacTHOCTH, AnA dyHKuUN 4BYX nepemeHHbix f(y,X) Gygem umets

/(0.x)=d(x)
- \ \ v Ecnuxe aprymeHTy / BCEro OAuH, TO
/0'+1,x)=y0"'/0 "' xIW

. 70)=p yuy>rge & — MOCTOSHHas.
/(y+0-y6-./bl)

FosopAat, uto dyHKuma 7 (y,/1'2>n3'--" nH) nonyvaetca m3 <p(*2>*3 n
VY, Y1V 2 s -H) BO3BPATHOMN peKypCueil, ecnn oHa MOXeT 6biTh
3ajaHa cxemoin

[ /(0,*2/83...AC.) = b (*2,X3... AC|),

i, u  (y*f(ai(y +~x2,Xb,...,xn\...
Oy +1,Xx2,X3...jcl =v

1 [mme/@NY +1).%2.%3.....

rae a(y +)<y, a2(y +h<y...a,(y +l)<y.

8 3ak 4306



220 YacTtb | Matematnyeckas nornka

Bygem rosopuTb, uto pyHkums f(X) nonyuaercs ns dyHkyum g(.x) ¢ nomoLLbio

nTepayuu, n 0603HauaTh f(\);\}: ig\)/(\}, ecim 1,
If(x +\)=g(f(x)y

BcTaeT BONPOC: ANA KaXAbIX MM 4aCTUUHbIX PYHKUWMA ¢,y oT N —1 n A+ 1 ne-
peMeHHbIX cyljecTByeT yHKLMUA / OT M nepemMeHHbIX, Y4OBNETBOPAIOLLAS YCNO-
BMAM NPUMWUTUBHOW pekypcum u GygaeT A Takas (DYHKUMA efUHCTBEHHOW? Tak
Kak 061acTb onpefeneHns yHKLMA ecTb MHOXECTBO BCEX HaTypaibHbIX 4ucen,
TO OTBET Ha 3TOT BOMPOC, OYEBUAHO, MONOXMUTENEH. DOPMYbl NPUMUTUBHON pe-
KypcuM CUMBONMYECKM M306paxatoT Tak: / =72(ch,u/) n paccmaTtpmsaloT R kak
CUMBON BYXMECTHOI onepauuu, onpedeneHHo Ha MHOXecTBe F  dyHKUMiA.
®yHkyna / HasbiBaeTcs nMpocTo NPUMUTMBHO PEKYPCUBHOIA, eciim ee MOXHO Mo-
NYyUYNTb KOHEYHbIM YWCIOM OrMepaunii NOACTAHOBKM M MPUMUTUBHON pekypcum
UCXOAA NWLWb M3 npocTeiiwmnx dyHkymin ~,0,/". Onepaunnm NojCTaHOBKM (cy-
nepnosvuuun) n NPUMMTUBHON pekypcuun, 6yay4n NpUMeHeHbl KO BCHOAY OMpeje-
NeHHbIM (PYHKLMAM, AalOT B pe3ynbTaTe CHOBA BCIOAY OMpefeneHHble (yHKLNN.
Mo3ToMy BCe NPUMNUTUBHO PEKYPCUBHbIE (OYHKL MW BCIOAY ONpPefeneHbl.

oyukyua f(X |, n2,..0:,) HasbiBaeTcs YacTUYHO PEKYPCUBHOM, ecnim oHa MoxeT

6bITb MOYYeHa 32 KOHEYHOE YMC/O0 Waros u3 npocteiwnx dynkyuin X,0,1* npu
noMOLLM OMepayuu Cynepnosvuum, cXem NPUMUTUBHONM PeKypcun W onepayum
MUHUMU3ALMUN.

dyHKLMA HasbiBaeTcss 06LLEPEKYPCUBHON, ecnm oHa 4acTU4HO
peKypCcMBHA 1 BCIO AY ONpedeneHa.

/(M)= X
m [Tpumep X , Y /4 <Tpn TakoMm 3agaHuy cpasy BUAHa
fCy +Ix)=F(y,x)+\
¢ (a;)=n;, no V|/(jryz) Hago ycTaHaBnuBaTb. [0 onpegeneHnto npumu-
TUBHOI pekypcumn

= (f(x.2) =y) =4{xy.2).
Ho f(y +1,x)=f(y,x)+1| =(tukknk f(y,x)=y) =y +1.
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NTak, \J/(x,y,Z)=Yy +1. Toraa 4ncnoBbie 3Ha4eHUs Takxe Nerko Haxo-
AATCA:

/(0,0)=0, /(0,1)= 1, /(0,2)= 2,
/(1,0)=y(0,/(0,0)0)=y(0,0,0)=0+1=1,
7(2,0)=y(1./(1,0),0)=y(I,1,0)=1+1 =2,

/(3,0)= V(2,/(2,0),0)= y(2,2,0)= 2+1=3,
7(0)=y(0,/(0,1),i)=y(0,I,)=1+1=2,

7@20)= v(L.Z00)0)= v(l,2)= 2+1 =3,

/(3.1)= V(2./(2,)))= V(2,3,)= 3+1=4,

/(1,2)=y(0,7(0,2),2) = V(0,§>(2),2) = i|»(0,2,2)= /(0,2)+1= 2+1 = 3,
7(2.2)= V(1,/(12),2)= /(1,2)+1=y(1,3,2) =3+1=4,

/(3,2)=y(2,/(2,2),2)= /(2,2)+1=v|/(242)=4+1 =5 nT1. 4. MNMomec-
TUM 3TW 3HayeHWs B Tabn. 5.2.1. VIHTePeCHO BbLIACHUTL, KaK aHaNUTUYecKn
BbITNAANT hyHKL S B 3TOM npumepe. Nwme-
emf(y +hx)=f (y,x)+1, cnegosatenvHo, /{y+Z X=f[y,x)+z.
Monoxum >=0, Torga f(z,X)=7/(0,x)+ z- X+ z, T.e. NOCKObKY
MMS apryMeHTa MOXeT GbiTb Nt06bIM, BaAXHO NWLWb €ro MecTo B (hyHKLWU

f(y,x)=y +x.
Tabnuua 5.2.1
X
Y
0 1 2
0 0 1 2
2 3
2 2 3 4
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Oco6eHHO OTYeTNIMBO 3TO BMAHO W3 cnocoba BblUUCNEHUA QYHKLUUK
M{yl aumenHo:
/(0,X)=x,
/(1 x)=1+/7(0x)=1 +Xx, 1
/(2 x)=1+/1,a0)=1+(1+X)=2+X, | § +X.
/(3.aC)=1+/(2,x)=1+(2+x)=3 +x,]

Mpumep 2. }f(y +|,x}=f{/y,’x)\+x mBoiuncaseM MyMKLMIo y Mo Toii

we oxene 1(y +1)=y (0 1y 000 = FEE Y=wey.a).
\f(x,z)=y/

AHanornuHo, 7. k. f(y +1,X) =Ay, X)+ X, TOo

f(y +1,jc)=y(x,y5r)= Yy +Z UYncnosble 3HAUYEHNS BLIYNCNAIOTCH TAKUM

xe obpasom. Hanpumep, /(0,0)= O,/7(04)= 0, /7(0,2)= O,

/ (i,0)=y (0,7 (0,0),0)=y (0,0,0)=0+0=0,
/(2,0)= y(1./(1,0)0) =y(1,0,0)= 0+0 =0,
/(3,0)=V(2,/(2,0)0)=y (2,0,0)=0+0=0,
/(1L,)=y(0,7(0,D1)=y(0,0,)=0+I=1,
/2=y, /(D)= y@l111)=1+1=2,
/(31)=y(2,/(2,1),1)=y(2,2,1)= 2+1 =3,
/(1,2)=y(0,/(0,2)2)=y(0,02)=0+2=2,
7(2,2)= y(1,/(1,2)2)= y (12,2)=2+2=4,
/(3,2)=v(2,/(2,2)2)=1(1,4,2)=4+2 =6 (cm.Tabn. 5.2.2).
Tabnmua 5.2.2
v X
0 1 2
0 0 0 0
0 2
2 0 2 4
3 0 3 6
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3HaueHUs PyHKUMKM / Npu FpYrux 3HauyeHUsX aprymeHToB X H Y MOryT GbiTb
BbIYMNCNEHBI aHANOTUYHO. Onpedenum aHanutuuecknii sug f(X,y). B atom cny-
uae f(y +I,x) =f{y,x)+ x, torga f(y +ztx)=f(}",x)+z'Xx. Onsats nona-
ras y =0, nonyynm /(z,x)=/(0x)+ zeXx=0+zeX=zZm,, T.e
f(y,Xx) =y ®. Takum xe o6pazom u3 cnocoba sbiuncneduns f(y,x) sugHa ee
aHanMTUYecKas CTPYKTypa
/(0,*)=0,
/(1,x)=x+/(0,x)= x +0, |

f(2,X)=x+/(],x) =x+x 1 -2-xJ1 y-X.

/(3 x)=x +/(2,x)=x +x-2=3m\

m [pumep 3. PacCMOTPUM Ty Xe camyto (OYHKLMIO, 4TO 1 B MEPBOM NpuUMepe,
TONbKO 3aflaHHYI0 HecKonbko MHaue. MycTb 5(x,y)= X+Yy 1 no cxeme
NPUMUTUBHON PeKypcun OHa 3afaHa cnefytoLynum obpasom:

X+0=x, | 5(n%0)=x
X+(y +)=(x+y)+1" " js(x_y+]) =£(*x)+T
rae S(x,0) =/ (x)7 S'(*;y +1)-X(s(x,;y))=\17/(x,;y)z). Takum o6pasom,
yHKUMA ABYX MepeMeHHbIX iS(X,y) Monay4yaeTcs MO CXeMe MPUMUTUBHON
pekypcumn n3 dyHKUMKM OfHON nepemeHHOR  (x)=7](x) n pyHKLUM Tpex

nepemMeHHbIX — onepatopa cABura. MTak, Bcnom-

HUM elje pa3 onpejeneHne MNPUMUTUBHOW PeKypcUM Ans  yHKLUK
ABYX aprymMeHTOB (MepeBblYMCNAEMbIA  PeKYPCUBHO aprymeHT CTOMUT

/(x,0)= <p(x)
g4, B nawem cnydae

Oy +1)=xMx,y,1(x.y))
0+x =x =/|Hx} ,

fxy+=x+(y+=!+(x+y) =i+z

f(X,y)= 5"(x, _y)= X+Yy, a Tpetnit aprymeHT pyHkunu W ectb z, T.e.

Ha BTOPOM MecTe):

n6o

\j/(x,)y,z)= 1+ Z.3T0 TO Xe cam0e, 4TO 1 B MepBOM MpUMepe; Tam Npu 3a-
MeHe nepemMeHHbIX opmyna / (y,X) cTosna Ha BTOPOM MecTe B CMUCKe
aprymeHtos opmynel  v|/(_y,/(y,X),X), NO3TOMy paHee Mbl MOAYYNAN

V[/(x,y,z)= 1+ Yy . Mpu BbluncneHun 3HaueHnii dynkumn f(X,y) 310 He
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AOMKHO CKa3blBAaTbCA. BbIUMCAUM ONMATb HECKONbKO 3HAaYeHWi hyHKLMW Mo
dopmyne NPUMUTUBHON peKypcum:

/(0,0)=0, /(1,0)=1, /(2,0)=2, /(3,0)= 3,
/(0,)=7(0,0+1)=1+/(0,0)= u(x,y,r)=y(0,0.0) =1+0 =1,
7(0,2)= /(01 +1)=1+/(0,)= y (0,1,1)=1+1=2,
7(0,3)=/(0,2+1)=1+/(0,2)=y(0,2,2)=1+2 =3,
/1.0)=71,0+)=1+/1,0)=HAmy.,r)=f (1,01)=1+1=2,
/(1,2)=/(1,1+1)=1+/(1,1)=y(1,1,2)=1+2 =3,
/(13)=/(12+1)=1+/(1,2)=y (1,23)=1+3 =4,
/(2,1)=/(2,0+1)=1+/(2,0)=y (2,0,2)= 1+2=3 urt. 4. (tabn. 5.2.3).

Tabnuua 5.2.3
X

Y

0 1 2 3
0 0 2 3
1 1 2 3 4
2 2 3 4 5
3 3 4 5 6

MonyyeHa Ta xe Ta6nuua, 410 1 B MEPBOM NpuMepe, TONbKO NOBEPHYTAA Ha
90° N0 OTHOLUEHWIO K NepBOHaYanbHOM.

Mpumep 4. [lokasaTb 061epekypcMBHOCTL yHKuMNM P{X)y) =Xy .
3afagum 3Ty yHKLMIO cnefytoLeil cxeMoil MPUMUTUBHOW pekypcum:

f P(x,0)=0x =0=0(x)

[a(n,y +1)= Xe(y +1)= xmw +x =1 +P(X,y)= S(X,P(X, y)),
T.e. P{X,y) nonyuaercs no cxeme NPUMUTMBHOW PeKypcuM U3 YHKLUI
O(x) u S(X,y)=x+_y, KoTopble O6LLEPEKyPCUBHbI W, CNEAOBaTENLHO,
thyHkuma P(X, _y) Takxe o6LyepekypcuBHa. Tak Kak UCNONb3yemMoe 34eck On-

pefeneHine NPUMUTUBHON PEKYPCAN UMEET BUJ /(*.g)=o(*)=0

[fx>Y+1)=TOVY,f(x,))
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m=0(x)
X-(y +1)=x-y +x
cnegytowuii: f(X,y +1)=x-(y +1)=x-y +x = x+2z =\y(xty,z). Pacuer
€e 3HaYeHuin [acT Takue Xe pes3ynbTatbl, YTO BO BTOPOM npumepe.

a P{x, _y) onpegenena kak , 7O BUA PyHKUMKM y BygeT

1, »® o,
\
[O, m=0.

®yHKUMIO Sgn(*) MOXHO ONpPefennTb C NOMOLLbLIO MpocTeiiweli pekypcumn
Takum o6pasom:

Mpumep 5. flokasaTb 06LePEKYPCUBHOCTL (DYHKL MUK sgntx):

sgn(0)= O, sgn(0)=0 (x)
rae C.(y)= 1.
sgn(j'+ =1 sgn(/+1)=Cl(y)’

Toraa no onpegeneHnto Sgn(x) obLiepekypcuBHa.
Mpumep 6. MycTb gaHa dyHkyns G(X, y)= XI. Onpegenum ee no cxeme
x°=1, G (x,0)=C,(*),
(I =xy -Xx ™MW [g(a-,y +1)= p(x,G(X,y))

Takum 06pasom, dyHkuns G{X, y) MoXeT 6bITb MONyYeHa MO CXeme npu-

NPUMUTUBHON PEKYpPCUN

MUTWUBHOM peKkypcuu M3 06LLepekypcuBHbIX yHkumii P U C,, cnegosa-
TeNbHO, OHa cama fBnaeTcA obLiepekypcusHoit. Onpegenum dynkunio \|/.
Tak Kak

/(x,0)=C (1)=1 *u=q

FOy +N) =\ {xyi{xy) =Y.
1o f(X,y +\)=xy+>-Xy -x-x-Xxs =X-z =x-f(X,y) =v/(X,y,2).
Bbluncnum Tabnuuy 3HadeHunii aToin pyHkyum gna X =0,1,2, y =0,1,2,3.

(,): =1 /(1,0)= 1°=1, /(2,0)=2° =1,

/(L)=/(1,0+1)=i]/(0)=11 =1,
/(1,2)=/(1,1+1)=ur(U)=1-1=1,
/(1.3)=/(1,2 +1)=y(1,2,1)=1-1=1,
/(21)=/(2,0+1)=y(241)=2-1 =2,
/(2,2)=/(21+1)=4/(20,2)=2-2 =4,
/(23)=/(2,2 +1)=y(2,2,4)=2w =8 ur.4.
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01=1
Mpumep 7. dyHkuns X\ y40BNETBOPSET PaBeHCTBaM
>+1)=yl(y +1)

0!=C,(x)=1,
/ \ 1/ / / W 4, T. . OyHKUNUA A} MOXeT 6biTb nony-
Ity +)!1=73(p(yLb(y)Uy)’
YyeHa MO CXeMe NPUMWUTUBHOW pekypcuu u3 o6l epekypcuBHbLIX yHKLWA
c, WIN{py.,y +\),X,y), cnegosarensHo, o6LepekypcusHa. Onpe-

LeNUM aHanuTUYecknin Bug dhyHkuum y . Kak 1 B npeasbigyliem cnydae,
| /(0)=1, | 01=1,
{C=y0u/Q) Q)=+
e fiy +D)=y\y+1)=( +WW={y+1)-f{y)={y+1)-z= 2).
Bbl4uncnnMM Tenepb HECKONBbKO NOCNef0BaTeNbHbIX 3HaYeHUn / (0)= 1,
/(1)=/(0 +1)=y(y,z)= Y»(0,/(0))=u»(0,1)= (0 +1)-1 =1,
/(2)=/ (1+1)=v(y,*)=y(1./(1))=y(1a)=(1+)m1=2.
/(3)=/(2+1)=v0'*)=y(2,/(2))= V(2,2)=(2+1)-2=6 nT. A
Mpumep 8. Kakas (yHKLMA Mony4yaeTcs U3 (P My C MOMOLLBIO CXeMbl

NPUMUTUBHON pekypcuu, ecnu d(n)=4:5y(-x,y,r) = Z*? Mo onpegene-

HUKO LT/(AC’O)T/D'C’

I/(*y +l)=z -«

NTaK, nckoman yHkumns /(n:, y) 3afiaHa CXeMoi NPUMUTUBHOW peKkypcuu.
Bbluncnum no aToli cxeme MocnefoBaTe/lbHO HECKONbKO 3HAYeHWI JaHHOW

d,,,uH" 1/ M - vfcou). .<¢
MepByt0 CTPOKY MOXHO OMYCTUTb.

f(*'2)=7(1+1)=V(x1/(ac))=y(x,1 x)= (r1)' =
f{x,2 +V)AI/(x,2, (X, 2])=\i"%,\,xx =XXXX=XX

nT. 4. AcHo, uto f(X, y) = XX. BbIUMCAUM HEKOTOPbIE YMCNOBbIE 3HAue-
Hus. /(2,0) =2, Torpga

/(2,1)= /(2,0+1)= xtr(2,0,/(2,0))= ur(2,0,2)= r' =22 =4,
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/(22)=/(21+1)=v (2,1,/(2,1))= y(2,1,4)=1" =42 = 16,
/(2,3)=/(2,2+1)=y(2,2,/(2,2))=M(2A/6)=rn =162 = 256.

m Mpumep 9. Kakas dyHkuma nonyyaetca us ¢ U WV ¢ nomowbio cxembl
NpUMUTUBHONM pekypenn, ecnn @ (x)=x, \|/(x)\z)= X7?

3ajaya pellaeTcs aHaNOrMYHO Npefdblfyleil. Pacnuiiem cxemy NpUMWUTUMB-

HOIA pekypcuu no

f(x,0)=x,
/ (@arh)=7 (x,0+1)=y(*,0,f(X.0)=y(*,0,X) = XX.

AHanornyHble BbIYNCNEHNS JAOT

fix'2)=f{x, 1+)=w/(x1/(x,1)) =y(tAxY)= ={xf ,

/(*.3)=f x2+1)= f(x'2))= 1=z = (xfx?

NT. 4. OueBugHo, uto /(X,Yy) =Xy pas

m [pumep 10. B 06n1acTn HaTypanbHbIX Yncen pasHOCTb X —V ecTecTBEHHO
cynTaTb ABYXMECTHON (pyHKUMEd OT X W Y, OnpefeneHHoOW nuwb ANS
X> Yy, T.K. OTpuLaTeNbHble YMCNa We BXOAAT B pacCcMaTpuBaemyt 06-

nacTb. HO MPUMUTUBHO peKypcuMBHble (YHKLUW [OKHbI GbiTb BCIOAY OM-
peseneHbl. Mo3ToMy B TEOPUN NPUMUTUBHO PEKYPCUBHBIX (OYHKLUIA BMECTO

06bIYHOW BBOAAT YCEYEHHYH pasHOCTb, 0603Ha4YaemMyrd CHMBONOM — U
onpegensem Hanpumep, 5 —3 =2,
3 —5=0, »YHKLUMA X—1 yioB/eTBoO-

pseT NPUMUTUBHO PeKYPCUBHOMN cxeme To xe
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X—0 = x = 1\(x,y),
Habntoaetca Npu NO6bIX X 1 Y Mo onpege-
X—(y +1)="—yj- 1.

f(xfl)=x,

f{x.y +N=x-(y +\)=|{X-VJ\-| =

neHunio J . NTak, ' EyARYy

=f(x,y)-1 =w(x,y,f(x,y))=z-1

BbIYMCNUM  HECKONbKO 3HauyeHWi 3Toi dpyHkymm. /(0,0)=0—0 =0,
/(1,0)=1—0=1, /(2,0)= 2—0=2,
/(01)=0—0+I1)= 0—o0j—1=0—1=0 n T.4. Hanpumep,

/(1= 1—(0 +1)= A—o0 j—I = \[f(1,0./(1,0))=v] /(,0) = z—1=1—1=0,

7(1>2)=1—(+1)= | I—lj—l =y (1L1./(L))=y(1,1,0)= z—1=0—1=0,

/(13)=1-(2 +1)= 1-2 -1 =V(,2,/(1,2))= y(1,2,0)= z-1 =0-1 =0,

/(2 )=2—(0+1)=|"2—0j—1=»]/(24/(2,0)) =x|/(242)

/(3,1)=3-(0 +1)=~3—0j— =1(3,0,/(3,0))=1(3,0,3)

r—1=2—1=1,

z-1=3—-1=2,

/(2.2)= 2—(1+)=f2-11-1 =v(2,1,/(2.1)) =v(2,l)= z -1 =1—1=0.
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Onepauns MUHAIMU3aLN

Mycts gaHa dyHkums /7 (x,y), npuuem Xty ,f npuHumaoT nuwb HaTypanbHbie
3HaueHMs. PellUM 3aayy OTbICKAHUA ANA JAHHOW (YHKLUU 1 PUKCUPOBAHHOTO X
HauMeHbLIero 13 Tex Y, npu Kotopbix / (x,y)-b. Pesynbtar— yHKLMA

oT X, T.e. dX)=Uy[/(x,y)=&]. UnTaeTca: “"HauMmeHbliee Y Takoe,
uto f(X,y)=b". Ona dyHKuMM N nepemeHHbIX L-OMNEpaTop oOnpegensercs
aHaNnornyHo ® A, X2,-,Xn) =4y (/(xr,x2,..,xn,y)=b].  Mepexog ot
f(x[,x2i.>x1iy) k d(x],x2,...x;1) 1 HasbiBaeTcs L-0nepaTopom. ®yHKUWS

¢(*1,X2,...,xrt) Nerko cunTaetcs no cnegyroLLein cxeme.

1. Monaraem y =0, Haxogum f(x],x2,...,xlj)0). Ecom f(x],X2,...,X,,6)=b,

TO <p(Xj, X2,...,X,, )= 0, eCNH HeT, TO Nepexoj K CreaytoLiemy Lary.

2. Bbluucnsem 7 (X},Xx 2, %:0,1). Ecnu f(x1,x2,...xIL1)=b, T0

¢ (x],x2,.--,xn)= 1, NHa4Ye Nnepexop Ha BTOPOIi war nT. 4.

OyHKUMA B(X1L,x2,.-u”n) cumTaetcs HEONPeAeNeHHON, ecnu okaxeTcs, uto Ang
geex ¥ /(X],X2,...x1y)pb wam gna kakoro-to y f(x],x2,...xfl,y) we on-
pepeneHo.

OnucaHHbIi npouecc HaxoXpeHus 3HaueHuns BbIPAXEHMUs
(p(x],X2,-,Xn)=Hy If(x1,X2,...Xn,;y) =/ 6yger npogonkarbcs 6eCKOHEUHO
B CMIEAYIO W MUX CNYUasX:

O 3HayeHue / (X~ x”™,...,A™) He onpefeneHo;

O 3HaueHus /(x,,X2,...,Xn,y) ans y =0,1,..,0 —1 onpegeneHsl W OTAUYHbI

ot HasHauenue f(x],x2,...,xll,a) He onpegeneno;

O 3HayeHns 7/ (X,,X2,..X,,_y) onpegeneHsl gna scex Yy —0,1,2,... 1 OTAUYHbI
ot b.

Bo  Bcex  3TMX  cAy4yasx  3HauyeHMe  BblpaXeHus ¢ (x,,x2)...,-0 =

=u3/"(x1,X2,...,XH,y) = b\ cuurtaerca HeonpegeneHHbIM. B OCTanbHbIX Cnyua-

X OMUCaHHBIA npouecc 06pbIBAaeTCA W faeT HaMMeHbLUee pelleHWe Y =a ypas-
HEHU MUHWUMU3aLMKU. Hanpumep, BEPHEMC K YXe PacCMOTPEHHOW yHKLWK
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1, X$O0, .

sgn(*) = Torga ni[sgn(x)=1]= 1, T. k. ecnn X =0, sgn(o) = O 1,
) X=0.

TO HEo6XOAMM nepexof Ha cnegytowmit war. fanee X =1 sgn(l)=1, cnegosa-

TenbHo, P1[sgn(x)=1]=1.
PaccmoTpum ewie oguH npumep. O4eBngHo, 4to . Yy —X =0 =0, T. K. NepBbIM

peweHnem ypaBHeHns Y —X =0 nonepemeHHOW’ Yy fBnfetca 3HadeHue Yy =O,

1n60 0 —X =0.WTaK, Ha MepBOM Liare 3ajaya peweHa, n 1y, Yy—x =0 =0.

3HadeHne BbipaxeHus (] ,X2,...,xn)= LyK-X],X2,...,xn,y) =b] ectb dyHk-
uua oT aprymeHToB X1,X1,..,XN,b. 3Ty yHKUMIO CUMBONMNYECKN 0BO3HAYAOT

Mf . Ecnu 3agaHHas hyHKuMA ogHOMecTHas, To dyHkumio M f uacto o603Haua-

10T yepes / _1 v HasbiBaloT o6palieHnem yHKUMn / unm o6paTHOW yHKLNENA.

nrak, f~"(x)=\k [f(y) =x\. Hanpumep, nycts onsts ;y =sgn(..Y)=-[O 0
, X =0,

Torpga /"' (*)=sgn"l(jc)=H,[sgn(y)=.t] nnm
/m10)=sgn“(0)=nJ[sgn(y)=0]=0, 7 '1(I)=sgn-,()="[sgn(>-)=1]=1,
/' (2)=sgn-1(2)=u, [sgn(>-)= 2] He onpejenexo, T. e
) X, X =OpA,
sgn_1(jc) = CrepyeT MOMHUTb, Y4TO MOMOBMHA Tpa-
HeonpegeneHo,ecam X > 1.

duka dyHkymn Sgn(x) ana jc<0 oT6poleHa, T.K. paccMaTpuBaeTcs NULb
(PYHKLMA LLeNOYNCNIEHHOTO apryMeHTa npu X> 0.

C yyeToM onpefeneHus onepayuu MUHUMU3ALNN O4EBUAHO, YTO BCE MPUMUTUBHO
peKypcuBHble (OYHKLMN YaCTUUYHO PEKYPCUBHbI, @ KNacc YaCTUUYHO PeKYPCUBHbIX
PyHKLMIA Wwupe knacca NPUMUTUBHO PEKYPCUBHbLIX YHKUWIA, T. K. BCE MPUMUTUB-
HO peKypCUBHbIE (OYHKLMW BCIOAY OMpPefeneHbl, a CPeAM YaCTUUYHO PeKYPCUBHbIX

BCTPEYalTCA W He BCHOAY onpefeneHHble yHKUUM, Hanpumep sgn-1(A’), kpome

TOr0, eCTb U HUTE He onpefeneHHble PYHKLUN.
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Yxe n3 pazo6paHHbIX NPUMEPOB BUAHO, YTO MHOTUE YMNCNOBble (PYHKLWUM Mpu-
MUTWUBHO PEKYPCUBHLI. MOHATAE Xe Y4aCTUUYHO PEKYPCUBHON (HYHKUUU — OAHO
M3 TNaBHbIX MOHATUIA Teopuu anropuTmoB. Kaxpjas 4acTUUYHO peKypcUBHas
(PyHKUMA BbIYMCAMMA NyTeM ONpeAeneHHON Npouesypbl MexaHM4eckoro xapak-
Tepa, KOTOpad HECOMHEHHO OTBeYaeT HalleMy WHTYMTUBHOMY MpeAcTaBieHUto
06 anroputmax. C gpyroit CTOPOHbI, Kakne 6bl KAacchl TOYHO "OYePYEHHbIX an-
rOPUTMOB™ 40 CUX NOP PaKTUUECKN HW CTPOUNUCH, BO BCEX CAy4YasX HEU3MEHHO
0Ka3blBaNOCh, YTO YMCNOBbIE (DYHKL MK, BLIYNCANMbIE NOCPEACTBOM anrOpMTMOB
3TUX KNaccos, GbIM YaCTUUYHO PEKYPCUBHbIMU. MO3ITOMY HblHE O6LLENPUHATON
ABNAETCA CNejylollas eCTeCTBEHHOHayuyHasa runotesa, 06bIYHO (hopmynupyemas
Kak Tesmc Yepua.

Tesnc Yepya. Kaxpgas MHTYMTUBHO BblYMCNUMAA (DYHKLMA SBNSETCS yac-
TUYHO PEKYPCUBHOMA.

OTy rMnoTesy Henb3s A0Ka3aTb, HO MOXHO OMPOBEPrHYTb, MOCTPOWUB XOTA Obl
OAVH KOHTPNpuMep. Moka Taknx NPMMEPOB MOCTPOEHO He 6biNo.

Kak Mbl yxe BUAenu, onepayuu NoAcTaHOBKW (Cyneprnosuuuu) n nNpUMUTUBHOM
peKkypcuu, Npon3BefieHHble Haj MPUMUTUBHO PEKYPCUBHBLIMU (DYHKLWAMUW, AalOT
B KayecTBe pe3ynbTaTa CHOBA MPUMUTUBHO PeKYPCUBHbIE PYHKLNU. DTN cBOCTBA
COXPAHAKTCA W NPW CNeAYIo L NX onepaLusx.

Teopema 51. MycTb wn-MecTHas YHKUUS ¢ NPUMUTUBHO PEKYypCUBHA.
Torga M-mecTHas dyHKLMA /, onpegensemas paBeHCTBOM
f(x 1,x2,..xl1)= ,T), TaKXe NMPUMUTUBHO PEKYPCUBHA.
/=0
Tak Kak Bce nepeMeHHble B / n (b np06era}0T LenoYncneHHble 3Ha4eHna, 10 U3
nocneAHero paBeHCTBa BbITEKaeT CaefytoLliee:
/(*,x2  X,_,0)=d(*, *2...m,,,0),

f{X,, X2 X,_,,y +1)=f(X,,x2 T, ¥)+ d (X, X2 Ay, y +1).

JTa cxema onpejeneHuns pyHKUUM / MNOX0Xa Ha CXeMy NPUMUTUBHOW pekypcuu

npy XX X2,...,Xn_1. lelicTBUTENLHO, CXEMa MO ONpPeAeNneHnto nMena Bug
/(x,,x2 ,0) = (x,,x2,.,,, X, _1),
Jmr], 2,0, |,y +1)= wxti’ x2...xn_1,y, f{xt,x2,....xIl_l,y)).

Torga NpeablAyLLYl0 CXeMY MOXHO (DOPManbHO CBECTM K MOC/eAHe, ecnu nono-
xutb © =@, y{xxx2...xl,_l,y,z)= z+g{xb x2....xI" by +\).
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Teopema 52. Ecnu N -mecTHas yHKUMS ¢ MPUMUTUBHO PEKYpPCUBHA, TO
n-mMecTHan (YyHKYMs, onpegeneHHas dopmynoii  f(X

, TakxXe NPUMUTUBHO PeKYPCUBHA.

/o
370 onpejeneHne NPUBOAUT K CnefytoLLeid cxeme:
/(¥ X2, 0)=d(n,X2,..., ,0),
f(XU X2 X, LY +1) = F (XU X210, Y) - (N7, I XMLy +1).

B atom cnyuae rosopat, uto dyHkums f{xI,Xx2,...,x,,) nonyuaetca n3 yHkumn
onepaymeil MynbTUNNNLNPOBAHUS.

TeopeMa 5.3 (0 MaXOPUPYEMbIX HEABHBIX (YHKUMAX). MycTs ¢ A1, g2 )
a(Aj,n2 ) — Takue MPUMMUTUBHO PEKYPCUBHbIE PYHKLMUMW, YTO ypaBHe-
HUe G(*LA2»-"am y)=0 [na kaxabx 3HaueHuii XItx2t..fxn wumeer no
KpaiiHeli mepe ofHO peweHue u Ly[d(nl,”)...,xn,>")=0]5a(;C| 12»--»-p1)
ansa n10 6 bl X nave,... Torpa DyHKLNA f(x1,x2,...xIl)=
= u,[t(ac,AC2.....4C,,,y)=0] TaKKe NPUMUTUBHO PEKYPCUBHA.

5.3. MpuMnTNBHAA PEKYPCUBHOCTb
HEKOTOPbIX apumMeTniHecknx QyHKLWii

MpoBepuM, 4TO HekoTOpble O6GbIYHbIE apudmeTuyeckme (YHKLWUMW, CBA3AHHbIE
C OTHOLLUEHWAMM AeNUMOCTU U MPOCTOTbl HaTypanbHbIX YKUCEN, ABNAOTCH NPUMMN-
TUBHO PEKYPCUBHbLIMU.

|. BosbMmeMm — YacTHOe OT fJefleHUs X Ha Y U onpefenum yHKLUIO

rest(jc,y) — ocTatok OT geneHuns X Ha Y. UTo6bl MMeTb 4eno c BCIOAY onpe-
AeNneHHbIMU yHKLUAMY, LOMONHNTENbHO MONOXNM, uTo

=X. resmt(x,0)=jc gns Vxe N.

. [OeiicTten-

TenbHO,  MycTb,  Hampumep, X =5,y =3, Torga
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X X

y_ =3-1=3, X— y- 5—3=2. Mo Teopemam 5.1-5.3 u3
Y. Y.

MPUMUTVBHOW PEKYPCUBHOCTU (PYHKLUN 6yaeT BbiTeKaTb M NPUMUTUBHASA

PeKypPCUBHOCTb PyHKLMK rest(.X,y).

Mpun y >0 =N yAoBNeTBOPSET COOTHOWeEHWIO Ny<x<(n +\)y.

MOXHO MpPOBEPWUTb, YTO M pPaBHO YMCAY Hynei B MOCNeA0BATENBHOCTM

1-y —X, 2-y—X, 3-y—X,..., X-y— Hanpumep, npH X =5, y =3,
n=1wn3—5=0,6-5=19-5 =4, 12—5=7. 15-5 =10.

1L *=0
Beegem yHKuMiO Sgn(x) = , {ONONHUTENBHYO K (OYHKUUN sgn(X)
0

(pononHuTensHas K "MofoBUHKe" (yHKLMW, onpeaeneHHOW Ans uenbiX Mnoso-

XUTENbHLIX aprymeHToB). Torga ansa y >0 =V sgnj iy—x\. B Ha-
yi = 0\ )
wem npumepe 1+0+0+0+0 =1 Tak Kak pyHKkuusa sgnl iy — X

cTodawas noa sHakoMm CyMmbl, NTPUMNTUBHO PEeKypCuBHa, TO Ha OCHOBaHUWU nep-

X
BOV TeopeMmbl 3ak/o4aem, 4TO (YHKLUUA a BMecTe C Heli U dyHKumA

rest(*,y) NPMMUTUBHO PEKYPCUBHbI.

2. TOBOPSAT, 4TO YMCNO X AennTcsa 6e3 ocTtaTka Ha uMcno y, ecnu rest(x,y) =0.
Beegem AByxmMecTHY (yHKuuio div(.X,y) — Mpu3HaK geneHnsa X Ha y , Ta-

, 4 I3, rest(x,y)=0,
KM  o6pasom, div(x, y)=< ; “
4 " [0, rest(x,y)*0.

OuyeBMAHO COOTHOLUEHUe
div(x,y)= sgn(rest(x, y)). Tak kak pyHkuma div(*, y) nonyyeHa cynepno-
3uuMeil NPUMUTUBHO PEKYPCUBHBIX (PYHKLUIA, OHA Takxe MPUMUTUBHO pe-
KypCUBHa.
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3. BBeaeM (hYHKLMIO, OMpeAensioyto 4YMUCI0 AenuTeneil HaTypasibHbIX umncen
nd(x)= £div(jc,f). PaccmoTpum npumep. MycTb X=5. Torga, o4eBuaHo,

1=0
nd(5)= 2. MNMposepuMm 370, NOAPOGHO pacnucas BbipaxeHne ana nd(5):

5
nd(5)=£div(5,r)=( - =5 =5 =2 =i
" 1 2 3
1rest=5%0, resl=0, rest*0, resl”O,
\ div=0 div=I div=0 div=0

4 5

re;l/o. rest=0,
div=0 div=1
4. PaccMOTpuM (hyHKUMIO g{X), Ha3biBaeMyto KBaAPaTUYHbIM OCTAaTKOM uucna X :
q(x)~ x— WX\ , rae [z] — uenas yacTb AENCTBATENLHOFO Yucna z, pasHas

HanGoNbLIEMY LIENIOMY YMCNY, He MPeBOCXoAsweMy z. PyHKUUs ((X) pasHa
paccTosHuio OT X A0 6/mxaiilero cnesa TOYHOrO KBagpara.

PaBeHCcTBO N = PaBHOCWU/ILHO OTHOLWEHUI N2 < X< (/t+1)2, rae N —

HaTypanbHoe uucno. Takum o6pasom, [n/N]= |/ Sgn™/ +1)2—jcj=1 n

[Vxj< X. TlpoBepuM 3TO 418 HECKONbKUX 3HauyeHuihi X. [ycTb X =5,

mjx —2,14..., [-/*]= 2. Toraa NocKosbKy sgn™M(/ +1)2—5] =1

T0 gna t- O, (t+1)2—5=1-5=0, sgn(0)=0*l. fanee ana t=1

(f+1)2—5=4—5=0, sgn(0)=0 *1, t=2 (/+1)2—5=9—5=4,

Sgn(4)=1. Wtak, t- 2 — oTBET nNpm MuUHMMM3auun. o onpegeneHuUo
Li-onepaTtopa MpoLecc Hemea/IeHHO 3aKaH4YMBaeTCsi, eCcnu HalgeHo nepsoe
3HavyeHwue, yaoBsneTesopawlee MUHUMN3ALNN.
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Mo Teopeme 5.3 0 MaXOPUPYEMOW HENBHOW (DyHKLMK cneayeT, 4To npu-

MWUTUBHO peKypcuBHa. BMecTe C Hel MNPUMWUTUBHO PEKYPCUBHOW sBNSETCA 1

dyHKuma */(ic)=.x— [V~]2. AHanornyHeiM o06pasoM [oKa3blBaeTca MNpumu-

TUBHAs PEKYPCUBHOCTb M MHOTUX APYrMX apudMeTUHecKnX thyHKLMIA.

PaccMOTpPUM OAHOMECTHblE MPUMWTUBHO PEKYPCUBHbIE (PYHKLMU U cnegytolime
onepauvn Hag, HAMK:

1 [ByxMecTHas orepauusi CNoXeHUs OAHOMECTHbIX (hYHKLNIA
(f+8\x)= f(x)+g(x).
2. [OByxmecTHas onepauus KOMNo3vunm OAHOMECTHbIX (OYHKLWIA

(/*g X x)=/fe(x))-
3. OfHOMecTHas ornepauys UTepUpOBaHWs OAHOMECTHOM (PYHKLMKM, onpedense-
/(0)=0,
Mas cnegyoum obpasom: \ Cl / / wwuwm / =* £ -
[/(n+1)=#(./>))
B nocnegHeM nyHKTe yHKUMs / BO3HMKAeT onepauyveil uTepupoBaHuUs
yHKUMN g .
Teopema 5.4 (Teopema P. POGMHCOHa*). Bce OAHOMECTHble MPUMMUTUBHO pe-
KYPCUBHbIe (DYHKLUU U TONbKO OHW MOTYT GbiTb MOMYyYeHbl H3 yHKLMW
X{X)=g+1 n q(x)~ Xx—\y[x]2 KOHEYHbIM uYMCNOM onepauuii CNOXeHus,
KOMMO3ULUN N UTEPUPOBAHUN (HYHKLWIA.
Mpn paccMoTpeHun 0o6LLEPeKyPCHBHBIX (DYHKLMIA, Knacc KOTOPbIX LUMpe Krnacca

NPYMUTNBHO PEKYPCUBHbLIX (DYHKLWI, NPUBIEKAOT CreuunansHble BUAsl pekypcuu,
Hanpumep, PeKYpcrn BTOPOW CTYMEHN ANS ABYXMECTHbIX (PYHKLWIA.

m pumep 1. [okasaTb, YTO PyHKUMWN wax(Ad:,y) n min(x,y) NPUMUTUBHO
PEKYpPCVBHbI.  BCMOMHUM  HECKONbKO  BCMOMOraTtesibHbIX  (DYHKLMWIA:
[1, x*0, . \X-y, x>y, — , v n>*=0 p~

Vv
=< L X—y= , =- _
2= 0, x-0 Y= 0 x<y s9nb) 0, x>0. ¢

V. \x, x>y,

CMOTPVM MNEPBYI U3 3aaHHbIX (PYHKLMIA Tax(,ﬁ,:,y): « . Torga
[¥Y,x<y

* Pachaanb Mutyenn Po6uHcoH (1911-1995) — amepuKaHCKuii MaTemaTuik.
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{X,y) =x mgi| x—y ] +y mgn X—Yy .MycTb X>y,Torga Xx—y =1

sgn x—yj =1, sin*x—yj =0, max(x,y) =x-1+y-0 =x.
Hao6oporT, ecnn X<y
T0 X—Yy O, sgn®*x—yj =0, sgn*x—"j =1,

max(jt,y) =jc-O+y *1 =y . Tak Kak hyHKUMa Tax(ar,_y) 6blna cocras-
fleHa 13 NPUMUTUBHO PEKYPCUBHbLIX (YHKLNA C MOMOLLbID onepauuii cym-
MUpoBaHUA 1 cynepno3nyun, cnegosartesibHO, OHa NPUMUTUBHO PEKYPCUMBHA.

COBepLLIeHHO aHanormMyHo A0Ka3blBaeTcs, 4yTo

min(x,y)=Xx-sgn"y—Xj+y-siny—xj.

Mpumep 2. PaccMOTpeTb W AoOKa3aTb NPUMUTUBHYO PEKYPCUBHOCTb PYHK-
umm 0o(X) — cymmbl AenuTeneit umcna n:, npudem a(0)=0. 3anuwem
aHanMTUYeCKUii BUA 3TOM (DYHKLMM U NMPOBEPUM €ro NpasBubHOCTL Ha MpU-

mepe: CT(X)= esgn(rest(x,i)).
i=
Mycte JT=9. Y atoro uncna Tpu genutens 1, 3 n 9, nx cymma pasHa
1+3 +9=13.
0(9) =

=1 i=2 i=3 1=4 i=5 i=6 1=7 i=8 =9\
M 2-0 3-1 4-0 5-0 6-0 7-0 8-0 91 =

\diV,)=1 dif9,2)=0 div(9.3)=l di\<9,4>=0 di\(9,5)=0 di\(9,6)=0 di\(9,7)=0 di\(9,8)=0 di\<9,9)=I/

=1+3+9=13

5.4. MNpakTnyeckoe 3aHATME No 11.
PeKypCUBHOCTb (hyHKLWI

5.4.1. flokasaTb, 4To ecnu pyHkuma f(x 1,X2,...,X,) NPUMUTUBHO PeKypcUBHaA, TO

cnepyolmne yHKLUUN TakKe NPYMUTUBHO PEKYPCUBHBI:

a) y(X,,4;2,....;cn) =/ (*2>*3.... X8*Xi ) — UMKAN4YecKas mnepecTaHOBKa

aprymeHTOB;
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TOB.
5.4.2. loka3aTb, 4TO cneaytowime QyHKUUM NPUMUTUBHO PEKYPCUBHDI:
a) f(x)=x +n;
6) f(x)=n;
B) f{x,y)=x+y.
5.4.3. [oka3aTb MPUMUTUBHYIO PEKYPCUBHOCTb C/EAYIOLLNX (PYHKLMIA:
a) \x-y\;
6) T(Xx) — uucno genvTtenei uicna X, rae T(0)= 0;
B) N1(X) — 4MCNO NPOCTbIX YMUCEN, HEe NPEBOCXOAALNX X ;
r) Mr(x) — uncno npocTbix AenvTeneii uucna X, rae /N(0)= 0;
n) p(X) — x-e npocrtoe uncno px,
npuuem /3(0)=2, p()=3, p(2)=5,..,;
e) [wW2];
X) C;v (cj =1 npu y =>JT).
5.4.4. floka3atb, 4TO N3 O(X) un C MOMOLLbBIO Cyneprnosvunin n
CXeM MPUMUTMBHOWN PEKYPCUM Hefb3f MOAY4YUTb PyHKUMM X +1 1 2X.

/ 4 (X+yY +3x+y *
->45. lokasaTtb, 4TO (yHKUMs C[X,y) =-——= ————————= (KaHTOPOBCKas Hy-

Mepytolas (yHKLMWS) ocylecTBAseT B3aMMHO O[HO3Ha4YHOe COOTBeTCTBUE
mexgy N2 n N (HymepyeT napbl HaTypanbHbiX uucen). Myctb I(X) un
r(x) TakoBbl, 4To c(/(x), r(x)) =x. fokasatb, uto l,(X) u r(ic) npumu-
TUBHOpPEKYypCcuBHbI 1 /(c(x,y))=x, r(c(x,y)) =Y.

5.4.6. loka3zaTtb, YTO PyHKLUUSA, Nepeyncnsoas no nopsagky ymcna dnboHavum*":

0)=0, /(i)=i,
{ Ve 'ﬂl ) V4 V\g) / A NpUMWUTUBHO peKypcuBHa.
/O)'+2)=4An)+ 4n +1)

Feopr Kawop (1845-1918) — HeMeLKWUii maTemMaTuK.

NeoHapao ®nb6oHauyum MusaHcknii (1180-1240) — uTanbAHCKWI MaTemMaTuK.
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5.4.7. loka3aTtb, 4TO cneayolime PyHKLNM YaCTUHHO PEKYPCUBHbI:

a) HUrge He onpepeneHHas (QyHKLMS €O, T. €. (DYHKUUsi cO C MycToi o6na-
CTbiO OrpeeneHus;

X-Yy, ecnm X >y,

6) f(x.,y)=

He onpegeneHa B OCTal/lbHbIX cayydanx;

Z ecnn z —X,
B) f(x,y) =

[He onpefeneHaB oCTanbHbIX Cny4yasnx.

5.4.8. [loka3aTb, YTO (PYHKLUA BO3HMKawLWas U3 QyHKLUIA

h(x],x2**"«*n) n ML H2) ¢ NOMOLLBIO onepartopa npu-
MUTVBHOW PeKypcuu, MOXET 6biTb MOJlyYeHa C NOMOLLbI crneumanbHON pe-
Kypcun suga r F(120)=0, 7]
yp! Jif F(xy +1)=0 (F (x.y)) n cynepnosvumm 13 yHKUMIA
U X2,...,XN), Y/(XXT,.... %, XM ,X,M ), 0(x), X(X), 7mX,,X2,...,X,)
n c(X,y), ra:), 1(x) us3sagaun 5.4.5.

5.4.9. [okas3arb:

. X+1
6) il x +1+ =2x—1;
B) Mx+1+\sldx+1] j =x2+X, rae f(x) =ig(x) — onepauus urepn-po-

BaHUS PYHKLNNA.
5.4.10. MokasaTtb, 4YTO cnegyolimne yHKLMMU MOTYT 6bITb NONYYEHbl U3 (DYHKLUUI

X(M)=n:+1 n p(x)=n:—\jx\ ¢ nomMoLibl0 onepaunin NoOACTaHOBKM,
UTEpaLMU 1 CIOXKEHUS ABYX (PYHKLWIA:

a) Sgn(x);

6) sgn(x);

B) 1"(Xx1X2....X,);

r) ax +by +c;

ny x2.
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5.5. CnoBapHble MHOXeCTBa U DYHKLMUN

BaxkHelwwme Knaccol a/irOPUTMOB MOXHO onucatb B TepMMHaxX TeoOpun CNnoB B He-
KOTOpOoM andasuTe.

Kak yxe 0TMeuasiocb, NPOU3BOJIbHAs KOHEYHasi COBOKYMHOCTb GYKB HasblBaeTcs
andasnToM. MocnenoBaTenbHOCTL M3 HECKObKUX GYKB HasbiBaeTcsi C/IOBOM. Ha-
npumvep, ecnu andgasut coctout u3 6yke A, B, C, To nocnegosartensHoCTM
A,BAA, CA,CC, ACBAB 6yayT cnosamy B 3TOM andasute. [JIMHON Cnosa Ha-
3bIBAETCSA YMC/O BXOASLMX B HEO BYKB.

MNycTb cumBONbl a U P 0603HavyaloT CnoBa, 3anucaHHble B andasuTe, He coaep-
Xalem camMux CMMBONOB au p . Toraa yepes ap 0603HaYaeTCsi CNOBO, MOJY-
yaloLleecs, eciM CHayana BbiMWCaTb C/I0BO a , a 3aTEM MPUNUcaTb K HEMY C/IOBO
p. CnoBo ap HasbiBaeTCs KOMMO3MLEN (MHOrga NpousBefieHem) cnos a v p.
Onepaums KOMMNO3WULMKU CNOB, O4EBUAHO, acCOLMATMBHA, HO HE KOMMYTaTMBHA.
CnoBo a HasblBaeTcsi MOZC/IOBOM C/lioBa P, €CIM P MOXHO MPeACTaBUTL B BUAE
P=ya8) lpe vy,5— nogxogsawme (BO3MOXHO nycTele) cnosa. [lycTb
A =\axa2,—>ep\— Kakoi-HWUByAb KOHeYHbli Hab6op cumBOnoB. O603HAUUM

vepes QACOBOKyI'IHOCTb BCEX CNOB B andpanlTe A |, BKo4yasa nycTtoe cnoso A .

BCeBO3MOXHble MOJAMHOXECTBA COBOKYMHOCTW 0J1, B TOM uucne nyctble, GyayT
HasblBaTbCs C/IOBAPHLIMU MHOXECTBaMU B anctasute A .

[Ns HyMepaumu CnoBapHbIX MHOXECTB BBOAMTCA MOHATME aNihaBUTHbIX HOMEPOB
cneaytowmm o6pasoMm. Homep nyctoro cfosa J1 nonaraeTcs pasHbIM Hynw. [a-
flee B KAKOM-HUbyap nopsake umcnamu 1,2,3».../? HyMepyloTcs CUMBO/bI andgasu-

Ta. MycTb at— cumBon ¢ HoMepom i . Torga HOMEpoM croBa a =at ..a-a Ha-

3biBaeTcs uncio c(a) =/ +h 'P +2*P 2 +eeet- (v' P Am
PaccMOTpMM MNpeablaywmii NnpuMep. M3 gaHHOrO onpegeneHvs Homepa cnegyeT,
4YTO KaX[oe CMOBO COBOKYMHOCTM ga 6yAeT VMeTb eAWHCTBEHHbIA U OTNNYHbING

OT Apyrux andaBuTHbIA Homep. MycTb aA=|a,ii,C], acnoBo a =ACS AS,

Torga c(a) =2m8° +1«31+2m82 +3<33+1 m84. Mo cBoemy cocTaBy u meToay
nosly4eHnst 3TO 06bIYHOE YUC/IO B TDOUYHOI CUCTEME CYUUCTIEHUS.

MHoxecTBO cnoB M B andasnte A HasbiBaeTCs MPUMUTUBHO PEKYPCUBHBIM, ecnu
COOTBETCTBEHHO MPVMUTUBHO PEKYPCMBHA COBOKYMHOCTb a/haBUTHLIX HOMepOB
BCEX C/1I0B 13 M.
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roBopAT, 4TO B andasute A 3adaHa N -MecTHas cnoBapHas yHKums F , ecnu He-
KOTOpbIM /N1-KaM a, ,a2,...,an CcnoB u3 nocTaB/ieHbl B COOTBETCTBME O4HO3HAY-
HO onpegeneHHble cnosa F(ct,,a2,...,a,) B A .Uucnosas n-mecrtHas qyHkums /

HasblBaeTCsl (PyHKLMENR, npeacTasnsiowein cnosapHyo (yHkumio F B Hymepaumm
K, ecnm ANS BCEX  HaTypasibHbIX

X],X2,...,Xn 1, cnegosatenbHo, F(a,a2,..., ,)=Al/(ca,,ca2,...,can) wm
f{x1,x2,...,x,)=c(F(KxI,Kx1,...,Kxn)), rae K — nepsoHauanbHas Hymepa-
ums andaBUTHLIX CMMBONOB. 3aech c(a) — andasBUTHbIN HoMep cnosa a , K 1, —

CNoBO, MMeloLLlee HOMepP 5, B Hymepauuu K.
PaccMmoTpum npegblaywmii npumep. MycTb CT. = (A,£,C[ w F.(a)=a-a, =
A, A, )

=amA .Torga (x)=c(Fj(ic)) =c(Kx «A), T. K. MO onpegeneHvto npescTas-
naowen PyHKLUMM N3MEHSIETCS TONIbKO apryMeHT, a He NpouYne CUMBOJIbI, BXOAS-
wye B ee coctaB. C{Fl(a))=c(Kx-A)=c(a-A)=1+p m(a). JelicTBUTENbHO,
a=ACBAB,a-A=ACBABm™,
13 2 12 132121
c(0.-NM)=1-p° +2-p' +1-p2+2-p3+3-p4+

+1ep5=1+p{2 +1<p +*2mMp2+3=p3+1=p*)= 1+c(a), p =3
— OCHOBaHMe CUCTEMbl CYMCNEHMA NPU Hymepauuu cMMBONOB andasuTa. Toraa
M *) - 1+ px= 1+ 3X— unucnoBas (yHKLMS, NPeACTaBfOWAas CNoBapHYO

hyHKUM0 i*](a) =a -A . Ecnn xe
F2(a) =axea = A «a,to f2(x)=c(F2(&x)) = c(A =Kx),
c(F2(0)) =c(«i ) =c{A m)= c(a WMCBAB)= c(a)+ 1-px =c(a)+ 1-p5m

Torpa /2(x)=x+ 35— uucnosas QyHKUUS, NpeacTaBNsloLAA CNOBaPHYHO
hyHKUno F2(a)=A «a .

MTaK, CBOCTBO CNOBapHbIX (DYHKLMIA GbiTb PEKYPCUBHBIMU CBA3AHO C PEKYypPCUB-
HOCTbIO COBOKYMHOCTW andaBUTHbIX HOMEPOB BCEX C/IOB. SICHO, W onpeaeneHve
CIOBApPHON (hyHKLMM 3TO MOATBEPXKAAET, YTO CBOMCTBO 6biTb PEKYPCUBHbIM MHO-
)XeCTBOM C/10B He 3aBUCUT HWU OT Hymepauuun K cumBonos aﬂ[t)aBVlTa, HW OT TOroO,
B Kakom and)aBMTe 3TO MHOXEeCTBO paccmarpusaeTcs.

Mo aHanorMm ¢ OCHOBHBLIMU BbIYMCAVMBIMU ONEPALMSMU HaZ, YACNOBLIMU (PYHK-

LMAMU MOXHO OMpeAenuTb Oonepauun MoACTAHOBKM (Cynepnosuuuu), pekypcum
N MUHUMM3ALUMMW, MPOU3BOAMMBIE Haf CNOBapHbLIMU (yHKUMSMU. Mpu nomoLymn
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3TUX "CNOBapPHLIX ONEepaTopoB” Nerko v 6e3 KakMx-nn6o BblUMCNEHUI MoKasbiBa-
eTcs NMPUMUTMBHAS PEKYPCUMBHOCTb BCEX HAWGOMEE YNOTPEGUTENbHBIX CNOBapPHbIX
yHKUMIA. Hanpumep, Tak e BBOAATCA OCHOBHbIE 3fIEMEHTapHbIE OMNepaTopbl
CABWra, aHHYNMPOBaHUS 1 MPOEKTUPOBAHUS.

MNyctb andasut A coctouT u3 6ykB axaZzi..,ap. CnosapHble (yHKUMUM
Own /" (w=12.. ,#/=12..p, T< N), onpegeneHHole B andasute A

paseHctsamn S,{a)=a-a, O(a)=n, /"(a,,a2,...,a,) =a;,, HasbiBawTCA NPO-
cTeAwmmu.

PaccMOTpVM Tenepb KakMe-HUGYAb YacTU4Hble CcnoBapHble GyHKuMmM G n
Hi,H 2i...,Hp cooTBeTcTBEHHO OT M K N +2 MNepemMeHHbIX, 3afaHHbIX B anda-

BUTE A , cocTosiero us 6yks aj,a2,...,ap.

Pe3ynbTaToM OMepauumn CoBapHO NPUMWUTUBHOW PeKypcun Hag dyHkumsmu G |
H],H 2,...,H} Ha3biBaeTcs (N +1)-mecTHas cnosapHas (yHKuus F, kotopas

ANns nbbIX cnoB ai,a2’™*aii’P B andasute A y[0BNeTBOPSET paBeHCTBAM
F(a,,a2,...,a,,A)=G(a,,a2....a,),
f(a,,a2>..,a,,p-a)=tfl(a],a2...,a,,P,F(al,a2= .,a,,p)),
F(a,,a2, -,a,p-a2)=#2a,,a2...,a,,P,F(a,, a2, ma,p). (55.1)

F(a,,a2,...,a,,p-al=tf,)(a],a2,...,a,,p,F(al,a2. .,a,,p)).

JTO onpepesnieHne, ecin NepeiTy OT COBapPHbIX (YHKUNUI K NPeACTaBNAaoWUM UX
4YNCNOBLIM (HYHKLMAM, BbIFISAUT TaK

f(x1,x2,...,x,f)=g(xI,x2,....xIl), 2)
f(x1,x2,...xlt,py+i) =hi(x],x2,....xn,y, f(x|,x2,...xI,y)\i =1,2,—P-

MpeacTasnsowas GyHKUMs /  pacnucbiBaeTcs CneayowmnMm o06pasom:
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f(x1,x2...,x,,z) =

/ , \\
wm - t-l z z .sqn
_.. —j X, x2,...,xIl, — =gn ) 1 z-p\-
A g P_ 4 P>
/
z
+h. Z 1 -1 esgn (5.5.3)
\ _p_

Onepauus CNoBapHOW MUHMMM3ALMU MPOBOAWTCS aHaNONM4YHO, XOTs U 6onee
CNOXHbIM CMOCOGOM: BMECTO OAHOI onepauuy MUHMMK3ALMU paccMaTpyBaeTcs

MWHUMM3aLMSA MO Kaxaoi 6ykse andgasuTa a(.
Teopema 5.5. [1ns Toro 4to6bl 3agaHHaun B andasute J1 cnosapHas PyHKUUA
F(al ) 6blna YacTUYHO PEKYPCUBHOWN, HEOGXOAMMO W [OCTATOYHO,
4YTOGbl OHa MoOrna 6bITb MOJy4YeHa M3 MPOCTENWMX CMOBAPHbIX PYHKLUN
S,0,I'n KOHEYHbIM YMC/IOM Onepauuii cynepnosunLm, C1I0BapHO pekypcum
1 CNI0BapHOW MUHUMU3ALUN.
m Mpumep 1. B andgasute A =\q\.,zB,g,91\paCCM0TpVIM CNoBapHy yHK-
uuio F(ci| ,a2) n onpegenum pPeKypcUBHO BTOpoOl aprymeHT a2. MycTb
dyHKUMA onpeaenseTca cneayowmm obpasom:

F(a,A)=G(a,),
F(alp-A)=«1e,piF(e,p)).
F(al,p-B)=H2alp,F(alp))>
F(al;pC)=W3(a,p,F(a.p)),
F(a,p-D)=ff4(al,p,F(a,p)).

A.(a,p.y) =apy,
A2(“.P.T)="aPy.
f.3(a,p,y) =appy,
A 4(a,p,y) =apry.

MycTb, kpome Toro, G (a)=aB u

F(a,,A) =ajB,
F(a,p.A) =alpF(al'P)-
Torga F(a,,P'B)=ala,pF(al,p),
F(a,pc)=a,PPF(a,p),
F(alLpD)=alpF(a,p)F(alp).
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Mpu Takom onpefeneHNn MOXET CMOXMUTLCA BreyaTaeHne, YTo Konnyectsa gyHkK-
unii N t HepgocTaTtouHo Ans NocTpoeHus dyHkumm F(a,,a2) npu nwo6om p, Beab

F(a,p-4)="(alE¥F(a,;p)) v F(a,,p) HeussecTHO. OfgHako ecm p =1,
TO MOXHO  HalTh F(a,,N() npns Bcex OykB andgasuta A, T.K.
Fa, A9 =f-(a, N1, F(a, J)=A-(a..1.0(a.).

3aTem B3fB 32 P = /[ , Mbl MOXeM onpegenuts yHkumio F ana P =AA} nt. 4

A5 BCEX C/I0B MPOW3BO/IbHOM ANVHbLIL. [ycTb, Hanpumep, a, =DAC, p—BC.
Bbluncnum Tonsko F(a,,p<D)= F(DAC,BCD). Ans 3atoro Heo6xoAuMmo onpe-

[EeNnTb HECKOJ/IbKO NMPOMEXYTOUHbIX 3Ha4YeHuii aToi hyHkuumn /r(al /)= DACB,
F(alS)= F(a,,AS)=92(a1N,/r(alN))= DACDACDACB ,

F(ai,BC) =H 3ai,B,F(al,B))*"DACBBDACDACDACB, F{abBCD)=
=9 4(a,,BC,F(a,,BC))=1W CACW CBAW CW CDACBDACBBDACDm=
ACDACB wurT. a.

Haiigem Bce npepcTasnsiowme dyHkummn. G(a) =aB, g(x)= c(G(Kx)), roe K —

nepBoHaYa/ibHasi Hymepauusi anasuTHbIX cumsonos /1 =| A,B,C,d |, p =4;

g(x) =c(aB) =2-p° +c(a)-p =2+c(a)- p =2+4x.

NTtak, g(X)=2 +4 x— dyHKUNs, npeacTaBnaolias CnoBapHy GyHKLNIO
G(a). A,(a,p,y)=cdy, h,(x,y,z) =c(HI(Kx,Ky,Kz)) =

= c(chy) = c(y)+ pcth)+ pX(a)= pX+ py +z = 16x+4y +z;

mH2(a,P,y) =daffy, /A2(x,y, z)=c(H2(Kx,Ky,Kr)) =c(aafiy)=c(y)+pc(p)+
+p2c(a)+ p3c(a)= (22+pr™x+py +z=8&0x+4y +z; 9 3(a,P,y)=ctPy,
TB(~.>'-r)=c(aPPy)= c(y)+ pc(fi)+ pZ($)+ pF(a) =p3F +(p +" 2y +
+2z =64x+20y +2z; A 4a,(3,y)=a(3yy, M(x,y,z) =c(apyy)= c(y)+

+pc(y)+ p2c(p)+ /?23c(a)= /?23x + /22y + (L+ /?)r = 64x +\6y +52z.

Mepeiigem Tenepb oT copmyn (5.5.1) k opmynam (5.5.2) ans npeacTaBnsoLWMX
hyHKUMIA

f(x,0)=g(x),
f{x,4y +i)-hj(x,y,f{x,y'f),i =1,2,34.
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BbIYMCIUM HECKO/bKO 3HAYEHWI NPeaCcTaBfIOLWNX DYHKLNIA:
/(0>0)=g(0)= 2+4-0 =2, /(1,0)=6, /(2,0)= 10.
" /=1,/(1,4-0+1)= /(1,1)= A (10,/(1,0)) =/1,(1,0,6)= 22,
= i=2,/(1,4-0+2)=/(1,2) = 42(1,0,/(1,0))=AJ (1,0,6)=86,
Yy ' r=3,/(1,4-0 +3)=/(1,3) = Aj(1,0,/(1,0))= A3(1,0,6)= 70,
i=4,/(1,4- 0+4)= /(1,4)= JW(1,0,/(1,0))= JA(1[16) = 94,

" /=1/(1,4 <1+ 1)=/(1,5) = A (11,/(1,1)) = A (1,1,22) = 40,
«=2,/(1,4-1 +2)= /(1,6)= N,(1,1./(1,1))= N,(1,1,22)= 106,

Y b =3,/(1,4.1+3)=/(1,7)=A3(1,1,/(1,1)) = A (1,1,22)=106, UT'N
i =4,/(1,4-1 +4) =/(1,8) = 4(1,1,/(1,1)) = /14(1,1,22) = 190

MpoBepuM COBMajeHve HOMEPOB CI0B W 3HAYEHWUN MNPEACTaBAAOWMX (YHKLMWIA.
MNyctb a —A, G(a)= AB, c(AB)=2+1-4=6, c(n)- 1, g(l)= 2+4-1=6.
To xe HabnaaeTcs, Hanpumep, Ans PyHKLUK

4, :9 %a,P,y)=9|(A,1,AB)=AAB, c(/I/IB)= 2-1 +1-4+1-16 = 22,

c(a)=1, c(n) =0, c(aB)=6, N,(1,0,6)=22 ut.a

5.6. MalunHbl TelopuHra

Tesnc Yepua Henb3s [oKasaTb, T. K. OH CBSI3bIBAET HECTPOroe MaTemaTuyeckoe
NOHATUE MHTYWTUBHO BbIYMC/IMMOW (hYHKLMM CO CTPOTMM MaTeMaTUYeCKUM MOHS-
TUEM YaCTUYHO PEKYPCUBHOM (hyHKUMU. HO B MOAAEPXKKY 3TOro Tesuca Brocnes-
CTBUW APYTUMY aBTOpamu 6biiv NPUBELEHBI O4EHb BECKUE [OBOAbI.

B 1936 r. TbtopMHIrom 6bi1 onpefeneH ele oAuH KNacc MHTYUTUBHO BbIYUCIUMbIX
(yHKUMI 1 chopMynnpoBaH Te3uc TblOpUHra, 3KBUBANEHTHbI Te3aucy Yepua.
B pe3ynbTtate NOMbITOK PasnoXnTb MHTYUTUBHO M3BECTHbIE HaM BblYNC/INTE/IbHbIE
npoueaypbl Ha 3/1eMeHTapHble onepauun MocTpoeHa maremMaTuvyeckas Mofesb,
HasblBaemasi MalUMHOM TblopuHra. MoBTOPEHWs 3/IEMEHTAPHbLIX OMepauuii, onpe-
O€eNeHHbIX B aTol MalwnHe, AO0CTaTO4YHO AOna nposeneHuAa No60ro BO3MOXHOIO
BbluncneHnsa. OT yenoBeKa-BbIYUC/IUTENA 3Ta MallnHa OoT/nyaeTcs ABymMA 0OCO-
6eHHOCTAMM:

[0 oHa He owwunbaeTcs, T. €. OHa 6e3 BCAKUX OTKIOHEHWI BbINMOMHAET Npaswna,
yCTaHOB/NEHHbIE A/15 ee paboThl;

[0 oHa cHaGXxeHa noTteHymnanbHO 6EeCKOHEeYHOW MamMATbio. ITO 3HAUYMT, YTO XOTSH
B Ka)K,quVI MOMEHT KO/IMYECTBO HaKOM/EHHOW et I/IH(*JOpMaLI'I/IVI KOHe4YHo, ansa
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3TOro HeT HUKaKoit BerHeVI rpaHu. B kauyecTBe HakonuTens paccmMmaTtpuBaeTca
6eckoHeyHas neHTa.

MawwnHa TelopuHra BK/OYaeT:
1 BHewHwuit angasut A ={a0,al }> 1. e. KOHEYHOE MHOXECTBO CMMBOMOB.

B atom andhasute (B cMmBOnax aToro andasuTa) MHGOpMaLms BBOAUTCA B Ma-
WKHY. MawunHa nepepa6arbiBaeT BBEAEHHYIO MH(OPMAaLNIO B HOBYIO.

2. BHyTpeHHwUi andasut
Q = \[ tfo'tfi"“ Hrp HapraBO Halj:ea())Ha%scre‘ neP‘h’:\Tb‘ CTeEpeTb.]>. VIHor'qa cnmsone!
C,P,E otcytcTBytoT. CUMBO/bI BbIPaXKalT KOHEYHOE 4YuC/o
COCTOSIHWIA MawuHbl, npudem Q{ — HavanbHoe cocTosHue, 0Q— cron-
cocTosiHMe.

3. BeckoHeuHyto B 06€ CTOPOHbI NEHTY, MPEACTaBNAOLWYI0 NaMATb MalWuHbl. 3Ta
namsTb paséuTa Ha KNeTKW. B Kaxaylo K/EeTKY MOXeT 6biTb 3anucaHa To/NbKo
oaHa 6yksa. [0 — nycTas KneTka, OHa BCerga MOXET MOsSBUTLCH MPU ABUXe-
HUM BMNPaBO WM BNEBO, EC/N 3aKOHUYMTCS C/OBO MWCXOAHOW WHopmMaumm

alaxz2..an.

4. YnpaBnswoLwyto ronosky. OHa nepeasuraeTcs BAOMb NEHTHI U MOXET OCTa-
HaBNMBATLCS HAMPOTWMB KakKoOW-MGO KNeTKM U BOCMPUHUMATL 3arnmncaHHBbIi
Tam CMMBOJSI UCXOAHOrO cnosa. B oAgHOM TakTe pa6oTbl MalwWHbI yrnpas-
NsoLLas rofloBKa MOXeT CABUraTbCA TONbKO Ha OAHY KNeTKy WA ocTaBaTb-
cs Ha MecTe.

PaGoTa MallMHbI CKNaAbIBAETCS M3 TaKTOB, MO XO4Y KOTOPbLIX MPOWCXOAMUT npe-

o6pasoBaHVe HayaslbHOW MHOPMaLMM B NPOMEXYTOUHYH. B KayecTBe Hauanb-

HOW MH(OPMaLMK Ha NIEHTY MOXHO MoAaTh /I06YI0 KOHEYHYI CUCTEMY 3HAKOB

BHEWHero angasunTa, PacCTaB/eHHY MPOU3BO/bHLIM 06pa3oM Mo sveiikam.

Mpun 3aTomM pa6oTa MalUnHbl TbIOPUHIA MOXEeT 3aKaH4YMBaTLCS Tak:

O nocfne KOHEYHOro 4ucna TakTOB MalluHa ocTaHaBnmBaeTcsi B Q cocTosHMM.

Mpu 3TOM Ha NeHTe OKa3blBaeTcs nepepaboTaHHas MHopmaums. B aTom cny-

Yae roBopsT, YTO MalluMHa NPUMMEHMMAa K HayanbHOW WHopmauun /, © nepe-
pabaTbiBaeT ee B pe3ynbTUPYIOLLYI0 MHhopMauuo /2;
D MaliMHa HUKorga He ocTaHasnmBaeTcs (He nepexoauT B O cocTosiHMe). B aTom

cnyyae mawmHa He NPUMEHUMA K HayanbHOM MH(opMaLmmn
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B KaxgoM TakTe paboTbl MalivHa TblOpUHra AeicTByeT MO eAVHON hyHKLMO-

f-KI
HanbHOW cxeme, KoTopas wumeeT Bug a(g} =>at roe aitatG A,
gj,qsG Q u a. — 6ykBa Ha NeHTe, 0603peBaemMas ynpasnsioweli rofoBKoi Ha
[A@HHOM TaKTe, j — TeKyllee COCTOsIHME MalUUHbI Ha AaHHOM (B o6Llem cnyuvae

He i-M M He j -M) TakTe.

Ha Kaxaom TakTe (yHKUMOHAa/NbHOU CXeMoii BblpabaThbiBaeTCs KOMaHAa, COCTOS-
was u3 Tpex aneMeHToB (Npasas YyacTb (QOPMybl):

1 BykBa BHeLUHero andasuta al, Ha KOTOPYtO 3aMeHsieTcs 0603peBaemas byksa tf,.

2. AApec BHELWHeN namsTy 1 AOMONHUTENbHbIE AENCTBUS AN BbINOAHEHUS Ha
cnegywouwem takte R, L, C,P wm E .

3. Cnepytoliee COCTOSIHME MaLUUHbI.

dopmupoBaHne nNpaBoii YacTh (BYHKLMOHAIbHOW CXEMbl MPOUCXOAUT MO KOMaH-
Aam, COBOKYMHOCTb KOTOpPbIX O6pasyeT nporpaMmy MawuHbl TblopuHra. Mpo-
rpamma npegcrasnsieTcs B BuAe ABYMepHol Tabnuubl (Tabn. 5.6.1), HasbiBaemoii
THIOPVHIOBOM (hyHKLIMOHA/IbHOM CXEMOW, B KaX/A0M KIeTKe KOTOpOi 3anmchiBatoT-
CA OTAe/IbHble KOMaHAbl.

Tabnuua 5.6.1
CuMBO/bI BHeLWHero andasura
CocTosHuA
iio n\ an
% arbyb aM i ardh
b a,C% a,co, ayCq2

fir atPqj
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Pa6oTa MaluVHbl TblOPMHra MOJSIHOCTLIO OMpezenseTcs ee NporpamMoii. [le ma-
WWHbI TblOPUHTa ¢ 06Lel (hyHKLNOHANBbHOM CXeMO MAEHTUYHbI, pasHble Malluun-
Hbl UMEIOT pasHble MPOrpamMmsl, T. €. pas/InyHble (YHKLMOHAIbHbIE CXEMbI.

B kavecTBe cMMBOMOB andasuTa MOryT 6bITb He TONbKO GYKBbI, 4YacTO WCMOMb3Y-
eTcs, Hanpvmep, cMMBOAN | FOBOPAT, YTO HenmycToe cCnoBo a B andasute A BOC-
npuHUMaeTca MalnHOW B CTaHAAPTHOM MOJI0XXeHNKN, ec/in OHO 3anncaHo B nocne-
AoBaTenbHbIX KneTkax NeHTbl, Bce Apyrne KneTkn MycTbl, N mMalwunHa obo3pesaeT
KpaVIHK)IO KNeTKy cnpasa M3 TeX, B KOTOPbIX 3arnncaHo C/10BO a .

PaCCMOTpI/IM CHayasla HeCKO/IbKO npumMepoB C MOJIHbIM aﬂq)aBI/ITOM. |_|yCTb Ha-

yanbHas KoHgurypaums uveeT sBug a(laia2a2a0, a mawvHa TelopuHra ynpasns—
w
eTcsi (hyHKUMOHaNIbHOU CXeMol, NpeAcTaBneHHoN B Tabn. 5.6.2.

Tabnuua 5.6.2
«0 a> a2
2 adq, atRg2 adql
n a,Ca, arcp, a\Cq2
u "(Ao atRqt aZg,
9a a,Cq, aitRqt aRq,

Tak Kak ynpasnsioLLeil ronoekoit o6o3pesaetcs 6ykBa a2, a MalMHa HaXoAWTCs
B COCTOSIHMM Q{, NPy 3TOM MyCTb BbipabaTbiBaeTcs KomMaHaa a2 q , T. e. rofoBKa
cApuraeTcs BNeBO, a2 3aMeHsieTCs Ha a2, CocTosHWe [, MeHseTcs Ha gl

T. €. nonyyaercs KoHpurypaumus aCaia2a2a0. Cnegyrowas KoHgpurypauvs yaert

4
Takoit — aQaf{a2a2a0, TpeTbs — a”axa2a2a0, yeteeptas — alals aaQ, ns-
0 ® “
Tas — alaxa2<?<). Takum 06pa3oM, Mbl MPULLIM B Ha4Ya/lbHOe COCTOsiIHME. [po-

9
uecc paboTbl MallMHbI Ha4Yasn MOBTOPSTLCSA, W, CnefoBaTeslbHO, KOHEYHbIN pe3ynb-
TaT He MOXeT 6biTb nonyyeH, T. e. AaHHaa MallnHa TbIOpI/IHFa HEe npuMmeHnma
K UCXOAHOI MHhopMaLmn.
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MycTb Tenepb ANs TOW e MalUHbI HavanbHas uHopmauvs uveet eug aDa} aD.

«*
Toraa, goeiicTBys aHa/IOTMYHO, MPUAEM K crnedylowmnM KoHgurypauvsm: aCal a0,
b
£0g, i, A0. Tak Kak mMalivMHa nepeLusa B HayasbHOe cocTosHue, To cnoso ala] —

\i
pesynbTaT ee paboThl, U MallMHA NMPUMEHNMA K UCXOAHOM MHopMaLmn.
BnAHO, 4TO MOHATME MalUHbl TblOPUHra BO3HUKAET B pe3y/nbTaTe MPsiMOli Mo-
NbITKA PasfoX1UTb MHTYUTUBHO WM3BECTHblE HaM BblYMCINTESIbHbIE MPOLEeAyPbl Ha
3nemMeHTapHble onepauun. TbIOPUHT NpuBen psj AOBOAOB B MOJb3y TOro, YTO Mo-
BTOPEHMA €ro 3fieMeHTapHbIX onepaunii 66110 6bl AOCTATOYHO A1 NpoBeAeHUs
N06GOro BO3MOXHOIO BblYMCIEHUS.
Ecnn pgaHHoe cOCTOsiHME OMMCbIBAETCA MAalMHHBIM C/I0BOM M, TO MalMHHOE C/lo-
BO, OMuCbIBalolLee crefyioliee COCTOsHME MalluHbI, 6yAeT 0603HavaTbCcs uepes
M A~ . fanee aHanormyHo M A = (M M)A i =0[,2.... Mepexos mMawuHbl Tbio-
PpUHra 13 HayasbHOro B rocneAyioLine COCTOAHNS M306paxaeTcs B BUAE LIEMOYKM
cnoB M |- M () |- M @2)]- ....

YT106bI ONMUcbiBaTb paboTy MawuHbl TblopuHra 6onee yao6HbIM 06pa3oM, Teky-
LiMe COCTOSIHUA MallMHbl MUWYT He BHWU3Y andasuTa, a nepef 0603peBaemoit

svelikoit. Hanpumep, nycte /1 ={0,1} 2 =feo1’#2} 0 — cumMBON OCTaHOB-
Kn, a nporpaMma cocTouT n3 KOMaHz,
q]0-"gq R >g2Q—><loh N HavanbHasa KOHurypaums
0,11. Torga gXW L 1]- 11#/0 |- \\Oc]20 |- 1tO#01,rpeO — cum-

BOJI NYCTOW AYEViKN NEeHTbl MawuHbl. ECAv e HauanbHas KoHpurypaums
To 2101 |- 1#201 |- \oOu .

Takum 06pasom, kaxaas MalwnHa TblopuHra ¢ NPOU3BONbHbIMKU andasutamm A un

Q v 3agaHHO nporpammoii nepepa6aTbiBaeT S —Ky CNOB a,,a2,...,af, 3anucaH-

HbIX B andasmTe A , B €N0OBO P, ecnn MalmHa NpUMeHUMa K HadanbHol MHGop-
Mauuu, U MalurHa He NPUMEHMMA K S-Ke CMoB a,,a2,...,aT, eCN BbipaXeHue
(cnoBo) nocne ee paboTbl UMEET HEOMPEAENEHHOE 3HAUEHME.

CnosapHas (hyHKUUS Ha3biBAeTCS BbIYMCAMMON NO TbIOPUHTY, ECIM OHA BbIYUC-
IMMa Ha NoAXoAsLEN MalHe ThlopuHra.

Teopema 5.6. Bce cnoBapHble yHKLUMN, BbIYNCAUMbIE MO TbOPUHTY, SBAS-
IOTCA YACTUYHO PEKYPCUBHbLIMU.

Tesunc TbtopuHra. J1to 6as BblYMcAMMans MyHKLUSA BbIYUCAMMA MO ThIOPUHTY.
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Teopema 5.7. [na KaxAOW 4YaCTUYHO PEeKYPCUBHOI CroBapHO QyHKLMNK
F(a,,a2,...,av), onpeneneHHoOn Ha COBOKYMHOCTW C/IOB KakoOro-Hmbyab an-

tasuta {il|,a2,...,iia}, cywecTByeT MawuHa TbIOPUHIra C CUMBOSIAMU

ai,aZ2i...iall 1 nogxogswyMy BHYTPEHHUMWU COCTOSHUSIMWU, KOTOpas npa-

BU/IbHO BbluMCAAET hyHKUU F.

PaccMOTPMM HECKO/IbKO MawuH ThIOpUHTa, NpPeobpasyolmMx MallvHHbIe Ccnosa
O[HOrO 33AaHHOTO BUAA B MalUVHHbIE CMOBA APYroro 3afaHHoro Buaa. MNporpam-
Mbl MaluHbl ByemM nucatb B CTONGeL,.

m [pumep 1. MycTb Ha NeHTY NoAaeTcs ABa Yncna, 3aAaHHbIX Habopom nano-
yek, Hanpumep 2 M 3. HyXHO CNOXWUTb 3TKU uucna. O603HaA4YMM CUMBON

CNOXeHns Ntak, A ={30s O,|,+}, a0 — HayanbHOe COCTOsIHME.
Halitn nporpammy, KoTopas  6yayuu NpUMEHEHHO K  cnosy

a. =0| | +| 1] O, gaBana 6bl B pe3ynbtaTe cymmy uncen 2 n 3, T. e. C/I0BO
a2=0| ||!']|oO.

Mporpammbl Ans 0AHOTO NpUMepa MOryT 6biTb PasHbIMK, T. €. MOTYT peanu-
30BbIBATLCA Ha PasHbiX MalwunHax TblopuHra. Onuwem npoLecc paGoTbl
MalUUHbI ANS PelleHus 3Tol 3agaun. MycTb B HayasbHbIi MOMEHT 0603pe-
BaeTCs camas fieBas nasoyka. Ee HyXHO CABWMHYTb BNpaBO, MWUHYs BCe na-
NIOUKM M 3HaK + A0 TexX Mop, Noka He 6yAeT AOCTUIHyTa nyctas KieTka.
B 3Ty MycTyt KNeTKy BMWCbIBAeTCs Mepsas Manoyka. 3aTemM HYXHO Bep-
HYTbCSl 3@ BTOPOI Masoykoii 1 ee MEPEHECTU BMPaBO aHasorMyHbiM 06pa-
30M. Mocne 3Toi Npouedypbl HY>XHO BEPHYTLCS K 3HaKy +, CTEPETb ero un
OCTaHOBUTLCA. M306pa3um BCe TaKTbl MallWHbl B BUAE COOTBETCTBYHOLLNX

KOHUrypaLuii.
1 o0o11] + 110; 80 + 11 O
2 0072 + |]0O; 9.0 + 109 O
3 o 024 % 0.0 F og 0
4. +02 O 1A Foqy O
S ¢ +1ar 10 Za wan O
6 1 411 @1 13 03] +111 O

BA 4111 227 1400 4111 O
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1508 41 4 0 23. o+ 8 0
16. Oogzﬂ 111°; 24 0 411y O
7. 0+gq 1 |°; 25 o+ 2 0;

0+ .1 10; 26. ¢ 4931 |11 O

O+ 12 10: 27. ot 0;
20. 0+ 49 2| 0; 28. 03°+| | ]] 0;
2L 0+ 4y Q0; 29. 00,+1111 O;
22. 0+ || &1lo; 3a oo| 1111 0

MNMoAYePKHYTLI COCTOAHWS, MOMlyYyaemble HOBOW KOMaHAol. 3TOT MpoLecc
no3BofsieT 3anucatb aIroOpuTM B BUAE CNEAyHoLeil Lenoykn KOMaHz:

0] ~0.%, LA -»| Rg2, q2+"~+RQq2, q20~>\Cq},
| —| Lg3, 03+ —=>+L<%, 030—>0/20|S 0]+~ O C 00 nnu ewe 6onee

KOMMaKTHO B BUAE ABYMEPHOW Tabnuupl (Taén. 5.6.3).

Ta6nuua 5.6.3
[0] + 1
A - ocg,
” | Ccas | R<h
b ou +L% 1L %

9 NMpumep 2. BBegem cnegytowne o6o3HadeHns: U1=\1...1, 01=00...0 n
ot pa3 -V pa3

o°=1=n. CocTasum nporpamMmmy "nepeHoc Hyna":

0,001/D => 0001A00. B neBoil KonoHke Tabn. 5.6.4 6yaem pacnonaraTb

nporpammMy, B NnpaBoii— pe3ynbTaT ee Npeo6pa3oBaHUsi UCXOLHOMO C/OBa.

McxoaHoe cnoso nycTb 6yaet 0,001*0.
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Tabnuua 5.6.4

KomaHga PesynbTtat
£/|0-" gR 09,0ro
20-*</31 Ok/jI'o
Kl—g™R xpa3s 011>,0
g0 -*q,L olI'~"lo
q<\"g% 01 7500
qfi-~q.L 0ry?610(
x~\pa3 46000
260 ->?,,() 1,000
m [pumep 3. JleBblii copur: <00110. lMporpamma 3TOro npumepa

O4YeHb KOPOTKas M abcontoTHO oyeBuaHas (Tabn. 5.6.5).

Tabnuua 5.6.5
KomaHpa PesynbTart
qo~gq A 01 6210
g2l g2 x- 1pas ?220ro0
q20-1gao0 4,0ro

BO BTOPOM M TpeTbeM MpuMepax B TEKCTax NMporpamMm onytieH cumson C.
m [pumep 4, Mpa.biii caBur: 01/0 =>01nqQ) . Mporpamma 370 MaLlUHbI
nonyvaeTcs 13 npeaplaylieii nporpaMmMsl 3amMeHol cumona L Ha R .

m [pumep 5. TpaHcnosuuyma: O I'A O 1’0 == 01 Y#001/D .

CHauvana nepesegem cnoso O I'*OFO B cnoso O01/P'00. Mpwn j/>0 3aTo
[OCTUraeTcsi O4EeBMAHOM NPOrpamMoii, 3anucaHHoW B Tabn. 5.6.6. A UMEHHO
CHavana no nporpamme Npasoro casura n3 ncxogHoro cnoea Or*O PO no-

nyyaem cnoso 01/D1YA30. 3aTem BbINOJHAEM CreyoLme KoMaHabl.



252

KomaHnpga
0,0 -*qgtL
2,1 -»?50

9s0-»?76
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? « 1 y-2Pa3

Tabnvua 5.6.6
PesynbTar
oror-~1o
0 © 0
oror'~to
OIVsOlI'-'00

01*/71y00

YT06bI NONyunTsb cnoso O1*070POO wu npu y —0, po6aBnm KomaHay

Tabnvua 5.6.6 (npogorvkeHne 1)

01*071*00 (y>0)

Tenepb 13 nogcnosa 1* nepebpacbiBaeM OAVH CUMBON 1B NPOMEXYTOK MexXay
[ABYMsl MOCNeAHUMN HYNAMU. 3TO AOCTUraeTcs crefytoLeit NporpaMmoii:

gqllm=>

290_>7(04,

4101

?2,1->91F
~2xN uD

<az~*9nn

Tabnmua 5.6.6 (npogorvxkeHme 2)

y pa3

Y~2Pa3

0]'y ?»11'00

0 I '9,01"00
01b10?,,1'00

o Fo 00
OT'OK~”K)
oroi’-‘?|,110
Oor'-'oK'ysoto
01"'0r-r~41010
or'ag,,017010

or~not
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3TOT KycOK nporpammbl pabotaeT npu n'>0, j/>0. YT06bl TOT Xe pe-
3ynbTaT nonyuuncs v npu .y =0, gob6aBnseMm K 3anucaHHoW nporpavme
elle npukasbl:

Ta6auua 5.6.6 (npogon>kexue 3)

076
or 1$,,11CD

orVv ,h5i'-"oio
Tenepb 3aUMKIMBaEM NPOrpamMMy npukasamm:

Ta6nuua 5.6.6 (npogomkeHue 4)
«isl oi 471‘0I00'>o)

kg°—| o or-V'oio(y =o0)

Echrm v-1 >0, 71O cnoBo O01/1|%71'010 nepepaboTaeTcs B COBO
01n1-297130110. Ecnu xe Xx-2>0,TO npouecc ganbHelilen nepepaboT-
K1 gact cnoso O1/13#71*01110 v T.4. Yepe3 X UMKNOB MOAYyYMM CNOBO
0(?71-YVD.

Tab6auua 5.6.6 (npogon>keHue 5)

2,1 ->7sL (/,01-0r0

of/l,ro i‘o

7181-»9|8i Y Pa3 opP~gol'o

<7i»0 —>g,,0 or?,o0ro
m [pumep 6. KOMBUHMPYS MexAay coboii npumepsbl 2, 3, 4 1 5, nerko nony-
4yaTb MaLlVHbl, BbiMOHAWLWME 6onee CnoXHbIe NpeobpasoBaHus cnos. Tak,
Harnpumep, MPUMeHsS [ABaxAbl MoApsg MporpamMMy MpaBoro  casura

(cM. npumep 4), nonydYaem MalIMHY, BbIMOJHALWY0 ABONHON nNepeHoc:
0,01-WO =>01*01"0.
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Mpumep 7. MporpamMmMa LUKINYECKOTO CABUra Mony4yaeTcs NpPUMEHeHUEM
APYr 3a APYroM Mporpammbl TPAHCMO3ULUKW, NIEBOrO CABWUIra 1 ONATb TPaHC-

nosuvuun (npumepsl 51 3): OI'OHg,01°0 == 01 00001 0.

JloCTaTOYHO HayuWTbCA CTPOUTL MalUMHbI, MPAaBUILHO BbIYMCASIOLME NPO-
cTeiwme PYyHKLUM U PYyHKLUN, BO3HUKAIOLME U3 MPABUILHO BbIYMCTUMbIX
hyHKLMIA C MOMOLLbIO OMnepauuii cynepnosuumum, NPUMUTUBHON pekypcun u

MWUHUMU3aUnNn.

Mpumep 8. Bbluncautb yHkymo O0(x)=0,
(tabn. 5.6.7).

KomaHpga

~0 —g,R
g21—gR X pa3
g0 gl

} X - 2 pa3
4,0—=53|

73°->900

Mpumep 9. Bbluncnunts oneparop

(Tabn. 5.6.8).

KomaHpa
0,0-* gR

g21—=gR x pa3

o —qt x-1 pas

230 -» ?»0

T.e.

0140 =>g000 V4

Tabnuua 5.6.7
PesynbTart
09rr 0
01v/20
01'-'9j10

or'~ool

0! v2<7,100)

?,00""

casura A(X)= x +1,

Tabnuua 5.6.8
PesynbTat
o7, o
0l'<720
01'g, 10
0r4yo,110

9,01™1
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m [pumep 10. CocTaBuM nporpammy (YHKLUW yCeuyeHHOW pasHocTn i —1
B ra6n. 5.6.9, ecnim HayaslbHOE M KOHEYHOE C/I0BO 3aaHbl ClefylolnM 06-

pasom: 0,01*0 == <001 O00.

Ta6nmya 5.6,9

KomaHpa PesynbTart
9,0-> <R 07210
fol =+ gR * pa3 ororo
tf20->73 OPy 9310
q,i ->qto 01i4 2400
q,0->qsL Or-225100
109 x-2pa3za ft 01'-'00
q¥%0 ->q,0 9,0r-'o0
o x=0

m [lpumep 11. MNocTpOUTb MalWMHY TbIOPUHIra, peasn3yoLlyo airOpUTM Bbl-
yucnenus yHkuum f(n)=n +2 B 4ecCATUYHOI CUCTEME CUMCNIEHNS.

B 3TOM npumepe 3a BHeWHWn andaBuT  Heo6XOAMMO  B3SITb
A ={p0,0,1,2,3,4,5,6,7,8,9}. HyxHO, 4TO6bl MallMHa, HaXoAACb B CTaH-
[APTHOM COCTOSIHMM, 3aMeHssia Moc/nefHiol uudpy uucna N (ecnm ata
unpa MeHblwe 8) UMPOI, Ha ABe eAuHWUbl 6onblieil, U nepexoguna B
cTon-cocTosiHue. Ecny nocnefHss umdpa uncna M pasHa 8, TO ee HYXHO
3aMeHWTb Ha O 1 nNepeliTK BNEeBO B HOBOE COCTOsHME <2, KOTOpoe A06aBu/o
6bl K cnegyloLleMy paspsgy eauHuULy. AHaJIOTMYHO, eCcln NMocneaHsas Lumdpa
yucna paBHa 9, TO ee HYXHO 3aMeHUTb Ha efMHWLY 1 NepeiTn BNeBO B CO-
cTosiHMe A2.

Hanpumep, nycte /(59), Torga HavanbHas KoHdwurypauus [05<7,9<0

(BBMAY TOro, 4to cMmBon O BXoAuT B andasut A B KayecTBe paboyero
CMMBO/Ia B 3TOM MpUMeEpe, B OT/IMYME OT BCEX MNPeapbiaylumX, COAepXNMoe
nycToii svelikn MawunHbl ThlopuHra o6o3HaveHo uyepe3 A0), a cama npo-

rpaMmMa MMeeT BUA, NpPeAcTaBfeHHbI B Tabn. 5.6.10.
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Tabnuua 5.6.10
KomaHpga PesynbTat
%9~q2L aag25\a0
?725-»?,6C ap»6lao

Ans BCcex BO3MOXHbIX UMp nNporpamma BbirNsAuT crefyolmnM ob6pasom
(tabn. 5.6.11).

Tabnuua 5.6.11
« 0 1 2 3
9, — 903 04 905
[<7] o> [ee=3 un 903 94
4 5 6 7 8 9
9, 906 07 908 909 920L 921L
< 905 200 9,7 909 ?20z.

Mpumep 12. MocTPOUTb MawWunHY TbOPUHra, NPasUIbHO BbIYNCASAIOLLYIO
hyHKL MO

MycTb ncxogHoe coctosHne ~,01110. Torga nporpamMma MoXxeT 6bITb Ta-
KoW (Tabn. 5.6.12).

Tabnuua 5.6.12

KomaHpga PesynbTaTt
9|0-»92 0421110

g20—*qQ. ecnmo Ohjjlio

9213371

9,1 -»?230N 010930
?31->5r30[, 0100730
93° -> YA 010?400
0,0 —5,Z, 2 pasa 09,1000

941—9%01 09.10
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5.7. Hepaspelunmble anropntMmmyeckue
npob6nembl

BBefieHMEe MOHATUS MallVHbl ThbIOPUHIa YTOUYHSET MOHATUE a/IrOPUTMa U yKasbiBa-
eT MNyTb PeleHns Kakoli-TO MaccoBoii npo6nembl. OfHaKo MaluHa TblopUHra
6bIBAaET HENMPUMEHMMA K HayanbHO MH(OpMaLMM (MCXOAHOMY C/oBy andasunTa).
Ta xe cuTyauus NOBTOPSIETC OTHOCUTE/IbHO HEKOTOPbIX 3ajad, A/ pelleHns Ko-
TOpbIX He yAaeTcs co3daTb MalvHbl TblopuHra. OAUH M3 MepBbiX Pe3y/bTaToB
Takoro Tuna nonyyeH Yepuem B 1936 r. OH KacaeTcs Npobnembl pacno3HasaHWsA
BbIBOAMMOCTW B MaTeMaTU4ecKoii Ioruke.

1 AKCUOMaTUyeckui MeToAd B MatemMaTuke 3akK/tyaeTcsa B TOM, YTO BCE TEOPEMbI
[aHHOI Teopuu MosyyarTcs MNOoCpeAcTBOM (hOpPMasibHO-/I0MMYECKOro BbiBOAA
M3 HECKOJ/IbKUX aKCUOM, MPUHMMAaeMbIX B AAHHOW Teopuwn 6e3 AoKa3aTeslbCTB.
Hanpumep, B MaTeMaTM4eCKOW NTOrMKe OMNUCbIBAeTCA CreLnasibHblii A3biK hop-
My, No3BonsWMi N60e NpensioxkXeHne MaTeMaTUyeckoli Teopumn 3anucatb
B BUAE BMOJIHE OnpeeneHHoW (hopMynbl, a NpPoLecc I0rMyeckoro BbiBoga U3
nocbinkn J1 cneactens B MoxeT 6biTb NpeAcTaBneH B Bue npouecca op-
MasibHbIX NpPeobpasoBaHUii UCXOAHOW (opMysnbl. ITO AOCTUraeTcs NyTem uc-
nosib30BaHUA /IOrNMYECKOro MCYUCNEeHUss, B KOTOPOM yKasaHa cuctema gonyc-
TUMBbIX npeoﬁpa303aHM|‘/’|, |/|306pa>Kar0uJ,|/|x 31eMeHTapHble aKTbl /IOTM4YECKOro
YMO3aK/Ilo4eHNd, U3 KOTOPbIX CKnadblBaeTca mo6017|, CKO/lb yrogHo CNOXHbI
(hopManibHO-I0rMYECKIIA BbIBOA,.

BOI'IpOC 0 NlIornyeckoim BbIBOAMMOCTU CneacTeua B w3 noceinkm A sasnsetcsa
BOMPOCOM O CyLLLeCTBOBaHUWN AelyKTUBHOW LENOYKM, BeayLleii oT hopmynsl A
K hopmyne B . B cBs3n c 3TMM BO3HMKaeT Npob6remMa pacno3HaBaHus BbIBOAU-
MOCTU: CyLecTByeT nu ans asyx ¢opmyn A v B paeaykTvBHas Lenouka, Be-
aywas oT A kK B wnm HeT. PelweHune 3Toii Npo6nemMbl NOHWMAaETCs B CMbIc/e
BOMpOca O CyLLeCTBOBaHUN aNiropuTMa, Aalollero oTBeT npu nwb6bix A n B
Yepuem aTa npobnema b6bina pelleHa oTpULaTeNbHO.

Teopema 5.8 (Teopema Yepua). NMpobnema pacnos3HaBaHWs BbIBOAUMOCTHU
anropuTMUYEcKn HepaspelunmMa.

2. NMpobnema pacnosHaBaHWA CaMOMNPUMEHMMOCTU — BTOpas npo6nema, Nnosioxu-
TeNlbHOE peLLeHVe KOTOPOW He HaliieHo Ao cux nop. Ee cyTb 3aknvaetcs B
cnegywouiem. MNMporpammy MatlmHbl TblOPUHra MOXHO 3aKoAMpoBaTb KakuM-
nn6o onpegeneHHbIM LWMGPPOM. Ha neHTe MalmnHbl MOXHO M306pasnTb ee xe
COBCTBEHHbIV WGP, 3anvcaHHbii B andaBMTe MallvHbl. 34eCb Kak U B cnyvae
06bI4HOI NpOrpamMmbl BO3MOXHbI AiBa cyvas:

= MawwuHa MpUMEHWMa K CBOEMY LWKGPY, T. e. OHa nepepabarbiBaeT 3TOT
LWMP 1 NOCNE KOHEYHOTO YKC/a TaKTOB OCTaHaBMBaeTCS;
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= MawuHa HeMpuMeHVMa K CBOeMy Wwundpy, T. . MallvHa HUKOrga He nepe-
XOAWT B CTON-COCTOSIHME.

Takmm 06pa3om, camy MalluHbl (MAn Ux Wwudpsl) pasbusaroTcs Ha ABa Knacca:
caMonpuMeHUMbIX U HecamMONnpUMEeHUMbIX TbIOPUHIOBbLIX MalunH. I'Ip06ne|v|a
3aK/loyaeTca B cnefylowem: Kak no no6omy 3agaHHOMY WNGpPY yCTaHOBUTD,
K KaKOMy Knaccy OTHOCUTCS MaluuHa, 3ampoBaHHas MM, K Knaccy camonpu-
MEHUMbIX U1 HeCaMOMNPUMEHUMbIX.

Teopema 5.9. Mpo6nema pacno3HaBaHWs CAMOMPHMEHHMOCTH anropuTMum-
YeCKM Hepaspewmnma.

3. Mpo6nema 3KBUBANEHTHOCTY C/IOB A/15 aCCOLMATUBHBIX UCUUCIEHWIA.

PaccmoTpum HekoTopeblii andasut A ={a,ft,c,...} 1 MHOXeCTBO C/IOB B 3TOM

andasuTe. byaem paccmaTpuBaTb Npeo6pasoBaHUAs OAHUX CNOB B Apyrue ¢ no-
MOLLbIO HEKOTOPBIX AOMYCTUMbIX MOACTAHOBOK a —»(3 , rae am p — pfga
cnosa B TOM e andasute A . EcCnv cNoBO y COAEPXUT a Kak MoAcnoBo, Ha-
npumep a,aaz2a3a, TO BO3MOXHbI Crejyiolime MoAcTaHoOBKU: a,paza 3,

alaa2a 3, cuPc”a3P.

AccoumaTMBHBIM MCYUCNEHVEM Ha3bIBAE€TCSi COBOKYMHOCTbL BCEX C/IOB B HEKO-
TOpoM andasuTe BMECTE C KaKOW-HUOYAb KOHEYHOI CUCTEMOI [0MyCTUMbIX
NoACTaHOBOK. [Ns 3afaHus acCoLMaTUBHOIO WMCYUC/IEHWS [OCTATOMHO 33A4aTb
COOTBETCTBYOLNI andaBuT N cUCTEMY MOACTAHOBOK.

Ecnu cnoBo R MOXeT 6bITb Npeo6pasoBaHO B CI0BO S MyTEM OAHOKPaTHOIO
NPVYMeHEHUs onpeaeneHHoN NoACTaHOBKN, TO R 1M S Ha3blBalOTCS CMEXHbIMMW
cnosamu. MocneposartensHocTs cnoB R]tR2L...tRnI,Rn Taknx, yTo BCE Napbl
cnoe RNRMti=1,2,...,«<-1 #BNSIOTCA CMEXHbIMW, Ha3blBaeTcs AeAyKTUB-
HOVi LIeMNoyKoi, Beayweid ot cnosa Ri K cnoBy Rn. Ecnu cywlecTByeT LIEMNOYKa,
Beayuwas ot cnoea R kcnoey S, T0 R 1 S HasbiBalOTCS 3KBMBANIEHTHbLIMU:
R-S.

,U.I'Iﬂ Kaxaoro accoumatmBHoOro McHMcneHnsa BO3HUKaeT CBOA cneyuanbHas npo-
6nemMa 3KBMBaNEHTHOCTU C/IOB: ansa N 6bIX ABYX CNoB B AaHHOM WUCYUCIEHUN
Tpe6yeTc;| Y3HaTb, 3KBMBaJIEHTHbI OHW U HET.

Teopema 5.10. Mpo6nema 3KBMBANEeHTHOCTU C/MOB B /060M accolmaTus-
HOM HCYHCNnenmnm aifOpUTMNYECKN Hepaspewmnma.

3Ta np06nema peweHa nnib B HEKOTOPbLIX accoumaTBHbIX NCYUCNEHUAX CMe-
LManbHOro BMaa.
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5.8. MNMpakTnyeckoe 3aHATHE Ne 12,
CnoBapHble (QyHKLNW.
MocTpoeHue nporpamMm Aas malinH TelopuHra

259

5.8.1. MycTb cnoBapHas dyHkuua /7(n) B andasute A ={/1,B,C} onpeaeneHa

cnefyowmm o6pasom:
f{n)=sc,
F(pA)=«,(p,F(p)) [Hell 6ykBe cnosa p,
F(pfi)=tf2(p,F(p))=S3(p)=pC,
F(pC)=tf3(p,F(p))=/"(M(p))=p.
HaliTn 3HadeHne F(CBA) v onpeaenuts Bce NpeacTasnsiolime yHKLUN.

5.8.2. B ancasute A = |a,ii,C,D ,# j 3apaHa cnoeapHas yHkums F(a,p,y):

f@,py)=gPy)=y.

F (oA, py)=1, (a,F (@ py\py)=aPy,
F(aB.p.y)=W,(a,F(a,p.y).p.y)=A,
F(aC,p.y)= 4, (a, F(a,p.y),p.y) =55a)= o,
F(aD,p.y)=H4a,F(a,p.y).p.y)=YyPa,
F(aF,p,y)= 4 3a,p(a,P,y),P,y)= BCD.

Onpegennts 3HaueHne F(CD,A,E) v HaliTu coOTBETCTBYyIOLLEE 3HAYEHUE

npeacTasnsioLeid pyHKUMN.

5.8.3. NMocTponts MalnHy TolopuHra ans BblYMCNEHMNA DYHKL UM

sgnx =] 7 ’ McxogHoe coctosHme <7,01110 unm 9.00000.
lo,n ® 0. 1

5.8.4. Kakyl (pyHKLMIO BblYMCNSET MawlMHa TblOpMHra co cneaylleil cucremoi

KomaHg: <,0 —>a20N , qxl—» q0l , 20 —#01, q2i qR?

5.8.5. PewnTb 3agady 5.8.3. B anasute A ~{30,[ }, ecnn HayanbHoe CnNoBO

5.8.6. MocTpouTs MalmvHy TblOpWHIra ANs NPaBUNLHOIO BbIYUCIEHUS (HYHKLMN

X+y.



260 YacTb . MaTemaTnueckas 1ormka
5.8.7. MNocTponTb MawunHy TblOPUHra, MNPaBUNbHO BbIYUCAAOLWYO (YHKLMIO
/M(*,,.*2 rpel<Tt<n.

5.8.8. MycTb yHkuum f(X) un ~(4:) NpaBunbHO BblYMCAMMLL. [loKasaTb, 4YTO
yHkums h(x) =f(g{x)) npasunbHo BbIuMCAUMA.

5.8.9. MoCcTpOWTb MalWnHbI ThIOPUHTA A1 NPaBUILHOFO BbIYNCNEHUS (DYHKLWIA:

a) y;

5.8.10. Moka3aTtb, 4TO ecnn dyHKUMA g(.X,y) NpaBUIbHO BblYUCAMMA, TO W©

dyHKkums /(4:)=uy(™(n:,y)=0) npaBunbHO BblYUCAMMA.
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Anre6pa BbiCKa3blBaHWA

6.1. OTBeThbI U pelleHna 3aga4
MPakTU4YeckKoro 3aHaTusa Ne 1

1.5.1. Bce npeanoxeHus, Kpome npegnoxeHns 6, SBNAIOTCA BblCKa3blBAHUSMU.
BbickasbiBaHME 2 CUMTAETCH UCTUHHLIM B reomMeTpum EBKIMAA W NOXHbLIM B reo-
meTpun JlobayeBCcKoro. BeckasbiBaHne 3 NOXHO. BbickasbiBaHUA 1, 4 U 7 UICTUHHBI.
B Tekyllee BpeMsi HEN3BECTHO, UICTUHHO WM JTIOXHO BbiCKa3blBaHue 5.

152

1) p ={ uncno 174 He pgenutcs Ha 3 } NOXHO; PV q={ uucno 174

2)

Aenvutcs Ha 3 wam uaeT Aoxap } UCTUHHO; pnpg ={ uucno 174

Aenutca Ha 3 1 ngeT aoxas } NoxHo; P —» q ={ ecnu 174 genntcs Ha
3, To nget goxap } NoxHo; p —» g ={ ecnu 174 He genutca Ha 3, TO

vaeT Joxap } UCTMHHO; P <> —{ 174 genutca Ha 3 Torga u ToNbKo

TOrAa, Korga He UAET AOXAb } WCTUHHO,

q - { HeBepHO, 4YTO €CcAn 4YMCNO MPOCTOe, TO OHO HeyeTHoe }, ecnu
4ncno paBHO ABYM, BbiCKadblBaHME WCTUHHO, BO BCeX OCTa/lbHbIX
cny4dyaax OHO /TOXHO; q —>p :{ HEBEPHO, 4YTO eCnn UCTUHHO, 4YTO ecnn

4YMC/NO NpPOCTOoe, TO OHO HeyeTHOoe, Toraa KOHbLHHKUMA KOMMyTaTuBHa =
ecnn yncno npocroe, TO OHO He4yeTHoe n KOHBHOHKUMA

HEKOMMYTATUBHA } NIOXHO; (p N1 */)—>pP — WCTWHHOE BbICKA3bIBAHUE;

{av p)~* 94 =9 — cmoTpuTe nepsblii cnyyaii.

1.5.3. BbiCKa3blBAHMSAMMN SIBSKOTCA BTOPOE W TPeTbe YTBEPXKAEHUS, MPUYEM BTO-
pOe NI0XHO, a TPeTbe UCTUHHO.

1.5.4. MpoTnBOpPEYNBLI fAaHHble 2 1 3.
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1.5.5.

1.5.6.

1.5.7.

1.5.8.

1.5.9.

Yactb Il. OTBETHI, pelweHns, yKkasaHus
He chopmynamu siBnstoTcs nocnegosaTenbHOCTN 11 4.
1) Ag, AnA2i Ag, Ag — Ar A, —A2, Agv Ab (AqQ — A{)v (AXx—>A2)\
2) A,, A2yA3, Ai Az, Al —=A2yA20 Av;
3)4,A2,A3B,C,BvC, n(Bv C\A2v A3n(Sv C).
TOXAEeCTBEHHO UCTUHHbLIMU ABNSAOTCA hopmynbl 2 1 3.
X—>y - 1, z—>(X—"y)= z —>1=1 Bcerga;

n—N"3zx-—N"y=1—>y=0—y=1 BCceraa;

—>»y)—>»Z=1—>z=1
\C/Ef %//; [0, z=0.

Tabnuubl NICTUHHOCTM BCex Tpebyembix (hopMyn npeacTasneHsl B Tabn. 6.1-6.8.

Ta6mmuya 6.1

A A A A2 Av g A A 1)

1 0 0 0 0

0 0 1 0 0

0 1 0 1
0 0 1 1 1
Tabnnua 6.2

A A A AS>AN->4 A A QZ_ZAD E: . 2
1 1 1 1 1 1 1 1 1
1 1 O 1 0 0 0 0 1
1 0 1 0 1 1 1 1 1
1 0 O 0 0 1 1 1 i
o 1 1 1 1 1 1 1
0O 1 0 1 1 0 1 1 1
0O O 1 1 1
0O 0 O 1
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Tabnuua 6.3
p Q PaQ P~ Q 3)
i 1 1 1
0 0] 0] 1
0 1 0] 0] 1
o] 0 0] o]
Tabnuua 6.4
p Q p Q->P Pa(Q->P) 4)
1 1 1 1
0 1 1 1
0] 0] 0] 1
0 0 0 1
Ta6bnuua 6.5
~>p P 3v f
p Q p Qv o ¢ @20 9
1 1 0 1 o] 1 1
1 0 0] o] 1 0] 0 0]
0] 1 1 0] 1 0 1
o o 1 0 o] 0 0
Ta6nmua 6.6

p Q R QaP QaP P-2QaP P-~AQaP PvR 6)

| 1 0 0 1 1

N
o
o
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Tabnuua 6.6 (OKoHYaHKe)

P @ A QaP QaP P~AQaP p-nQapr PVR 6
0] 1 [0] 1 0 1
(0] 0 0] 1 0] 0 1
0 1 0 1 0] 1
[0] (0] 0] 0 1 0] 0 1
Tabnuua 6.7
P Q p QvP Q Q->P Pa(p) (2->p)v0 7)
1 | o] 1
1 0 0 | 0 0
0 1 0 1 0 | 0
0] 0 1 0] 0] 0 0]
Tabnuua 6.8
p Q P-+Q QaP PA>(QaP) 8)
1 i 1
1 0 (0] 0 0 0
0] 1 1 0 1 1
0 0] 1 0 1 1

1.5.10. YnpocTum copmy/bl NyTeEM PaBHOCU/bHLIX MNpeo6pasoBaHuii. Torga 6y-
[eT o4yeBMAeH Habop NepemMeHHbIX, MPU KOTOPbIX hOpMy/na MOXEeT NMpPUHU-
MaTb 1IornMyeckoe 3HaveHme 1

))PAP =PvP=PaP=P,P=1
2) 2> (paann ((pva)>e)= 0 v(pnann (@>VR)V Q)=
=(G2v (Pnk))n (Avk)n q)=

=W v-p)yn(pVvia)n(>ng)v (ing)s=



nasa 6. Anre6pa BbiCKasblBaHWA 267

=(<2 PQv RQv Pr)a(PQv Rq)=
=PQ v PQv PQRV PQflvfiSv PQRVQRV PQR =
=PQRv QRvVPQ=QR(PVIHVPQsS QRvV PQ =<2V «).

2 =0, P= P =1
(™ a)*(a”™ p)=Pvagv(vp)™(pvag)vgvP"

=g (PvIl)vP =Pvg.

p=1 e=i.

1.5.11L (pv Pn 6)—i=(0n")-)R =0—=¥ =Iv P =1 Takum o6pasom,
[@HHOE BbICKa3blBAHWE ABNSETCA TOXAECTBEHHO MCTUHHBLIM U HE 3aBUCKT
OTTOrO, UCTUHHBI UK JIOXHBI BbickasbiBaHus P,Q un R.

1.5.12. TOXA€eCTBeHHas WCTUHHOCTb (hOPMYN [0Ka3biBaeTCsi MM60 HenoCPeaACTBeH-

HO o Tabnnuam UCTUHHOCTU, NGO NYTEM PaBHOCU/bHBLIX NPeo6pasoBaHWii.
Ans cdopmyn 1u 8 npmBegeHbl Tabnuvubl ICTUHHOCTKM (Tabn. 6.9 n 6.10).

1) Tabmvua 6.9
p @ PaQ <o>on<2)  P->(Q->(P*Q))
I 1 I 1
0 0 i 1
1 0 0 1
0 0 [

2) (P —£?2)—((p—>q)~>p)=Pv Qv *"PN/2VDp)= (p nq)v
v(PaQ)vPsPQVPQVP =p(avg)vPsPvP =I
3) (P-» A)-» ((Q-) A)-» ((PvQ)-> R))=PvRvV~vVvV Sv
vPvQ vfl)=(pnr)v (ntf)v (pn <2v«)= PRVQRYV
VPQVR=Pi?n (j2vag)v £2r(pv p)v PE(li v «)V P n

n(rvin)n(evg)=PCSVvPGPVP2«VPQRVPQPYV
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v PQRVPQRVPQR=Pq(rvr)vPg{rvr)v Pq(rvr)v
vpq(rvR)=p@i2vq)vpf2avQ)=PvP =1
4) (Q->R)">{(PvQ)*>(PVR))=QVRVPVvVQV(Pv R)*
=@vr)vpaqg)v(PvR)=QRvPQVPVRMQ~r{pvop)v
VPa(rvr)vpi2valrvr)vr(pvp)@vag)=PQRv
VPQRVPQRVPQRVPQRV PQRVPQRVPQRYV
v PQRV PQRV PQRVPQRVPQRs PQRV PQR VvV ~PQRV
VPQRVPQRVPQRVVPQRVPQR&Pq{r vr)vPq(rvr)v
vPa(rvr)vPa(rvR)=Q(pvp)vQ{pvp)=QvQs1
5 (QAP)N(Q”>P)"Q)=QVPV(QVPVQ)=QPVQPY
vQNMQ(pvp)vQ =QvQ =1
6)Pr>(P~"Q)sPVvPvQ =IvQ =I
7 (p>Q->((@a K->(p->«)=Pv2VAVRV(pVa))3
=PQVQ~RVPVR =PQRvr)vQr(pvp)vp@va)rv k)v
vr(pvp)@vag)=PQRvPQRVPQRVPQRVPQRVPQRY
N PQRVPQRVPQRVPQRVPQRVPQR=Pqg(rvr)v
vPq(rvr)vPq(rvr)v PQ(Rv~r)sp(@vq)v

vp(@vQ)=PvP =1

8) Tabnuua 6.10
P P p PP
1 0 1 1
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1.5.13.
D{(PMQ*RN™N(a -*p}"Q =PVvQRv(Qvp)vQ=
=PaQRvQVPvQ=Pa(Qvr)vQvPvQ=

=PQwW PRVQ VPVQ sQ Vv PQR s Q(lv PR)&Q.

Torpga, Hanpumep, eciu P 1 R — nwobble, a Q =1, To ucxoaHas cop-
My/ia NoXHa.

2) (PvQ)VR)-»((Pv2)n(dv ih))=PVQVR v
V(PVvPQVPRVQR)=PQRV(PVQR)=PQRvV PVQR.
Torpa P= Q =0, N =1

3) Ans bopmynbl 3 Tabnuua NCTUHHOCTY TakoBa (Tabn. 6.1J).

Tabnmua 6.11

p Q PvQ P PaQ PaQ o) ymag) 3

1 0 0 1 1 1

1 0 0 0 0 0 0

0 1 1 1 0 1

0 0 0 1 0 0 0 1

N3 Tabn. 6.11 BugHo, uto P= 1, 2 =0.
1.5.14.

MpvO =1

1) MycTb, Hanpumep, Qv R =0, Torga ~ =0 u N1 =0 u 4§ ~

fi>=0
e. < , YTO HEBO3MOXHO.
\p=\

2) Mpegnonoxum, uyto P —» 7?2=0. Torga, oueBugHo, P=1 wn /?=1,
T.e. n=0. CnepoBaresbHo, PvQ ~{vQ =0vQ=\ ]
77vg =0VvE)=I1,T.e. 2 =1 un Q =| OQHOBPEMEHHO, YTO HEBO3-

MOXHO. Takum o6pasom, Bceraa P R 90, 1T.e. P—>/2=1.
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1.5.15.

1.5.16.

YacTb Il. OTBeThbl, pelieHuns, ykasaHus

3) Nyctb Rv W =0. OTtcloga no 1abnuue uctmHHoctm R =0, W =0.

[/»—=0=1,
Ho P —=/?=1n O — 1, T.e. < Torga 0 =0 u
[6 —0=1

P =0, Pv 2 =0” 1. NonyyeHo npotmeopeune, T.e. Rv W =1,
Tabnuubl UCTUHHOCTU (Tabn. 6.12) Ans OBYXMECTHbIX onepauuii uMmeroT
cneaywowmii Bua,.

Tabnuua 6.12
Onepauusa

*

*

*

*

O O | - T
©O r O L O

Bce 3Tu Tabnuubl pasnnuyaloTcs TOIbKO MOCNEAHUM CTONGLOM, 3/IEMEHTbI
KOTOPOro 3aMeHeHbl 3Ha4YKOM *. BmecTo * moxeT cToATb 1 unm O, npuyem

BO3MOXHbI N06ble KOMGUHaL MK, Pa3nuuHbix KoM6rHauuii 6yaet 24 = 16
(3TO pasmeLLeHnsi C MOBTOPEHUAMU U3 [ABYX 3/IEMEHTOB MO YeTbipe).

AvB=AaB, AnB= AvB.

1.5.17. CocTaBum TabnuLy UCTUHHOCTU A1 onepaumm ©, HaunMHas ¢ Tex CTPOK, Ana

KOTOPbIX © MCTUHHA. KaXAo# Takoll CTpOKe MOCTaBMM B COOTBETCTBUE
KOHBIOHKLIMIO TEX MPOCTbIX BbICKA3bIBAHWIA, KOTOPbIE B 3TOW CTPOKE UCTUH-
Hbl, N OTPULLAHME OCTa/IbHbIX. 3aTeM HalAEM [U3bIOHKLMIO 3TUX KOHBIOHK-
umit. Kaxpas 13 MoCTPOEHHbIX KOHBIOHKLMUA GyeT MCTUHHA TO/bKO Mpum
TeX 3HAYEHWSAX WCTUHHOCTM MPOCTbIX BbICKA3bIBAHWIA, KOTOPblE CTOSAT B CO-
OTBETCTBYIOLLEN eii CTPOKe. ACHO, YTO Jlornyeckas onepauus © onpepens-
eTCsi MHOXeCTBOM HAaGOPOB, HAa KOTOPbIX MOJyYEHHOE COXKHOE BbICKa3blBa-
HUE UCTUHHO M TO/IKO Ha HUX, Ha OCTasIbHbIX OHO SIOKHO. Hanpumep, gis
aksvBaneHuuu: Jl, A2=(" —=A2)n (a2-»p).

Tabnuua 6.13
A A A=Az
1 1
1 0 0
0 0
0 0 1
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1.5.18.

271
N3 Tabn. 6.13 BMAHO, 4TO

(A{n A2V (&4 a N12)= (n, v (8 N N2))N [a2v (g a n2))=
=({(avA)r(avA))n((avn)n(a2v A2)=(g, v A2)n

n (a2v Al)=(A] —A2) n (12 —=A|)= A, <>A2.

1) AB =AvB =AaB=AaB;

2) Aa(AvC)a(BvC)=Aa(BvC)a(AvC)s
=((AvB)A (AvC))n (AvVC)= (AnB)n (Av C))v
v((AnC)n(AvC)=(An(AnB)v Cnr (An B))v
v(Aa(AaC)vCa(AaC))= (ABv ABC)v (av AC)=
=AB(lvC)v AC=ABv AC =(AnB)v (anC).

3) (AnA)= AA=A;

4) (Av (B A n))-N wnnmno 1aén. 6.14.

Tabnmuya 6.14

A B BnA Av (Ba A)
1

1 0 0 1

0 1 0 0

0 0 0 0

5) Nlornyeckue 3Ha4yeHUs NeBoli 1 NpaBoii YacTeit hopmynbl 5 NprBeaeHb
BTabn. 6.15.

Tabmvua 6.15
A B C BaC Av(BaC) AvB AVC (AvB)n(AvC)

1 1 1 1 1
1 1 0 0 1 1
1 0 0 1 1 1 1
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YacTb Il. OTBeThbI, pelieHuns, ykasaHus
Tabnmua 6.J5 (OKoH4aHve)

A B C BnC Av(BaC) AvB AvVC {AvB)a(AvC)

0O O 0 1 1 1
0 1 1
0 0 0 0 0 0
0O O 0 0 0
0O 0 O 0 0 0 0 0

6) (AnB)v ((nvB)n(nv#)=(nnB)v(avB))n(anB)v
v(avb))= ((Av S)v n)n (NNvB)vB)al(avs)v a)n
n((avB)vB)S (Ave)n (AvB)n(lnl)=Av B.

7) Nlornyeckune 3Ha4YeHUA NeBOW U NpaBoii yacTeil hopMynbl 7 NpUBeAEHbI

B Tabn. 6.16.
Tabnvua 6.16
A B AvB AvVB A B ~Aa B
1 1 1 0 0] 0 0
0] 1 0] 0 1 0
0] 1 1 0] 1 0] 0]
0 0] 0 1

1.5.19. MycTb AaHa nucxogHas popmyna A. Ecnu oHa coaepXxuT nMnavkauuo, To
3Ty /IOTMYecKyl CBSI3KY MOXHO y6paTb, MCMOMb3ys 3KBUBA/IEHTHOCTb
A —B{=/4 v B, rae 4 n A — noadopmynsl hopmynsl A. OTpu-
LlaHMe BCErfa MOXMWO OTHECTU K MPOCTbIM BbiCKa3biBaHWSM MO opMynamM
Ala B] =Alv Blu 4vfi, =4 n B, 1 ucnonbsys cneayoLiyio K-

BuBaneHTHocTb: ecnim C =D, 710 |iC) =
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6.2. OTBeTHI U peLLEeHns
MPAaKTNYECKOro 3aHATUS Ne2

1.11.1 MycTb copmyne cooTBeTCcTBYeT hyHKUus /(4 ). copmyne J12 cooT-

].11.2.

1.11.3.

BeTcTBYeT 6ynesa dyHkums [{/1-). Ecnu A = IuctuHa’ To f(A)=
[ noxs, [O.

Torpa f(A)=f{A), /(4 n A2)=/(4)n /(A1).
/A, vAY=/(A)VE(A2, M -»4)=/{A,)-»f{A2)

BI/IAHU, 4YTO 3Ha4YeHUK UCTUHa BCerga COOTBETCTBYET 3Ha4YeHue 1, 3Haue-
HWIO N0Xb COOTBETCTBYET 0.

3TO YMC/IO PaBHO YUCNY ABOUYHLIX HA6OPOB ANvHbI 2". [OelicTBUTENbHO,

B WUCTMHHOCTHOW Tabnuue dyHkumn /(X |,X2,...,X ) (QUKCUPYEM KaKnM-
nm6o cnocobom MNOpsAOK CTpoyek, T. e. Nopsaok Habopos (<X],a2,...,aun)
3HaueHwnit aprymeHtos X]ix2l...fxn. Torga dyHkuma /(~,nr2,...,x/) oa-
HO3HAYyHO ornpegenseTcs CBOWM MOCMeAHVM CTONMGLOM, T. e. Habopom

13 2" Hyneli 1 eguHUL. Pa3nnuHbiX (YHKUWIA CTONBbKO, CKOMbKO MMeeTCs
pasnunyHbIX HA6OPOB ANMMHLI 2" 13 ABYX 3neMeHToB Omn 1,T. e. 22 .

71 (*1,X2,x3) = x,x2x3V Xjx2x3V X, X X3/ x, x2x3 =

=x2x3(x} V X,)v X2%3(*[ V X[)= x2xbV x2x b\

f 2(x1,x2,x3) = XIX2x3V X jX2X3 V X ,AX 3V XA X" VXAX2X3V X {X2X3 VAjA-2x3 =

=Jn3(r] VX3V, X 2XBVXC2XBVX, X2X3 =X X2X3V X, X 2X3V
v x3x2x3 VX, X2 VX2XQvx 2™ VX, XJvXIX2X3=
=X,(X2vX VX 2(X, VX VX K23 VX|X3VX2X] VX2X3VXjXtXx =

=X2"N V X, X3V X,X3V X, X2V XX3 =X,X2V X2X3 V X,x3V X,X2V XX3s
s Xj(x2v x3)v x2(x, v X3)Vv X 2x3;
/3 (*i1x2*X3) = *1X2X3 V X\X2Xb S xI1X2(*3 V X3)= XIX2*>

/ (X pX2,x3) = X, X2X3V X, X2X3BV X,X2X3V xIx2X} = x,x3(x2V X2)V

Vv X2(xtx3Vv X,x3)= xrv3v x2(xIx3V *x3).
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1.11.4.

1.115.

YacTb /. OTBeTbI, peleHns, yKkasaHna

1) /(0.Y,2=(ony)v (ynz=yz,

/(L,nr)= (ANy)v (yn z)=yvyzs(yvy”~riyv z)=yv z,
/(o. z)*/ (*.2z); /(*.0.z)=(xnO0)v (In z)3 z,
/(*1,z)=(xn1)v On z)=x, /(x,0,2)* /(x,l, z);

f(x,y.,0)= (xny)v (yAo)= xy,

Xy D= (XA YV (yAD= y(xa =)= (« y)n (yv y)=xvy,

fix, y,0) ® f(x, v,i). Bce nepemeHHble CyLLECTBEHHbI.

2) f(0,y)=(0A y)v0 =0, /(I,")= (Iny)v 1=1,

f(p,y)* f(\.,y), f{xfi)= (xa O)v x=0v x= X,

f(x,)= (xa lI)v x=xv x=x, /(x,0)=/(n,1). X — cywecrBeH-

Has nepemMeHHasl, Y — (DUKTUBHasA.

3fix,y,2)={x -» iy =>2))=* (n =» y) -» (X -» 2)) =

2)
3)

4

=Jtv(yvz)v

=Xafy Az)v(xvx)a(xvy)vz)sxyzv(rvyvz)=(rv xyz)v
vAvz =iv (yzv y)vz=jvj)vzvz5j;v)(vl =1

Bce TpU nepemMeHHble B opmyne — (PUKTUBHBIE, (hOPMYya TOXAECT-
BEHHO UCTUHHas.

XAy =XVy, X">y= XV y\
XAy =XAysxvysx —y, XVy=XVy=X y\
X=XV 0=X—0;

XVy 3(xvy)n(yv (jA f)v

SXVyvy =(x"y)"y.
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1.11.6.

1) ((A-»fl)-»(C-»A))-»(B-»c)eAvBv(cvA)vEvc)S
sAvBaCvAvBvCs((av B)a(cna))vBvC=
=((ave)nCna)vBvC =(((4aa)v(aaB))nc)vBvcC=
=ACv /A/CvBv C=ACv B v C— AH®, nonyumm Tenepb KH®.
ACvBvC =((avs)a(Cv B))vcC =
=(@avBvc)A(cvBvc)=AvB vC— KH®;

2) (((n~B)~ n)~re)-~c)”c =AVBVAVBVCVCs

sAvBvAvBaCvC =((((avb)aa)vb)ac)v C =

=(@A™)v(iA B)ve)nc)vC3((avse)n (Bv B))ac)v Ca

=((ave)nc)vC=((AnC)v(BNlc))vC=

- _ — AH®,

=ACvBCvC=BCvC

SCvC =(saC)vCe(svc)a(CvC)e(bvc)a C— KHo;
3) ((4-»(B -»C))-» (A -» C)-» (n -» B)))3

=AvSvVvCVvAVCVAVB =(aa(bac))v(AaC)v(avb)=

=ABCv ACv Av B— fHo,

ABCVACVAVBSABCVAVCVFIEAVfIVC-KH®.

1.11.7. MycTb nepemeHHble J11}Y12,...,/IN NpMHUMAIOT 3HA4YEHNE 1, a NepPeMeEHHble

Bi}B2,...,.Bm— 3HaueHne 0. TpeGyeMOi 31eMEHTAPHON KOHBIOHKLMEN
6ypeT BblpaxeHve 4 n 4 n..n g nb5, nB2n..nBT.

1.11.8.
1) TabnuuHblii cnoco6 peanusoBaH ans copMynbl 1 Pe3ynbTatbl npuse-
AeHbl B Tabn. 6.17.
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2)

YacTb Il. OTBeThI, pelleHuns, ykasaHus

Tabnuua 6.17

n B C AncC BnC BC-+AC A B A->B 1)
1 1 1 1 0 O 1

0 0 0 0O O 1

(0] 1 0 [0 1

1 0 (0} 0 0] 1 0o 1 | 1
0 1 1 (0] 1 0 1 O 0 1
0 1 0 0 0 1 1 0 0 1
0 0 1 0 0 1 1
(] 0 0 0 0 1

CAH® =ABCv ABCv ABCv ABCv ABCv ABCv ASCv ASC.

Crnoco6 3KBMBANEHTHbIX NPE06pPa30BaHNIA:
((a—#)—>»((BnC)—ancC))sAvBv (hnCv (AncC))=(anfl)v

v(bvec)vAc) » v(bv(cva)a(Cvec))s™ vBvCvA=

=Ab(cvc)vb{ava)cvc)vec(ava)svs)va(inve)(cvc)=
~~ABC\z~ABC\/ABC\z~ABCVABCV'ABCv ABCV~"BCVv~BCv
v ABC v=ABCv ABCv ABCv ABCv ABC s ABCv ABCv ABCv

v ABCv ABCv ABCv ABCv ABC.

Hapgo 3amMeTuTb, 4YTO CMoco6 9KBUBANEHTHbIX MNpPeo6pasoBaHuii
3aMeTHO fyylwe TabAnyHoro. [pu MasloM uuc/ie MNepeMeHHbIX
3TO He OWYTUMO, WO, €ec/n, Hanpumep, PaccMoTpeTb (YHKLMI0
f(Xi>X2,...)x20Q=X] v X2v...vXx 20, To 6yaeT BMAHO, 4TO hopmyna
B MpaBoi yacTu cogepXxuTt 39 cumBonioB (20 CMMBOJ/IOB MepPEMEHHbIX
1 19 cMMBONIOB AU3bIOHKLUMK), Tabnuua xe gns /(xj,x2,...,x20) co-

aepxut 220 > 106, T. e. 6011ee MUIIMOHA CTPOK.
(N —>ih)—>n)—>[a—"(6nN)=AviivAv \Y

=((avB)aa)v(avAin)=(ana)v(ans)v(av AB)=

=ABVABVA =ABVA =ABv a( Vv ii)= ASv ASv AS ;
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1.11.9.

3)

4)

5)

Aa8->AaAaB-)8 =AaSvAaAaBvBs
=(AB nN)n (ABnB)3 AnB;

AN (12— —{,_, —4.,).)= 4 V(" V (.V
V(ANY [ )mm)=A v A2v..v4_,v4 3

=a(ava Xava)-(ava,)v

Va2@ Vi Xxava).,(ava)v -

~VA_, (@& vA\a2va).(a,_2vA, 2m

ma vVA)VA (avaXava—(a-1vA-|)

BCe 3anucaHHble KOHBIOHKLIMM PAaCKPbIBAIOTCS OAMHAKOBO. Hanpumep,
A(avA)(adva-ik va)=

= A2VAAD.(A-iva_)a, va,)3

=(aAA-i VAAA-iv-VvAAA-1 VAAA-iK VA)s
=A"TAHA VAAA-IAVv-VAAA-HA vV

v AlA24, |4, v AA2A4 O, VA|A2L_, A, V ..

vAAA-1A VAAA-A

M T. a. Mlocne cnUsSHWIA YNEHOB MO 3aKOHY MAEMMOTEHTHOCTU B UTOrOBOWA
COH® Bceli hopmynbl ByayT coaepXaTbCs BCe /IOTMYECKME cnaraemMble

suga J0 o Ap a ...a A£", kpome ogHoro [ n 12a .0 A A, .
(n —c)*>B~">A =A\/Cv Bv A=(Mac)v (in a)=

=ACVAB =AC(BV fi)vAs(c vc)=
3 ACB VACB VABC v ABC.

1) Ta6nnuHbIN cnoco6 ans hopmynsl 1(Tabn. 6.18).
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Tabnuua 6.18
5 c Bvc Bvc—=1 C=A 1) g
1 1 0 1 1 1 0
1 0 0 1 1 L O
0 1 0 1 1 1 0
0 0 1 1 1 0
0 1 0 1 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 o 1

CAH® 1)=ABC. CKH® 1)=CAH®1) =ABC =AVBvVC.

MeToz, 3KBUBA/IEHTHbLIX NPE06Pa30BaHWIA:
(C->A)»(BvC->A)=CvVvAVfivCVA =
=(cna)v(SvCva)=Av8vCv CA=AvBvC;
AnB —=Av((An(BvC)=AnBv Av (ABv AC)=
S(aBna)v (ABVAC)s ABv AC=A(BvC)=
=@v@bab)a((BvC)v(aa a)=
=(AvB)n(avii)n(BvCvA)abvCva)=

= ((nvB)v(cnancyn ((@vb)v(Cnchn
a(AvBvC)a(avBvc)s(AvBvC)a(avBv c)n
n(avBvc)n (avBvc)n (AvBvc)n (av Bvece)=

s (AvBv C)lavBvec)(AvBvc)(avBvec)(avBvec);

3) Aa{BvC)» {AaB)vC =Aa(BvC)v((AvC)a(BvC))=

e~"vACV(AvC)a(«vC)3
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=ABv ACvABvC)vC(BvVC)=
=ABv ACv ABv ACvBCvVvC =
=ABv ACvsSCvC=ABvC =
=(Av C)a («v C)=

((Av C)v (Bn B))n (BvC)v(ana))s

)

(AvAvC)a(avlilv c)n (AvBvC)a(av Bvc)s
=(AvaC)(avaC)(AvaC);

4) (avB Anc)—=A —=AvBaC =AvBv(Aa C)v
vAvAv(Bnc)3 (nve)n(anc)v Av (Bnc)s
=(ave)n(avC)VAvV (Bnc)s
3(avB)aAv(ave)ACvVv(AvB)n(avec)s
3 AAv ABv ACvBCvV(AvB)n Av(AvB)nC s
=ABVvACvVvBCvVvAvV ABvV ACvBC =

=AvABVvVBCvBC =AvABVvC=AvBvC_C\

5) A,v A2v ..v A, —>B, nB2n..nB, =
3 (8 nA2n .. A,)v B, ((a n A2n...n4,)y B2)n...
wn((a nA2N..4,)/ B,)s "4V B,)n (4 VB,)N..

N (A VB, (4 vB2n (A VB2 ..

.n(g vB2)n..n(pgvB,)n(g vB,)n..n(g vB,).

1.11.10. MocKonbKy ncxogHasa hopmyna abCconTHO UCTUHHA, ee CAH® pomkHa
cogepxXxaTb BCe pas/iMvyHble 31eMeHTapHble KOHBHOHKLUMK, KaXaas U3 Ko-
TOpPbIX 06na,qaeT cBoiicTBamMu coBepLlleHCcTBa. Yuncno 3NeMeHTapHbIX
KOHBIOHKUMWI ANA PYHKUMU T NEPEMEHHbIX AOMKHO 6biTb PaBHO YMCny

CTPOK UCTUHHOCTHOW Tabnuupl, T. e. 2". Tor ga:

1) CAH® f(X)= xv X;
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2) COH®/(X,Y)~ XYV XYV XYV XY;

3) CAH® f(X,y,r)=XyzVvXyzv XyZ VXYZVXYZV XyZV XyZV XyZ.

1.11.11. VicxoAHble cOOBpaXKeHUsi aHaNOrMuYHbl COOGPAaXEHUAM npeablayluein 3a-
faun.

1) CKH®/(x)=xnx;

2) CKH® f(X,y)~ (XVv y)n (xv y)n (xv >>n(xv _y);

3) CKHo f(x,y,z)=
=(xvyvraxvyvr)a{xvyvr)n
NXVYyvr)n(kvyvr)n (Xvyvr)n
*(xVyV z)ar VyVz).

1.11.12. Tak kak f(x,y,z) =1, To hopmyny yao6Ho npeacTasuTb B Buge AH®,
Torga AOoCTaTo4YHO, YTO6bl XOTsA 6bl OfjHA KOHBIOHKLMA GblNa UCTUHHOWA.
3TO MOXHO 06ecneynTb NEPEYNCNEHNEM MEPEMEHHBIX B KOHBIOHKLUSAX,
npvyeM AOCTATOYHO TPeX KOHBIOHKUWIA, ¥ NPy 3TOM OfHa U3 NepemeH-

HbIX [JO/DKHa BXOAMTb B KOHBbIOHKLMIO cama, a [iBe ApYrux B BuAe oTpu-
LUaHuii. Takum obpasom,

f(X,y,2)- (xnynz)v(xnya z)v(Xnyn z).

1.11.13. MpeAacTaBumM onsTe opmyny B Buge AH®. Ans dyHKumm / (X, Y, Z) cy-
LiecTByeT TO/IbKO TPX Mapbl 3HAYEHW NepemMeHHbIX, B KOTOPbIX 60/b-

LWWMHCTBO MNEPEeMEHHbIX MNpPUHMUMaeT OAHO U TO Xe 3HayeHue:

(11,0), (1,0,1) 1 (0,1,1) wwm (0,0,1), (0,L0) n (1,0,0). Torga
(YHKUMA, NPUHMMAKOLLAA TO Xe 3HayeHue, YTO M GONbLIMHCTBO nepe-
MeHHbIX, umeeT Bug f{x,y,z) =Xyzv Xyzv Xyz. Ans MeHbLUMHCTBA
nepemMeHHbIX CpaBeAIMBbl aHaNOrMYHble PacCcy>XAeHUs n

f(X,y,z)=Xyzv Xyzv xyz.

1.11.14. PaccMoTpum nepeoe ypasHeHve xa f s xn y. [ind ero ocywecTeneHus

nepemeHHas z B f(x,y,z) pomkHa 6biTb (DUKTUBHOW, T. e

X Ny =Xxy(zV Zj=XyzVXYyZz.PacCMOTPUM TeMnepb BTOPOE YCNIOBME X V Z =

=XV XZ=XYyV XV XF=(XyVXxz)vX=(Xy@zV z)VxXz(yVv y))v x,
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T. e. /(X,Y,z) [omKHa cogepxaTb creaytolne cnaraemble:

/(*»Y,r)= XyZ VvV XyZV XyZV Xyz .

1.11.15. 3ameTum,uT0 X[V X, vV ...vXts (x]v i, v .,.vx])a

1.11.16.

1.11.17.

n(yvy)=(xta=>)vv(iia>)v...v(j,a”)v(i:( a)<), aHanornyHo
X AX2n..n xk=(x, AJ, Nn..n xk)v {yn X, vji)a (X, vy)n..

- n(XtV~™)n (kv yj. Ucnonb3ys aTo, Mbl BCErAa MOXeM CYUTaTb, YTO

y no6bix popmyn A 1 B 3asaHHble HOpMasbHble (DOPMbI COAEPXAT OAWH
N Te XXe NepemMeHHbIe.

CAOHO®(NTyB) nonyuntca, ecnn B3ATb AU3BIOHKLUW BCEX 3NeMeHTap-

HbIX KOHbIOHKUMA CAH® A nCAH® B .CKH® (/1 v 5) HaxoguTcs no

dopmyne CKH® (Av B)= CAH® (J1v B). Ans aTOro HEO6X0ANMO:

1) Bbinucatb AW3bLIOHKLUU 3/1EMEHTAPHbIX KOHBIOHKLMI MepemMeHHbIX,
He BXogawmx B CAH® (a Vv B);

2) 3aMeHUTb V. Ha N,a N1 Ha Vv, X Ha X(,a n, Ha n}. MNonyyeHHas
¢dopmyna 6yaet CKH® (1 v B).

B CKH® A 3amMeHUTb V Ha N1 U N Ha Vv . [JelicTBUTENbHO, NEepeMeH-

Hble y dopmynbl J1(x],x1,--.,X1) npeepatunuck B XL Xr,-.,Xn y cop-

My bl A*, YTO COOTBETCTBYET M3MEHEHMIO MEPEMEHHbLIX MNpU nepexoae
oT CKH® k COAH®. HeobxoauMmo Tenepb TONbKO MOMEHATb MecTamu
p,BOﬁCTBEHHbIe onepauyun, TOrga OKOH4YaTes/lbHO BMeECTO A nonyvynm

N= A", 3Ta xe onepauus Heo6xoguma npu npeo6pasosaHum CKH®
BCOHO®.

Hanpumep, A =x—>y, A* =y —>X (cM. 3agady 1.11.17).
X—>y= xv Yy — CKH®. Mo onucaHHoi1 npoueaype

CAHM (x—» y)* =xa y. Hacamom fene y —>X= XV Y= xny —
COH® A*,

1) 0* =1, I* =0 NOCKOMbKY (PYHKLMA HM OT KakMx aprymeHTOB He 3a-
BUCUT CyLLECTBEHHO, HaA0 NOCTaBUTb OTpuUaHue NUb Ha 3HavyeHune

PYHKUMN; X* =X =X, X =X= X, T. €& X U X CaMOfBOMCTBEHHbI;
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(xny)' =X Ny=xXvVvysxvy,

(x\/yY=x\/y3xny =xny,

(XNyj=x-"y =xvy3y-~Xx,

(x <>y =x <>y =(—>y)n [y —x)s (jov y)n (yv n)=
=(rvx)a (xv Y)=(y-" X)n{x" y)= y</ x\

Pewnm 3apgayy pAByms cnocobamwu. Ycnosus 0O3HavalT, 4TO
r/(14,0)=1,

J/(1,0,1)=1, [BoiicTBeHHas (QYyHKLMA MONy4yaeTcs U3 UCXOOHOM

1/0,u)=1.
npu 3ameHe 3Ha4yeHWli BceX nepemMeHHbIX Ha NMPOTUBOMOMOXHbIE, T. €.
BCOAY B WCTUHHOCTHOI Tabnuue (Ta6n. 6.19) HyXHO 3ameHUTb O
Ha 1u 1Ha 0.

Ta6nuua 6.19

X Yy z I(w ) A y z 1 =/(*jv-)
1 0 0 0 0 1
1 1 (0] 1 0 0 1 0]
] 0 1 0 ]
1 0 0 0 0 1 1 1
0 1 0 0 ]
0 0] 0] 1 0 [ |
0 0] 0] 1 0 1
0] (0] 0] 0] 1

W3 Tabn. 6.19 nonyyaem: f(X,y, z)=Xxyzv Xyzv Xyz,

Y,Z)= XyzV Xyz Vv XyZV XyZV XyZ.

Btopoii cnoco6: f'{x,y,z)= f~c,y,z)= Xyzv Xyzv Xyz s
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=(XVXyVv Xzv Xyvyy VyzVXZvyzv zz)(*VyVz)=
S @V yzv yz)(xvyVz)=XXVXyzV

V oyzv xyVv yyzVyzv XZVyzzVyz =

S XyzV Xyz V Xy V YyZV XZ = XyzV

V Xyz V XyzZV XYyZV XyZV XyzZV XyzZV Xyz S

S XyZ V XyZ v XyZ v XyZ v XyZ.

1.11.18. Mo onpeAeneHnNo CaMOABONCTBEHHOM DyHKUMN, /(X] ,X2»meess]) =

1.11.19.

1.11.20.

103ak 4306

=/*(x[,x2,...,Al= /" ,x 2,...,xn). B Hawem cnyyae

(XyV yzVv XZ)* —Xy V yZ V Xz =

=(XVYXyvzx*Vvr)s (*y VyVvVXrvyz\xv z)-~
S XYV XYV X[V XyZV XyzV YZV XzV yz =
=XyVv Xyzv yzv xz=xyVyzV XZ

22 . MHOXecTBO HaGOPOB, 3HAYEHUS HA KOTOPbIX OMpeaesnstoT camoaBOii-

CTBEHHYI (hyHKLMIO, coaepxar 2il' 1 aneMeHTOB (NOM0OBUHA BCeX HabopoB,
T. K. CAMOABOCTBEHHAs (PYHKUUS NMPUHUMAET Ha NPOTMBOMOJIOXHBLIX Ha6Oo-
pax MpOTMBOMOIOXHbIE 3HaYeHWs). ObLLee YMCNO (PyHKUUIA paBHO umcny

[ABONYHbIX HABOPOB ANMHbLI 2H-1,T.e. 22 (cm. 3agady 1.11.2).
DYHKLMSA ABNSETC HEeCaMOABOWCTBEHHOW, ecnv CyLuecTBYeT Takoi Habop
yto /(a,,a2,...,a,)= /(cy,a2, me=>)m PazobbeM nepe-
MeHHble Xj,X2,..-,XN Ha ZiBe rpynnsl. B nepsylo BKIOUYAM Te NepemMeHHble
X,, 4N8 KOTOpbIX a- =1, B APYryto Te, A4na Kotopbix ai =0. OToxAaecT-
BUM Mexay coboli Bce NepeMeHHble NepBoi rpynnbl, NepeviMeHoBas X B
y,, aTakxe BCE NepeMeHHble BTOPOii rpynrbl, NepeMmMeHoBas UX B Y 2.
Monyunm yHKLMIO OT ABYX NepeMeHHbIX (y| /3 )* koTopas MOXeT OKa-
3aTbCA U (hyHKLUMEd OT OAHOW NepeMeHHOW, ecnu — egn-

HUYHBLIA UM Hynesoi Habop. OueBngHo, uto (p(l,0)=
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¢®(0,1)=/4,a2,...,a,), noatomy p(04)=(1,0), T. K. / Hecamoagoii-
CTBEHHa Mo yC/N10BUIO.

MoxeT okKasaTbCsi, 4YTO p,aaneVlLuee OTOXAEeCTB/IeHNe nepemMeHHbIX
C COXpaHeHVeM HecaMo/BOCTBEHHOCTM HEBO3MOXHO.

6.3. OTBETHI U peLleHuns
NpPakKTU4ecKoro 3aHATUA Ne3

1.18.1.

1) CAH® / =Xyzv Xyzv Xyz Vv XYyZ. BbINO/IHUM B 3TOW (hopmyne Bce
onepauun HEroJsIHOro CK/lenBaHus " nor/oLeHns
/ - xz(yv y)v yz(xV x)v V z)v Xyz v Xyzv Xyzv
V XyZ S XZV YZV XYV XYz V XyzV Xyz Vv Xyz =xz(1V y)V yz(1V x)\
\Y Vv zv XZV yzV Xy .

NTak, meTogom KBaliHa HaligeHa cokpaiwjeHHas AH®. CocTaBum Te-
nepb matpuuy KealiHa (Tabn. 6.20).

Tabnuua 6.20
KoHc e e CAH®
MpocTbie HCTUTYEHTbI eguHnLbl CL,
UMN/INKAHTbI xyz xyz xyz xyz
* *
xz _ _
* *
vz R _
* *
Xy - -

TynukoBas [H® paBHa XYVXZ, oHa Xe OGyAeT paBHa MWHUMasIbHOW

AH®. Ntak, MAH® / - XyVv Xz. CocTaBum Tenepb kapTy KapHo gns
MCXOAHOM (DyHKUMM. Ha kapTe BbIAENSIOTCA TPU Mapbl TOUEK (OTMEeYeHbI
Ha puc. 6.1), obpasytowme 1-kybbl. [poCTble UMMAMKAHTbI MMEKT BUA:
XYy , XZ n yz. CokpauweHHas [JH® pasHa XYy V XZVv yZ. W3 kapTbl Kap-
HO BUAHO, 4TO napy Touek (0,0,1)—1,0,1) 1 COOTBETCTBYIOLLYIO €/l NPOCTy0
VIMIN/IMKAHTY YZ MOXHO oT6pocuTb. Torga M IH ® =XYyV Xz-
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MpoBepum Tenepb (YHKLUIO Ha NMPUHAANEXHOCTb K KaXAOMYy U3 NATH
Knaccos [llocra.

/(040) =0nOv Oa O=1"0,
ft PO; /(I,I,LI)=1n1lvinl=1,/e P,;

f(x,y,2)= xy VXI =xy AXZ = (XV y)n(x VZ)=xv yxv yzZo
®/ =xyvxz,/£S;fE£L, T. K cogepxiut nponsseseHne xz ;
f 1 M, nockonbky (0,0,1)-: (0,1,1), a /(0,0,I)= 1>/(0,1,1)= 0O;

2) COAOH®/ =xyzv Xyrv xyzv xyzv xyr.Torga
/ =xytzv z)v xy Z)v Xz(y V Y)V YZ(XV X)V XyzZ Vv Xyz v
V Xyz v Xyzv xyzs xy(lv zv z)v

vV xXy(lvZzv z)vxz(lvy)v yz3xyvXxyV

V XZV yz — coKpauweHHas [OH®. MaTpuua KsailHa npuBegeHa
B Tabn. 6.21.
Tabnuua 6.21
KoHcTuTyeHTbl eanHuubl CAH®
MpocTble Y A u A
HMI/INKAHTbI xyz xyz xyz xyz Xz
- * *
. *
Xy - - -
- * ¥



286

YacTtb W OTBeTbl, pelieHns, ykasaHus

Tynukosbix L H® 3aeck aBe: XYV XYV XZ U Xy V XYV yzZ.. MuHnmans-
HbIX A H® ToXe ABe, OHW coBnagalT € TynukosbiMU. KapTa KapHo ans
[aHHOM (hyHKLMU MMeeT BuA, MoKasaHHbI Ha puc. 6.2. MiMeeTcs yeTbipe
napsl Touek, obpasytouwmx 1l-ky6s: (0,0,1)-(0,1,1), (0,1,0)—<0,1,1), (1,0,0)-
(1,0,1) n (0,0,1)-(1,0,1), um COOTBETCTBYIOT CneAytoLne UMNINKaHTbI: XZ,
yz, Xy M yz. Takum o6pasom, cokpaweHHas [JH® pasHa
XZVXYVXY VYyZ, a MUHUManbHbIX AH® ase: MAH®[ =Xzv XyV XY,

MAOH®2 - Xyv XyV yz-

PHc. 6.2

[lns NpoBepkM NPUHAANEXHOCTM (yHKLMM K Knaccam MocTta BOCnosb3yem-
€Sl OAHON 13 MUHUMAbHBIX AU3bIOHKTUBHbLIX (DOPM, Hanpumvep,

f =xzvxyv xy./(0,0,00=0n10vO0aO vOaO =0, /£PO;

/(,1,1)=1n1v 1nlv IAI =071, ft PI;

v yzy =xyzv Xy ® f ,cneposatensHo f £S5 ;

XZV XYV Xy s XZa Xy nXxy =(x©)z©IX(x® Oy® OM?2®@ 1)@ 1)®
=(X2© zO IX*y® Y® X"O®x®1)® 1=

=(Xyz© Xyz© Xy ® Xyz® yz© y© xz© ZO tyxy® x® 1)® 1=
=XYy® Xyz © Xyz © xy © Xyz © Xyz ©

® Xy® Xy® XyZ© xyz®Xy®Xxz®Xz@®@X®XYy® Xyz® yz®
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®;y®«®r®1®1 =xyz® xz®yz® x® y® zEL\ fg M,
T. k. (1,0,0)-: (1,1,0), HO /(1,0,0)= 1> /(1,1,0)= 0 ;
3) CAH® f =XyzVv XyzV XyzVv XyzV XyzZ .
f =:ty(zV z)vA-z(yv y)v Z)V Xyz v
V XYyZ V XYyZ V XyzZ V Xyz =
=;ty(lv zv z)v xa\lv y)v yz(l v x)v Xy(lV z)=
= XYV XZV yZV XYy — coKpalieHHas JH®.
Tabnuua 6.22
MpocTbie KoHCcTUTyeHTbl egnHuLbl COAH®
VUMMTHKaHTbI xyz xyz nyr xyz
Xy * - *
xz - - - * *
* *
vz _ _ —
* *
Xy - - -

TynukosBbix OH® pgBe: Xyvxzvxy, XyvyzvxXy (tabn. 6.22);

MUHUManbHbIX  OH®  Takke pgse: MAOH®| =nyv yzv Xy 7
MAOAH®2=XxyVv xzVv XYy .KapTa KapHO 5151 ICXOAHOWN (hYHKLIUM Tpex
nepemMeHHbIX NpuBegeHa Ha puc. 6.3.

Puc. 6.3
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YeTblpe napbl Touyek o6pa3ylT ueTbipe 1-kyba: (0,0,0)—0,0,1),
(1,1,0HU,1), (.U H W ) n (041H1A1). CokpaweHHas OH®
13 KapTbl KapHO paBHa Xy Vv XZVv yzZv Xy , MAH®j =Xyv xyv Xz,

MAOH®2 =XyvV aryv yZ. Bo3bMeM BTOPYH MWHUMAa/bHYIO [AU3b-
IOHKTVBHYIO (hOPMY 1 MPOBEPWUM, K KakoMmy knaccy [ocTa npuHagne-
XUT Hawa yHkums. /(0,0,0)=0a 6v 0aOv0alO=1, /E£40;

/(1,110)=lal v 1lalv 1la1=1, /e/>;

Hjc,y,z)= xyv xyvyz =

=xy /\xy /\yx ={*v y\xv y'fiyVv r)=

=(XXV Xyv xyvyyfevr)=

=Xy V Xyyv xyzv xyz 3 xy(lv z)v xyz =xyv xyz * /,
f£S; f£L, T.k. cogepxuT npomussegeHne xy; /i M, no-
ckonbky (0,0,0)-< (1,0,0), a /(0,0,0)= 1>/(1,0,0)= 0;

CAH® f =Xyzv XyzVv XyzV Xyz.

f =xz{yv y)v yz{xv X)v Xy{z v z)v Xyz Vv XyzVv Xyz v Xyz =
=xz[lv y v y)v >Zlv X)V Xy(lV Z)=XZV yZV Xy — COKpaLLeH-
Haa AH®. Tynukosaa JJH® ogHa XZV XY, OHa )Xe paBHa MUHUMAasIb-

HOW, T.e. MAH® =xXxzv Xy (tabn. 6.23). CocTaBum Ternepb KapTy

KapHo. MpocTble MMMNANKaHTLI 415 3TOM KapTbl KAPHO paBHbl: XY , YZ
N XZ, MuHUManbHas [H® nonyvyaetcs Mo ABYM MapaMm TOYek:
(0,1,0HO,1,1) un (1,1,1H1,0,1) (puc6.4), MFfIH<D =JCZV*y.
/(0,0,0)=0a0v0a0 =0, /6 PO;

Tabnmua 6.23
MpocTbie KOHCTHTYeHTbI efnHubl CAH®
UMANHKaNTbI xyz xyz xyz xyz
* *
Xz — -
yz * _ _ *
* *

xy
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X
000 010 110 lioo
0wy o 0
101

001 111
z
0 . 1l 1
Puc. 6.4

/(L) =Inlviai =1, f'e ;f(Xx,y,z)~ Xzv Xy =Xzn Xy =

=(gv z™xVv xxv xzvxyvyzof, f€S; /gL, T.k. co-
AepxuTt xz . CoctaBuM Tabnuuy UcTMHHOCTM ana MAH® (tabn. 6.24).
N3 Hee BMAHO, 4TO AN BCeX CPaBHWMbIX HAGOPOB MepPeMeHHbIX Bbl-

nonHseTcs ycnosme a-<p—>/’(a)< /(p).CnepgosatensHo, /7’6 M ;

Tabnuua 6.24
X y z Xz Xy MAH®
1 1 (0] 1
0 (0] (o] 0
0 1 0 1
0 (0] 0 0 0
0 0 1
0 0 0 1
0 0 0o 0 0
(0] 0 0 0 0
5) COH® / =XyzVv XyzV XyzZ .
f =yx[zv z)v xyzv xyz v xyz =
yx(Iv zv z)v Xyz =yxXV Xyz — cokpaueHHad [H®. Martpuua

KBaiiHa gns aToil yHKLUMM OYeHb MpOCTa U MnpuBefeHa Hwke. Kapra
KapHo n3obpaxeHa Ha puc. 6.5. OfHa Touka Ha 3Tol kapTe KapHo npu-
Hagnexut O-kyby, ato Touka (0,1,1)- Ewe napa Touyek (1,0,0)—1,0,1)
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o6pasyeT ]-Ky6. MpocTble UMMNANKaHTLI paBHbl XYz, XY . Tynukosas

AH® paBHa XYZV XY, OHa Xe paBHa eUHCTBEHHO! MWHWManbHOW

AVN3BIOHKTUBHOW HOpMasibHO hopme (Tabn. 6.25).

Teonpes

MpocTble KonctutyeHT bl eguHuybl CAH®
MMMVKaHTbI — — -

Xyz Xyz Xyz
yx
xyz . - -
X
C(IDO(D 10 1
0 O
caam
O. O)y Ot
Puc. 6.5

/ (0,00)=0a0v0a0a0=0, /e/>0;
/(,1,)= lalv lalal=0, /gPoO;
/(*,y,Z)= Xy VvV Xyz =Xy nXxXyz =(tv y)n *vjvj)=
=XXV XYV XYV yyv xzvyz=xyv xyvxzvyzof K fi Sm
XYy Vv Xyz =Xy n xyz =(x(y © H© I). (x¢ l)yz o 1)© 1=
=(Xy© x© 1) Mxyz© yz© 1)© 1=
=XyZz© Xyz© xyz © xyz © xyz©yz ©xy© x©1©| =
=Xyz® yz® xy® xg L;
/eM, T.k. OL)-<(I,1,1), Ho /(0,1,1)= 1> /(I,1,1) =0.
1.182. Tak Kak X©y =x HYy =(xny)v (itny),

TO X®y =X<rAYy=(XNy)v (xny)s Xxyv xy — CAH®;
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1.18.3.

Mo onpeseneHnio ABONCTBEHHOW (yHKLMN

(X© y)* —(x® y)=((Xx© )© (y© 1))© 1=x© y© 1;T0 Xe camoe

MOXHO MOMYYUTb APYrnM cnocobom: (X © y)* = x 1y Xay

= (xA_y)a(xny)= ((x©1l)y © IX*(y © 0© 0 =

=xy©yoIXM01© xo©I)=

=XyOxy®o xy© Xy© Xy©O x©O xy©y © 1=x©y © 1, T. K. onepa-
LUMs C/IOXKeHWs Mo MoAyno fAsa obnafaeT cnefylolWuUMy CBOCTBAMM:

XOx =0, Xx©1 =x, xO©0 =x, xOx=1.

e

KOHBIOHKLMA: Xy = X-Y; AN3BLIOHKLUMNA: Xv_y =XA_y =

=(x0IXy©1)® 1=xy©x©_y; oTpuuyaHuve: X=x©1l; wumnau-

Kauysa: x Ay =XV y =xn1y= xay=X(yo©l)®© 1=xy© x© 1;

3KBMBaneHuma:

'SXAYyAyAX=
=xnynynx= (X(y© 1o IXy(x© o I) =
=(Xxy©XO©IXxy© yo©l) =
=XyOXyOxyOxyOxy©O y©Oxy© x© 1=x© yo© 1,

2) Xvyvz=xAyaz=(Xx© IXy©IX*©00© 1¢
=Xy©yoxoIXxroel)o 1=
=XyzOyZOXZO©ZOXy©Oy©X®©IlOi =
=XyZOXy©xz0@yzOXx©y©z;

3) XyVyzV XZ=XyAyzAXZ—(xy® IXyz® ® 0@ ~=

=(xyz© yz© xy © IXxZ© 1)© 1=
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=xyz® xyz® xyz© xz® xyz® yz®
® Xy® 1@ 1=xy® xz® yz ;

4) XYZV XyzZV XyzV Xyz = z(XyV XYy)V z(Xyv xXy\

XYy V Xy =xynXxy=X({y® No IX(x® )y ® 1)® 1=(Xxy® x© I)-

- Xy® y® N)© 1=x0 vy ;

XyVv Xy =Xy n Xy =((Xy® IX(x® IXy ® )® 1)©
©1)=(xXy® \\xy® yo© x)® 1=
=XYy®OXYy®XYy®y®xy®x®l =x®y®| =x0®y;
XYZ V XyZ V Xyzv Xyz =z(X® y)v zx® y =z(x®y)a z(x©y) =
=(xz®yz® IX(z® IX*® Y®)© 0® 1=
=(xz®yz® IX*Z®Xx® yz® y®z)®l =x® y®Z®I.
1.18.4. MycTb X) — Takas nepeMeHHas. Crpynnmpyem 4neHbl, B KOTOpble BXOAWUT X],

v BblHeceM 11,. Monyunm /(X |,*2v-"*n) = -NONT i) + )]
3TO pas/ioXeHMe MOXHO paccMaTpuBaTh Kak MO/IMHOM XXerasikuHa o re-
pemeHHo X\ ¢ KoadhdhmumMeHTaMu, 3aBUCALLMMU OT OCTasIbHbIX MEPEMEH-
HbIX. B pasnoxeHun ¢p~O, T. K. B MPOTUBHOM Cnyyae B CU/y e[UHCTBEH-
HOCTWM MoONMHOMa XerankvHa X] He BXxoAwna 6bl B nonvHom ans /.
BO3bMeM 3Ha4yeHUsi NepeMeHHbIX X2,X3,...,XU1, Ha KOoTopbiX ¢ =1. Torga
3HaueHue / 6ypAeT 3aBuceTb OT 3HayeHus X\ T.e. X — cyllecTBeHHas
nepemMeHHas.

1.18.5. dyHkuus f(x1,X2i...,XN) Ha3biBaeTCS NMHENHOIA, ECNN OHa NpeacTaBumMa
MoIMHOMOM XXerasikvHa He Bbille MepBOi CTeneHwu, T. e. ec/in CyLecTBy-

0T Takne KoHcTaHtel G {O}, i =0,u, uto
f(x1,x2,....xil)=a0¢a,;*; ®...0a,xll.
1) / =X—>y® Xy =x® y® (x0 \)y =

=Xx®y®xy®y =xy®xg L\
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2) / —XyVv Xyvz=xynxynz=(xyo IX(x®iXy® O® O'
(2O 1)© 1= (xyffilXz®]) (xy® y © X)© 1=xz0 yz® X®y® 1.
OuesngHo, yto / g L. Mopo6HbIi MeToA MpeAcTaBneHUs PYHKLMN
nonmHoMoM >KerankuHa Ha3blBaeTCs MeTO[OM, 6asvpytolyumcs Ha

npeo6pa3oBaHNK OPMYN Haj MHOXECTBOM cBA3ok {n, }.

BoccTaHOBMM Temepb MONWHOM, NPeACTaBNAOLLYMIA AaHHYIO (yHKLMIO,
MEeTOfOM HeonpeaeneHHbIX KoaduLmeHTos,

/ =Xyy xyvz=a0®atx® ary® a3z®atxy® abxz® a(yz® a 7xyz.
/(0,00)=1=a0©axmW©a2m©az WO ad4mOP af «0© abMW© a7 W,
/(0,01)=1=a0®a, 0w ©a2w©a3m©admO©asmOasmw©arm,
/(0,10)=0=2aCe iH+-00©a2°10 3w ©a4-00©a5mw® a6m ©a7m,
/(0,1,1)=1=a0© <0 ©a2e1®azm®ate0©asMmOiIGMmOarm,
/(loo)=0=a0® mMOaA2MO©a3mw©asMmOasSMWOa6smw® arm,
/(lo)=1=a0@u mO©azm©az+1©asm®asMo a6°0© a7 W,
/(1,1,0)=1=a00 MO©a2+©a3.00©a4MOa5MWo a6WO a7 m,
/(1,11)=1=a0®a, -1 ®a2-10a3-1®a4-1®as-1©a6-1©07-1,
Mopo6Han cucTema BCerfa UMeeT peLleHve, npuyem see ais {Od}, /- 0,//.
3necb a0 =a, =a2=a5=aqe=1 a3 =as =a, =0;
3) / =xy(Xx <=>y) =x(Y®IXx Oy ®) ={xy®IX*©y ©I) =
=Xy® Xy® xy® x® xy® x =Oe L,
4) / =(Xvyz)® xyz =xnyr® xyz =
=(x©IXyz© )© N© (x©1)yz =
=(xyz®yz)® xyz©yz®Xx©10©1) =
=Xyz®yz® Xx® xyz© yz =xe L.

1.186. Tak kak f(xI,x1,...xll)=a0©a,*, ffi..®a,X,, TO MHOXECTBO BCEX
NMHEAHbIX  OYHKUMA  paBHO  4WCNy  pasnUYHbIX  HaBopos  BufAa
(ao,a, Mockonbky Via, e {01} 10 uncno Habopos pasHo 2"+l
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1.18.8.

YacTs If. OTBETH, pelueHus, ykasaHus

BbISCHUM,  MpU  KakOM  COCTaBe  CYL4eCTBEHHbIX  MepeMeHHbIX
/5w >X2>">xn) = 1« PaccMOTpUM B KayecTBe npumepa (PyHKLMIO ABYX
nepemeHHblx. OHa nuHeitHa, T.e. f(x,y) =a0®alx®a2y. Torga
fx=o0,/2=1,/3=10n, f4=\®y, fs =\®x®Y,
/6=x©y, /T=x, /8=y. Tonbko /2 1 /5 ys0BNeTBOPSAIOT YCNOBUIO
3afaun. Y /2 Bce nepeMeHHble UUKTUBHBI W A =1,y /5 4ucno cyuecT-
BEHHbIX MepeMeHHbIX Y4eTHO U aQ=1. Ta Xe kapTWHa HabnofaeTca AN
yHKUMM  Tpex nepemeHHbIXx /(X,y,z)- f =°>fi =1, /3 =*>
/4=1®* /5=Y, /6 =1®Y, A =X®Y, fs =1® X®Y, 1 =2>
/0=10 Z, =X© Z ¥2=10 xO z,
f3=y®z, f 4=1®y®z, f5=x®y®z, fI6=\®Xx@y@z.
Uncno Bcex NMHENHbIX (OyHKUMIA N MepeMeHHbIX, Y KOTopbIX Mo =1 un
BCE MepeMeHHble PUKTMBHBI UM C a0 =1 W C YeTHbIM YMCIOM CyLLecT-
BEHHbIX NepemMeHHbIX, paBHO 2 "L
DyHKuMa 7/ (X],X2,...,X,,) COXPaHAeT KOHCTaHTy 0 (KOHCTaHTy 1), eciu
/(04...,0)=0 (cootBetcTBeHHO /(1A4,..0)= 1).
n / ={x,Mx2\x
/(0,0,...,0)=(0 -» 0XO —>0XO —>0) = 1,
/(1,1,..0)= (I = IXI =IX| —I) = 1wTakum obpaszom, /e ~ \Pa\
2) / — (hyHKUMA OT TPEX NMepemMeHHbIX U MOXET COAepXKaTb Cyrnepnosu-
LM BCEX NOTUYECKUX CBA3OK. PaccMOTpUM, Hanpumep,
/ =x v x, —»x3710rga/ (0,00)=0v0—=0=1m
/ (111)=1v 1—1=1. OpHako f 2 =(x1—» x2)n x3 gaet
/2(0,00)=(0-»0)10=0un /2(1,1,1)=(1-»1)n1=1.
CnegosaTenbHo, npounssonbHas / g Pt \PO;
3) / =xIx2x, v x]x2v x2: /(0,0,0)= 0-0-0v 1-0v 1=1,
/(1,1,1)=1-1-1vO-1vO =1,t. e. f ¢ Pt\ PO\
4) / =(fiv, vxIx2vx2:/(00,0)=(0vl)-Ivi-0vI =I,
/(LL)=(vOe0vO0elv0=0, /1 />\/>
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1.18.9.

1.18.10.

1.18.11.

o

1) ¢+ =XyVv XZvZ=XYyVv Z. 3Ta (hYHKUMA paBHa HyMl0 Ha Habopax
(0,0,0), (0,1,0), (1,0,0). Bce ocTasiuecs Habopsl, ucknouas (0,0,1),
COZiEpPXaT He MeHee [BYX efWHUL, a 3Ha4yuT, IMBO He CPaBHUMbI
¢ (0,0,0), (O4,0), (1,0,0), 60 MOryT 6bITb TONLKO GOMbLUE. [HA Ha-
6opos (0,0,0) %&(0,0f) Habop (0,00) He cpaBHMM C (0,1,0) U C
(140), Ho /(0,0,0)=0</(0,0.1) =1. CnegoBaTenbHO, paccMmaTpu-
Baemas (oyHKLMA MOHOTOHHa;

2) / =x—>(x—>y). Bcero u4etbipe Habopa nepemeHHbIX. CpaBHUM

(0,0)-c(1,0), HO /(0,0) =1>/(1,0) =0. DYHKLNA HEMOHOTOHHZ;

3)/ =xvy XVvy. (0,0)~(1,0), /7(0,0) =1> /(1,0)=0. dyHKUMNA

HEMOHOTOHHa;

4) / =xvy X'y s Xy Xy =1 ana Bcex Habopos, cnejosaTesb-

HO, (PYHKLMSi MOHOTOHH;

/ = Xyv XV xz=x(yvI)v X2s xv Xz2=XV z, y — (UKTMBHaA

nepemeHHas; YHKUMA XV Z MOHOTOHHa, T. K. OHa paBHa 0 Wb Ha

Habope (0,0), KOTOPbI/ NpejLLecTBYeT BCeM OCTabHbIM Habopam.
Bonpoc 0 Yncne MOHOTOHHbIX (hYHKLMIA OT N MepeMeHHbIX 0Ka3blBaeTCs
04eHb TPYAHbIM. OKOHYaTENIbHO OH He peLleH A0 CUX Nop; 3TO YWC/O CO-
CUYMTAHO NNLWWb AN KOHKPETHbIX Hebonblwmnx N. MoHoToHHas fix, y)
(He koHcTaHTa) paBHa 0 Ha HynesOM Habope W 1 Ha efMHWYHOM. [lBa
apyrux Habopa (Of1) u (1,0) cnegytoT 3a HyneBbIM, NPeALIECTBYIOT eAun-
HWYHOMY, a MeXjy co6oii He CpaBHMMBI. [1O3TOMY Ha HUX MOXHO 3afa-
BaTb Nt06ble 3HAYEHWS (DYHKLMMW, He HapyLlas MOHOTOHHOCTU. Bcero 3a-
faTb 3TW 3HAYEHNA MOXHO YeTbipbMA CMOCO6amMm, Tak YTO MOXHO 3afaTb

UeTbIpe MOHOTOHHbIE (hYHKLIMW OT ABYX MEPEMEHHbIX, He SBNAIOLLNXCA
KOHCTaHTaMU: X, Yy, Xy U XV Y .

1) Henb3s, 7. k. / ¢ a Xx£ PO;
2) MoxHo, /(x,00,0)=Xx-1mlyv 0e+(x ¢1—l) =X;

3) MoxHo, f(x,z,z,z) =xzzv z(Xxz-> z) =z(XZV xv ZV )= Z.
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1.18.12.

1,2) Cm. pasg. 1,14y

3) Nycts {/]./2}={ .n}. fei}={tv y} Torga X=XV x= X,T.e.
/1=(PIG)> xvy=xvy, T.e. f2=t$z2{g\)- Takum o6pasom,
cuctema {x v y} nonHa;

4) Cwm. pa3g. 114\

5) MNyctb {/,./r}={ .n}— nonHas cuctema, a {?,,g2}={*
Torga /, =x=xv0 =x-*0 =<(g,02),
/2 =xvy =pc-»y =p2(gl,g2)>T-e. {~—»} nonHa.

Pelumm 3Ty xe 3agady ¢ rMomoLLpto Teopembl MocTa. Mpy 3anonHeHn
Tabnmubl Mocta (Tabn. 6.26) cnefyeT MOMHUTbL HEKOTOPble CBOICTBaA

dhyHKUMM 13 knaccoB Pp>P13S, L H M. Cnyvan PO u f[ TpmBmanbHbl.

Cpegy NMHENHbIX OYHKUWIA MOHOTOHHbI nvwb 0, 1 M X; caMofBOMCT-
BEHHbl (PYHKLMW C HEUETHbIM YMC/IOM MePEMEHHbIX; COXPaHAT Hy/b
CPYHKLWW, Y KOTOPbIX CBOBGOAHBIA UneH— Hyfb; COXPaHAIOT eAuHULY
(yHKLMW OT YEeTHOrO YMCNa NepemeHHbIX, AN UX CBOBOAHBINA unen —
HyNb, M (OYHKLMM OT HEUETHOrOo Ymcna MepemMeHHbIX, ecin X cBo6oA-
HblIiA YeH egnHULa.

Tabnuuya 6.26

S L M
*y + + . . +
X - - + + -
XV y + + . . +
X - - + + -
xv'y - -
JCRy + . . +
XV y + + B . +
1 + + +
X->y +
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1.18.13.

1.18.14.

1.18.15.

1) Cuctema coyHKumin G B knacce K Ha3sbiBaeTcs ero 6asncom, ecnu
OHa nmonHa B K, a BCfKkas ee cOGCTBEHHas MOACWCTEMA He MOJHa.

Cuctema coyHKumiA {X y, X] nonHa B P2. OHa cOCTOWT W3 ABYX NOA-
cucTeM: OYHKUMA Xy M X. Xy — MOHOTOHHaa CpyHKLMA
(cm. Tabnuuy MocTa npegblayluein 3agayumn), X — NUHeliHaa v camo-
[BOVCTBEHHaA (hyHKUwA. Takum o6pa3om, cuctembl {xy} n {x} He-

MOJHBI, T. K. 3TN YHKLMN 1 NPEACTaBNSEMble MU CUCTEMbI LIENMKOM
cofiepxaTtcs B KakoM-TO U3 natu knaccoB PQ Px S, L u bl . Cnefo-

BaTenbHO, \xy, X }— 6asmc B P2\

2, 3) PaccyxnaeHus aHanornyHel n. 1;

4) Cuctema {x®y, xv y, 1} wumeer wectb nogcuctem: {x©>>},

{xvy} {}, x®y, xvy}, {x®vy, I} {xvy,I} Bce oHn He-
nonHbl (cM. Tabnuly lMocTa), T. e. LENMKOM COfepXaTC B KakoM-TO
13 MATW KNaccos;

5) PaccyxaeHus aHanormyHbl n. 1

1) VI3 BCAKOM MOMHONM CUCTEMbI MOXHO BblGpaTh He 6oniee NATW COyHK-
LMiA, yaosneTeopsatoLmMx Teopeme Mocta. CnefosatensHo, 6asuc He
MOXET cofiepxatb 6onee NATV dOyHKLWI;

2) BB03bMeM (hyHKLMIO, He COXPaHAIOLLY Hynb. JTa (OYHKUMA wWn

MOHOTOHHa, 1 TOTZa OHa TOXZAECTBEHHO paBHa eAMHWLE, UK HeMO-
HOTOHHa. Ecrm / =1, TO 3TO HecamofBOWCTBEHHas CPYHKLMA.
Ntak, /£ /En/ =1=/£ Swm /£ POn /it M .Takum 06-
pasoM, B MOMHOW cucTeMe 0673aTeNbHO HaRAeTcs (HyHKLMSA, He
NpUHagnexallas cpasy AByM NPeAnonHbIM Knaccam. Torga K 3Toi
(hYHKLMN MOXHO MpUCOeANHUTL He 6onee Tpex (PyHKUMIA M3 pac-
cmaTpuBaeMoii cucTeMbl (DYHKUWIA Tak, 4TOGbl YAOBNETBOPSAAUCH
ycnosus Teopembl MocTa. CnefoBaTensHO, B 6asnce He MOXET 6biTh
6onee YeTbipex PYHKLWIA.

1) CocTaum Tabnuy MocTa fna aToi cucTembl PyHKLMIA (Tabn. 6.27).
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Tabnuya 6.27

dyHKUMA p r, S L M
0 + - - + +
xoy + . . + -
X =y - + . - -
Xy<-> xz - - - -

Mepeble TpM (yHKUMM K3 cucTeMbl G yxe BCTpeyanuCb paHee
(cm. 3agady 1.18.12). PaccmoTpum f 4 =xy<r-*xz.
/4(0,00)=0 0=1,T.e /4r PO, /4(111)=1 f4ePt. ¥Ynpo-

CTUM fA—Xy<rAxz=xvyzvyz. [BoiicTBeHHaa K Hell
=XV yzvyz =xz, T.e. /4«£ . [Janee /4=xvyzvyz =

=XAyzAyz =x(yz © IX(y © ®0® 0® 1= ©yz0O1,
T.e. f4£ L. ®yHKUMA paBHa HYNO Ha AByX Habopax: (1,0,1) n (1,1,0),
Ha Bcex oOcTanbHbix /4=1. Torga (0,0,0)<(1,0,1), Ho
/(0f0)=1>/(1,0,I)= 0. Takum o6pasom, /4£ bl .

Mo 3anonHeHHoV Tabnuue coctasum KH® cuctembl G, B KOTOPOIA ane-
MeHTapHble AW3bIOHKLMM COOTBETCTBYHOT CTONGLAM Tabnuupl U BK/LO-
YatoT B Ka4EeCTBe CnaraeMblx CUMBO/bI TeX (PYHKLMIA, KOTOpPbIe He BXOAAT
B Knacc, COOTBETCTBYIOLWWMA cToN6Ly. B gaHHOM cnyyae KH®O =
=(/3VAXIINI2XILv 2V /3v/AX/3v ]| 2VI3V/4).

Ynpoctum 3ty KH® 1 npeobpasyem ee 8 AHP. KHOG =
=(/us v/il4 /25 228X, N 12V 13V ] AX/2/3V 12/4V
Vs Visrav/a)=(/1/sv/Vav 12/, v [2/4X/3V 74)=
=//3v/23 VAV 1274 =0H®&

W3 nonyyenHolt AH®C7 BbinWLLeM MNOAMHOXECTBA (PYHKLWIA, COOT-
BeTCTBytOLMe cnaraemMbiM [IH®. 310 1 6yayT nUckomble Gasuchl (7 m
B Hawem cnyvae WMerOTCA YeTbipe 6asuca: ={Ox —=y},

B2 ={x© y,x —Vy}, B3 ={Oxy<r» xz}, b4 ={x® y, Xy <»xz};
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2) G ={/|/2/3>/4}={® Pr,n©yO©ro©1Lxy ©yz© xr}.
AHa/I0rMYHble AeCTBUA [atOT CredytoLme pesynbTaTbl (Tabn. 6.28).

Tabnuya 6.28

DyHKLYMA P 5 L M
/. + - +
i\ *
/ + +

| + + - + H
)

KH®O = 1w , V/2V /3X/2V /4X/;V /2U NV /2V /3)=/2/3V
v ffft=n1[0C/. Takum obpasom:

B, ={xy©z,x©y ©z© [}
BE2={x© V,x©y ©z© 1 xy ©yz © xz}.

3-G={/,/2/3,/4,/5}= V XZ, &, X 0,x© zy\ Tabnuua
MocTa npuBeseHa B Tabn. 6.29.

Tabnuya 6.29

OYHKLLL! P pt 5 L M
A + +
h + +
/. +
f + + +
/5 *

KH®O =(/2v 73X/2V 74V I X/ V73V [4v /5X/v /v 7).
o(fiv fiv f3v f5)=
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= JU2 v 1203V 1205y (314 v [3/5 = [H® G.

B, = {xyv xz, X\,

B2 = {nx —y], B3 = {x, x® ~}, Bs ={x—>y, 0},
Bs = {x—y, X ® zy}-

L1616 -9 af - 3
- Ve T 06T e TS
32/ — N _—
. -------r—x V X, X2V AX2, — =X2
0(x],x2) 0x]0x3
32/ - — 32/
3’3‘.2){3)-Xl\£'r-7wy (\(N) dx,%i/xéd" !
33/
V s\ = JILX2N3 Y N1;,C2N3 V *1%2%3 V *1*2*%3 V *1*2*3 V
A1*1»*2»*3 )
1.18.17.
}L)l )ffx,y,zj\zxv y —=z=Xyvz, X :}'r?/n =Xz,
0X oy
a/ 3 - 32 - 92 - 33 1
B~=jcvy, ——=7,— == —— =
dz andy dxdz dydz dxdydz
Torga f(x,y,jc)=I® I*jt© |-y® 0-z® |-xy© I*xz® I*>z®
©1myz =\®X®Y®XYy®Xz®Yyz© Xyz ;
X X
2) /(X,y)=XVy->(X<->y)sXyvxy, -N-=1,-"N-=1,
dx ay
32f
=0, f(X,y) =1©1-*® 1*y ©0-ny=1© xO y;
oxoy
— —rlf —
3) f(X,y,z)=(x-> z\y-> z)-*(X~* y)= XV yv z, — =yz,
N, A R 80U

ny A Taxay  andr  9sor | andyar
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1.18.18.

1.18.19.

e

N
—

w
=

f(x,ytz) =1©0-;t©0-y© 0-z© 0-;ty© |-xz©
© Owz © lexyz =1© xz2© Xyz.

PaccmoTpum gga cnyyas: X =£&-1 n Xx® K-\ .B nepsom cnyyae
X - Oun (—x) = (- 0) = O no onpegeneHuto. Mpasas YacTb HOpPMy/bl

x=k-l-x=k-l-k+1 =0. Takum 06pa3oM, paBeHCTBO Bbl-
nonHsetcs.  Bo  BTOpoM  cnyyae  fneBas 4yaCTb  paBHa

“(*)=k-x =k —{x+I)mod& =k - x- 1. To onpegeneHnto
X =K —\—X, cnefoBatefibHo K - 1- X =Kk -1 - X;

Myctb x~ k - 1,torga x =0, ~x=k -1 - x =k -1 - Kk +1 =0.

y)=y. ( A+( 3)-0 +( y)=y .Myctb Tenepb X Kk —\.

x= Xx+1, ~(x+y)=~(@+1l+y)=/c-1- x-\-y =k-2- xX-Yy,
~X=£"“1-V, ~y =f-1-y,

(=x)+ ("y)=k-1- x+ K-1-y=kKk-2-N"y;

PaccmoTtpum Tpu cnyyaq. MycTb cHavana X =k -1. Torga no onpe-

[eNeHnto anemMeHTapHbIX onepauunii x=0, min(x,y)=0,

min(jc,y) =min(&-1,y) =y ,y =y +1, y +#* =0,

L()=x-L1rx)=jt_{k-1)=1,

min(x,y)+ JO(y +jc)- 1_,(x)-y =

=y +1+k-1-y =k =0. min(x,y)= min(o,y) =0.

Myctb Teneps X @Kk -1, HO >y . Torga min(x,y) =y,

imn(x,j>)=y +1,y+x=0, YO(y +x)=£ -1, ny4(n:)=o;

Y+i1+/c1 - omy =K+ Yy = min(x,y)= min(x+ 1,y)=y.

HakoHeu, nycTs X ® K-\, HO X< y. Torga aHanormuHo

min(x,y)= X, min(.v,y) =X+1, n'= X+ 1, y+ X=y - X,

JO(y- x)=0,yl ,(x)=0; x+1+0-0 m =x+1,

min(x,y)= x+1.

1) Tabnnua WCTUHHOCTW 3TOM onepauuu O4eHb KOpoTKas (Tabn. 6.30).
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PasnoxeHne no cpopmyne (1.16.9) wnm (1.16.10) vmeeT cnegytoLmnii
BUS; /(*)= (/(0ya yO(*))v (Z(1)ay,(X))v (1(2)n ¥Y2(x)) =
=@nJ0o(x))v (2ny,(x))v (Ond2{x))=y0(jc)v 2Y,(x).

Ecnn Bocnonb3osarbca Apyrum 0603Ha4eHneM AN onepauwﬁ KOHb-

FOHKLIUM " AN3BIOHKLK, T0 nosy4um
/M =max{min(l, YO(x)), min(2, ¥, (x)), (O Y2(*))}=
=max{min(l, Y0(x)), ¥, (x)}, T. K. min(2, ¥,(x)) =Y, (x),

a min(0, ¥2(x)) =0.

AHaN0rNYHo, BTOpas chopMa PasnoXeHNs VMeeT BIR

/()= (/) MM+ /() TW+ /(2)' TM )rociz =

=00W +2-ii('t))mod3;

2). 7(x)=@a JO(X))Vv (21 Y,(x))v Ln ¥Y2(x))v (0n Y,(x)) =
=3-y0(x)v2-y,(x)vy2(x)=

=max{y0(x),min(2,y1(x)), min(l,y2(x))}.

/(*)= BWoM+ 2 m/[(*)+1'1 (*)+ 0'Y3"))"10114 =
+2*71(x)+72(A))mod4. Tabnuua wcruwwocrtn oroi
dbyHKUMW NpuBeseHa B Tabn. 6.31.

Ta6nuya 6.30 Ta6nuya 6.31
S <% X o 1 2 3
0 1 f(x)=~x 3 2 1 0
1 2
2 0

3) / =x+y2- a3y -y . Tabnmua UCTUHHOCT NpUBeaeHa B Tabn. 6.32.

Tabnuua 6.32

X y y.y f =x+y-y
0 0 0 0
0 1 1 0
0 2 1 0
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Ta6nuua 6.32 (0KoHYaHNE)

X Yy Yy X+y-y
0 0 1

1 0

1 2 0

2 0 0 2

2 1 1

2 2 1 1

f(x, y)= @Y, (@)nJo(y))v 2nJ2(x)alo(y))v

V@I 2(x) A, (y) V@Andr(x) Al 2(y)) =max{min(l, ¥, (1), /0(y)),
min (i2(x}J0(y)} min (1,3 2(n),.Z (y)), min(l,J 2(x),J2{y))},
f(x.y) =(1,(x)-10€y)+2-  2(x)- } O(y) +j2(3)- ], (¥) +] 20} ; 2(y))mod3.

Tabnuua 6.33

S X=X /-2t
0 0 0
0
2 4 2
3 4 1
4 1 0

1.18.20.
1) CHauana npeactasum cpyHkumio /(-*)= x2+A' (npn K =5) BO BTO-
poii chopme. Tabnmua ncTuHHocTK f(X) npueeseHa B Tabn. 6.33.
IN=1(®)- IVEAO- N+ A+
+/'(4)sh M =0ek (X)+0\(*)m2mh (*)+1m (X)+0WIM =
=2-j2(x)+]3(x).

CocTasuM TabauLly UCTUHHOCTM (Tabn1. 6.34) HEeCKOMbKVX BCOMOra-
TeNbHbIX (OYHKLWIA, M3 KOTOPOA MOXHO MOAYYUTb HECKO/bKO COOT-
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. (mo-

1-jo, ji(x)=j~x-i), i-1 .2 ,.

0(x)
CNefiHee COOTHOLLIEHWE 0YEBMAHO MO ONPELENEHNIO).

HOLLEHUK: Yy

Tab6nuua 6,34

1-/-" n(*-0

kg

Jm
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Torga j2(x) =J0(x-2)=\-(x-2f~I=\-(x-2f =

=1- (x4 +2xb- x1- 2x+1)=- x4- 2x3+x2+2X,

y3(x)= LO(c- 3)=1- (5- 3)4=1- (4 —2x3- x2+2x +1)=
=-0:4+2xr +x1-2x,

f(x) =29 2(n")+ ¥3(9) =2x4- 25.3—2n:2+2x. Bce ymMHOXeHUs
1 CNOXEHNSA NPOW3BOAATCA MO MOAYMHO MATb.

MpuMeHnM K 3TOlA Xe 3adaude Gonee MOHATHBIN 3/eCb MeTOg Heomnpe-
neneHHbIX koadhpmumeHTos: f(x) =a0+alx+a2x2+ayx* +adx4.

Bornee BbICOKVX MOKasaTesniell cTeneHn He 6ygeT, ubo /U =Y mod>5.
CoCTaBUM CUCTEMY YPaBHEHWIA:

B.=/(0)=o0,

a, +a, +a2+a, +ad=/(l)=0,
a(l+2al+4a2+3a3+at =/(2) =2,
a0 +3a, +4a2+2a, +aA=/(3)=1
a0 +4a, +a2+4a3+a4=/(4)=0.

—~ o~

W3 pelueHus cuctembl Haxogum a0 =0, 4, =2, ar =b, a. =3,
A4=2,T.e
f(x) =2x+ 3x2 +3.r3 +2xJ1=2 x4 - 2X3- 2X2 +2X;

/(x,y) =Tax(2nr+y, n*y), k =3. B 1abn. 6.35 npueeseHa Tabnu-

La UCTUHHOCTM / M -
Tabnuua 6.35

X 2 y a-y 2x-s-y f(x,.y)
0 0 0 0 0 0
0 0 0 0 0
0 0 2 0 0 0
1 2 0 0 2 2
1 2 1 1 1
1 2 2 2 0 2
2 1 0 0 1 1
2 1 2 0 2
2 1 2 1 0 1
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Haligem cHayana MosMHOM METOZOM HeomnpeZeneHHbIX KO3hMLMEHTOB. 3pech
x3* =x1mod3, T. e. B pa3/lOXeHUN y X Uy He ByfeT cTeneHel Bbillie BTOPONA.
Cam MHOrouneH GyaeT UMeTb BUA

/{x,y)-ali+afx+ a2y +a3xy+ adx2+aby 2+abxyl +a7yx2+a’x2y 2.
CoCTaBuM CUCTEMY YPaBHEHWIA Ans ero KoathpuLeHTOB:

/(0,0)=0=a0,

/(0,1)=0=a2+a5,

/(0,2)= 0 =2ar +a5,

/(1.0)=2=4, +a4,

/(ll)=1=a, +a2+a3+ad+ab+ab+a7+as,

/(1,2)=2=a, +2ar +2a3+a4+ab5+ab+2a, +a8,

/(2,0)=1 =2a,+ a4,

/(2,1)=2=2a, +a2+2a-, +ad+ab+2 +a7+48,

/(2,2)=1=2a,

Cnctema nerko peluaeTcsi MeTOAOM uWckntoueHms: 40 =0, a, =2, a2=§,
ar ~1, n4=a5=0, e =1, n7=28=0. Takum 06pazom,
/(X,y) =2x+ xy+ x/ .

MpepcTasum Tenepsb dyHKUMiO (X ,y) B Nepsoii 1 BTOPOiA chopme:

fix<y)= (2nY,(nr)n/0(y))y (1Y .(x)n/1(y))y(2nY(x)nY 2(y))y

v Lndz2nn Yo(y))v 2n Y2(x)n /Z,(y)v @nd2(x)n Ya(y))=2mw,(x)m
Bo(y) +1 w1 (mJ, (y) +2 N1 (y)+1 w1 (x) wo(y)+ 2 +h (jc)my, (y) w

+1 «¥2(x)-Y2(y). Bocnonb3yemcs NONyYeHHbIMU B NpedblayLLiemM npumepe cooT-
HoweHuamm  YO(3c)=1—X*~1 u Y, (x) =Yo(* —*), r=1>2,.-,fc—1m Torga
A(X)=Y(x-1)=1- (x-1)2=1- x2+2x-1=-x2+2Xx, yo(y)=1-y2,
Y (y)=-y2+2y, Y2(y)=Y ,(y-2)=1-(y-2)2=1-y2+y-1 =-y2+Y.
j2(x)=-x2+X.
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HakoHeL, NMonyyYmm BbipaxKeHue Anst caMoit ChyHKLmM:

F(x,v) = (-X2+2X"2-2y2)+ (-32+ 2xjy-Y 2+ 2y)+ (- 2X2+ X)-
M-y 2+Y)+ (- X2+xj1 - y2)+ (- 2X2+2X)(- y 2+ 2y)+ (- X2 +X)-

T Y24y) =-2X2+X+2XY 2- XY2+XY 2- 2XYy2- 2yX2+Xy +
+2XY2- Xy2- 2yX2+XYy - X2+ X +XJ 2- Xy2+2XYr1- 2Xy2- X2y +
+Xy +XY 2- Xy2—yX2+Xy =2X- 2[y2+Xy = 2X +Xy +Xy2.

6.4. OTBeTbI U peLweHnd
rnpakTuyeckoro 3aHAaTusa Ned

1.21.1.
a) X=02(x,x), T.K. Jtjy=xy, oanemeHT 2 yxe peaimsyer
AX=XX=X. 3afiepXka paBHa eguHuue. Ha puc. 6.6 un3obpaxeHa

cxema gna X. Mbl paHee mpegnonaranu, 4YTO BCE (PYHKLMOHAbHbIE
3/IEMEHTbI, M3 KOTOPbIX CTPOATCA CXeMbl, ABAIOTCA OAHOTAKTHLIMU.

CnepoBaTenbHO, CUrHaN Ha BbIXOfE CXeMbI, PaBHbIA X (puc. 6.6), nos-
BUTCS Yepe3 OAVH TaKT Mocne MOSBNEHNS CUTHaNa X Ha 06OMX BXOgAax
(PYHKLMOHANBHOTO 3NeMeHTa

~Xy + 01

b “ ’
. Ik it
4o .
t_ t_ ar ®: @5 ' fxix

Xjy+y
‘¢ ly

Puc. 6.6 Puc. 6.7 Puc. 6.8 Puc. 6.9

6) Xy =di2(X,y), T. K. XY= Xy= Xjy. 3afepxka pasHa fjByM TaKTaMm.
Ha BX0ogax HUXHero anemeHTa (puc. 6.7) — curHaabl X W Yy , Ha Bbl-
xofe XY — x|y. Ha Bxogax BepxHero anemeHTa xjy u N\y, Ha BbiXo-

Ae XIVIXI=)= (nlyXx]y)= xyxy =xy =xy =d2(x,;y);
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XVy =xVvy=xy=X|*y|V)* 3agepxka paBHa gBym TakTam. Ha
BXOfaX HUXHWX 371EMEHTOB X H Y (puc. 6.8), Ha BbIXO4aX X W Y ; Ha

BbIXOfje BEPXHEr0 afieMeHTa XV y —1ly =2 y);

1=0 =xx =1 =2 (x,1:). Ha Bxoge cxembl X. X =dpr (»w)>T. e. Ha
BbIXOZlE HWXHEro 3/eMeHTa (2 Yepe3 TakT, T. K. BCE 3/1eMeHTbl OfHO-

TaKTOBble, BblpabaTbiBaeTcs X. CrefoBaTeNbHO, NEBbIA CUrHaN Ha
BerHVIi/‘I 9NEMEHT C*Q AO0/HKEH nojaBaTbCA C 3a,qep>KK0171 B OfINH TaKT,

th] — 3nemeHT, peanm3ytoLLniA 3aZlepXXKy /T Ha OAWH TakT (puc. 6.9).

Ha BbiX0ge BepxXHero anemeHta (h2 curHan paseH n)ar=xx~ 0 =1
3ajlepXKa CXeMbl paBHa fIByM TakTam;

CMOTPUTE MpeablayLnii NyHKT. OBLUAs 3aZepXKKa CXEMbl paBHa TPeM
TakTam (puc. 6.10);

X®Yy =XyVXy =X Vvyvxvy =xvyvx\/y =
= (*lyv (W)= (xv Y1 (xv y)= d2(xv y txv y)=

=Or P, @mY)»®dr y))- 3agepxka CXembl paBHa TpPeM TakKTam
(puc. 6.11). Ha puc. 6.11 3Hakamm —H{XVy) U —*vy) 0603HaueHbI

(*Yy)m (*vy).

X

Dl

Puc. 6.10
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1.21.2. Mepeuncanm BCe NPOCTbIE Lienn CXeM, M306paxeHHbIX Ha puc. 1.19, v on-
pefenuM no HHM AW3bIOHKUMIO No chopmyne (1.19.1). Mocne ynpoLueHus
No/yYeHHbIX BbIPOXEHUIA HalifieM OyHKLMIO NPOBOAMMOCTM:

a) Xytvtytv xzv yxtvyxyzvtz=yt(xvl)v xzvyxtv
VYyXyzvitzs ytvxzvtzvyx?;

6) XyXV XtXV Xytyxv Xyxv Xtxv xytyxv xtytx =0;

B) XYV Xzuv tuv fzy.

1.21.3.
a) cxema;
6) He ABNAETCA CXEMOM, T. K. nocnefHuin Bxog ¢ coemHeH ¢ BbIxogamu
43 1 4, a BXOJ KaOXA0ro 3neMeHTa ), MOXeT ObiTb COeMHEH He 60-
Nee YeM C OfIHVM BbIXOZOM 3/1eMeHTa ¢;-;

B) He cxema, M6o i3, 4 1 db 06pasytoT LyKN.

1.21.4. PeneiiHO-KOHTaKTHbIE CXeMbl 33aHHbIX ChyHKLMIA M306paxXeHb! Ha puc. 6.12.
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PHc. 6.13

121.6.
a) cxema chopmynbl (XV yzj~AXxyv zt) n3obpaxeHa Ha puc, 6.14;

6) T-cxema chopmynbl (X(y v z)v /)x npusegeHa Ha puc. 6.15.

Puc. 6.14 Puc. 6.15

1217,

=

a) pacCMOTPUM MHOXECTBO MPOCTbIX Lierneld CxeMbl BMAa

=i

. Oue-

BUAHO, 1BE LIENM X, X2..,X U X1X2...Xn He 6yayT UMeTb B COCTaBe dfe-

MeHTbI X M X, OAHOBPEMEHHO, WX (YHKUMA MPOBOAMMOCTM

/= XIX2..X8v X, x2...xf. XOT OCTa/lbHble Lienu Takxe GyAyT cyLue-
CTBEHHbI (KaXfas BHYTPEHHsA BepLUMHa ByaeT 06XOANTLCA OAWH pas),

1X PYHKLMS NPOBOAUMOCTM BYy/eT paBHa HyNHO;

6) cyLiecTByeT NULLb OAHA LieNb Ge3 NOBTOPEHUI 3N1EMEHTOB X; U X . 3TO

uenb XPR.. XWX ,, yHKLMS MPOBOAUMOCTM MO OCTaNbHbIM Liensm

paBHa HynNo.
1.21.8. YnpocTm npvBefeHHble hOpMy/bl, 4TOBbI N -CXema Bblna NpoLLg.

a) x(yzv yz)v x(yzvyz)= x{yzvyv z)v x(yzvyz)=
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1.219.

=Xyz VvV Xy VvV XZvxyzvxyz =y{xv _rz)vz(*vxy)vxyz=
=y(XV Z)V Z(XV Y)V XyZ =Xy V yzZV XZV yzZV Xyz =

=x(yv _vz)vyz v xzvyz =
=XyV XzvyzvXxzvyzs x(zvy-)vz(xvy)vyz. Cxema wu3obpa-

XeHa Ha puc, 6.16, a;

X
<~L>6 0 x ¢ Y.,
pPiic. 6.16

6) fx->y)n(y 2z))(x->z)="vy]rvz)v Vz)=
=XYV yzZV XV Z=(XVXY)V (Zvzy)sxvyvzvy=Il=Xvx
(pwc. 6.16, 6);

B) OueBMAHO, 4TO  Xi y=XVvy, Avy=(Ti _y)i(xiy),
Xay=(x-ln)4(y-ly) Torga X~y =xny =xy. Cxema uso-

HpaxeHa Ha puc. 6.16, 8.
MpeanoxeHHble cxembl ABAAKOTCA A-cxemamu. COCTaBUM BHadvane gnq

HUX ChyHKLMM NPOBOAUMOCTY U1 YNPOCTUM 3TN CPyHKLIMN.
m) (xvy lZVXJ(VNzZjxyz vV xyz)s {x2zvyzv xxVv Xyj-
W(Xyz Vv Xyzz v zyzy Vv Xyz)=
=XYZ V XYZYZ vV XYZYXV XyZXZ V Xyzyz v
vV Xyzyx =xyz Vxyz (puc. 6.17, a):
6) (xyz V Xyz)yz Vt(y v z)=xyz v Xyzyz v t(y v z)= xyz v t(y v z)
(puc. 6.17, 6);

B) *(*VyiI\XVv y2) (XVYy,)=x(XVXy,v Xy2v y,y2x+v y3)..



312

121.10.

YacTs Il. OTBeTH|, peleHns, ykasaHusa

(Xviya)ys X(XV XNV XY2vXYY, v XY}V XYY, v Xyy3vyyy3).
XV ym)= XXV XY, v XY2V v Xye vy 2V L uxyly 2.y, v

NY2-Y,,) = X{X* N\Y2-Y ) = XN x\YL-¥n =X (puc. 6.17,8).

Puc. 6.17

a) WTaK, BOCCTaHaBNMBaeM CXeMy METOAOM Kackafos.

/(x3)= X ©x20x301,n=3 i=123.

f=1>us /(LA N)=-2®N. f(0,x2,x3) =x2®%3®I.

i ~2,U2:/(ena2x,\ /(I,I,x3)= ®1, /7(1,0,x3) =
/(0f,x3) =x3, /(0,0,jc3) =x3® 1.

i=3,U3:/(a,a,a3), /(LI,h= 0, /(1,1,0)=1 7(1,0,1)= 1,
/(1,0,00=0, /(0,1,1)=1, /(0,1,0)=0, /(0,0,1)=0, /(0,0,0) =i.

u; =|x2®x3, x2®x3®ij, u; =|V®i, x3]. £ =jo, lj.

Cnocob nposegeHus pebep nokasaH Ha puc. 6.18, a. Ha puc. 6.18, 6 —
CXeMa, MoJydeHHas nocre yAaneHns sepLumHel ¢ = 0.
MpoBepnM NPaBU/bHOCTL MOCTPOEHUA CXEMbl, YMPOCTUB UCXOAHYIO
dhyHKUMIO.

©x20x30© 1=x, ©x20x3 = (x,x2V x,x2)© x3 = (Xx,Xx2V X ,X,)-

BV (X, x2VXXRK - X vvxXexex3v fv x 2)n (xjvxz)K -

=X, X3V XxX2X3V x,x2x3Vv xI1x2x3. Ecnm Tenepb COCTaBUTb (DYHK-
LMK NPOBOAUMOCTK CXeMbl puc. 1.18, 6, OHa COBMageT ¢ MocnegHUM
BblpaxeHueM ana f(x 1,x2,x,).
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Puc. 6.18
6) / =x,x2v x2x3v x,x3, n =3, i=123.
(=1, Ui :/(0,,x2,x3), /(I,x2,x3)=x2Vvjj, /(0,x2,x3)=x2x3.
=2, wr:/{afar,xr), /(,0,x3)=I, /7(1,0,x3)=x3, 7(0,1,x3)=x3,
/(0,0,x,) =0.
/=3, U :/(a,c12c13), /(I,1,)=1, /(1,1,0) =1, /(1,0,1)=1,
/(1,0,0)=0, /(0,1,1)=1, /(0,1,0)=0, /(0,0,1)=0, /(0,0,0)=0.

u; =Ix2vx,, Ax,J, u; =ji, X8, oj, u; =Jo, i].

Puc. 6.19

BeplumHbl 3 1 7, 5 1 6, cooTeTcTBytOLLME PYHKUMAM 11 O, 3KBMBa-
NeHTHbI. W13 CxeMbl, MONYYEHHON OTOX[ECTBNEHUEM 3KBUBATIEHTHbIX
BEPLUMH W yaaneHnem BepwuHbl ¢ =0 (puc. 6.19, 6), yHKuma npo-
BOAMMOCTM

/ =RV X XXMV X,X2X2X2 Vv X]x2x3 =
= X2 VAR T3V XEK2X3 = XV XbY V X\X2XbV X,X2X3 =
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= {X,X2X3 V x1x2x3)"™ (*1 x2x3 ~ X1X2x3 b
V (XMX3V X XXM =X, X2V N,X3V XTXT , YTO COBMajaeT C UCXOA[HOM
(pyHKLIERA. 3aMeTVM, UTO N -CXeMa 3TON CPyHKLMM MMEeT UHOI BUS,

1.21.11. BBegem cnegytolime 0603HayeHNs Ans BbickasbiBaHWiA: p ={ MawwmHa

cuHero ugeta }, q ={ mawwuHa mapku “"Bbtouk" }, 1 - { mawmHa
yepHoro ugeta }, s ={ mawmHa mapkmn "Kpavicnep” }, t ={ mawwuHa
mapkn "®opg” }.

W13 nokasaHwii BpayHa, [xoHca U CMWTa CMefyeT, YTO BbICKa3biBaHUSA
pvg =1, rv5=i, pvt =\ KOHBIOHKUMA 3TWMX BbICKA3bIBAHWIA
TaKxe byget MCTUHHa, T.e. (pvag)(rvsrhyv =
=1=prpvoprtvpspvpstvqgrpvgrtvgspvgst. OaHako Bce
KOHBIOHKLW, KpOMe qrp, NOXHbl. CnegosatensHo, qrp =1, T.e.
NPECTYMHWUKN CKPLINCH Ha YepHOM “Bbromnke".

1.21.12. Ob6o3HauMM Yepes X BbiCkasblBaHWe X ={ MepBblii CTYAEHT M3yyan No-

Ky }. AHanormyHo y ={ BTOpPOA CTyAeHT u3y4an NOruky },
z = { TpeTwii CTyfeHT m3yyan nornky }. Torga ycnosuws 3afaun fator:
) x—=z=1,

2)y nrzo=1.

CocTasum KOHBIOHKLNIO 3TNX BbICKa3bIBaHWA.
(x  2)y-"z) =l =(xvz}H{yvz)=
=(xv z)(y n z)=xyzv zyz =xyz. Takum ob6pasom, xyz =I, T.e.

NOTUKY M3ydan TONbKO BTOpOVI CTYZEHT.

1.21.13. O603HaumMM Yepe3 X,y,X,t cnegytolme BbicKasbiBaHWs: Xx={ nepsbii

CTYAEHT cpan ak3ameH }, y ={ BTOpO/ CTyAeHT cdan 3K3aMeH },
z ={ TPeTWii CTyfeHT can 3k3ameH }, / ={ 4eTBepTblil CTYAeHT caan

aksameH }. Torja x—y=1, y—»zvx=1 t—sxaz =1,

t—z=1.
OUEBMIHO, UTO (X —>)y =z v X[ —xzMt —x) =1=

VZVxjtvxzfaV X)=(XyVyyV XzV yzv yXxv X)-
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121.14.

wi/v xztv xtv *z)s (yz v xfxt v xz)= xyzf v xxtv yzxz v xxz =
xyz? = 1. Taknum 06pa3oM, 3K3aMeH CAaNM BCe YeTbipe CTyAeHTa.
OCHOBHOE yC/0BMe 3TOW 3afja4u 3aK1H04aeTCcs B TOM, YTO LUECTb YenoBek
OyayLLeli IKCMeAULIMM [OMKHBI BBINOMHATD LeCTb 0653aHHOCTEN CTPOro
NHAVBMAYanbHO. KpoMe TOro, UMEOTCS OrpaHUYeHns Ha NepcoHabHbIiA
coCTaB; ecnun efeT F, To fo/mkeH exatb B, ecnu efiet D, TO fONMXKHbI
ofHoBpeMeHHO exaTb H u C, T. e. B cocTas aKcrneanumu Bxoaat FB un
DHC. Hanpotve. CG =0 n AB= 0.

LLlecTb cneumanbHOCTel KCNeaMLMN [OMKHbI BbiTb 0673aTeNbHO 3aHs-
o, T.e. (Ev GX#v FXFv G)(Cv D\Cv H)(Av D)=1 wwm
(BEvBGv EFVFGXcFVCGVvDFvDGXaCv AHvCDv DH) =
s (BCZsFvBCFGv CEFv CFGv BCEGV BCGv CEFGV CFG Vv
v BDEF v BZ)FGv £>£Fv DFG v _SDEGv BDG v DEFG v OFG)-
m(ACv ANv CDVDN).

Vckntoumm cpasy nornyeckme cnaraemble 13 Tpex YieHoB, T. K. B 3KCre-
VUMM JOMKHO BbITh LLIECTb YENOBeK (He AOMYCKaeTC COBMELLEHMe Cre-
LanbHOCTENA) 1 norudeckue cnaraemble, cogepxaiye CG =0. Torga

(BCEF v CEFG v BDEF v DEFG*"ACv AHv CDVv DH) =
= ABCEF v ACEFG v ABCDEF v ACDEFG v ABCEFH v

v ACEFGH v ABDEFH v ADEFGH v BCDEF v CDEFG v

v BCDEFv CDEFGv BCDEFHv CDEFGHv BDEFHv DEFGH.
OnATb MCKMIOUMM MATUUNEHHbIE NIOTUYECKIe CNaraeMble 1 yuTeM ycno-
gue AB=0.Monyunm BCDEFH=1.

Habop cneupanbHOCTeR 3anonHUM no nopsagaky. Mycts 5 6yaeT rugpo-
norom, Torga F rugponorom He MOXeT ObiTb, @ GYAeT CUHOMTUKOM.
AHanornyHo C — pagucet, D — Bpay, E — 6uonor, a H — MexaHuk.

1.21.15. T1OCKO/MbKY B KaX,OM M3 OTBETOB /I1LLb OAHO YTBEPX/JEHMWE U3 IBYX UC-

113ak 4306

TUHHOE, TO  WCTUHHOA  6yeT WX  AW3bIOHKUWA.  Torga
(C,v P2)n (C2v B3)n (tO2v B4)=1=(C,C2v P2C2VvC,B3v P2B3)-
a(/>2Vv B4)= C,C2/2VP2C2P 2V CB3L2V PBY 2v

v C,C2B4v P2C2B4 v C,B3B4v S2B3B4 =C,B3/25ii.

Otciofa PA=1, n mecTa pacnpegenunmce Tak: Cepreii— nepsbi,
HOpuii — BTOpOIA, BUKTOP — TPETUiA, POMaH — YeTBEPTBIN.
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Beegem cnegytouive 0603HadeHns: Mk ={ Meta Bugen Konto Ha ynu-
ue }, Kk ={ Kons xognn B kmHo }, Kn ={ Kona ckasan npas-
ay } Mn ={ Meta ckasan npasgy }. YCnoBua 3afaun cefytoLLe:
Mk Nek v Mn)= 1,

Tk AN(rTknaKn)=u

KnAN(KKY!N)-1.

Orcroga

(nk —a(Kk v IMn )){kk —=(nkKnY)(kn — (kk v n))s
=(Mk vKk v In) Kk v kKn)(knv Kkvliln)=
=(MkKkv Kk v MnKk v MNkMkKn v

v KkMkKn v AnHkKn)(kn v JTg v n)s (&g v Mo MkKn)e

' vA v /TM)=KkKnv MkMkKnKn v v Mn MkKn KK v

v Mnv MAn MkKnMn = =1
NTak, Kons xoaun B KvHo.

O603HauMmM ropog, Kyaa cobupatoTcs noexaTtb Apy3bsi, 6YKBOW B HUX-
HeM MHZeKce chammnmu. Torga yenoBus 3afaum SafyT CrefytoLime ypas-
HEHUs!:

*) ->Co-"
2) Bm n Br — =1;
3) C~-> BNl=1;
4) -> =1;
5) DO —bm =1

KOHBIOHKLMSA 3TUX BbICKA3bIBAHWIA Takxe 6yp,eT MCTUHHOW. 3anuiuem ee
NynpocTnUM NonyvYeHHoe BblpaXXeHNE:

(m —=Q>)(mBr — )(c"-> )(dv; = )("o —Bwm)=
s {Amv Co)'(Bm VB, v /im)(crv B,-)(o,u v Bm)(dO vS,,)=
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M M vO0>M/vAMBTvCOBTV AM v AMCO\
«(CTDMVBKDMV CTBM V BkBMfDO Vv BM)=
S Qv BTCOv Am)m

®CrDMDO v BkDMDO v Cr BMDO v BmDO v
Vv CTDMBM V BKDMBM v C TBM Vv B*iim)=

= Q>Cr DO v BTCOCTBMDO VvV
vV AMCTBMDO v BMCOCTBm v AMCTBM v

v Colikam vsthrosksmyv

vV AMBKBM= AhfCrBMDO V AACtBmM v an By =1

Kaxaoe 13 NOrMyecknx cnaraemblX MOXeT BbITb UCTUHHBIM. PaccMoTpum
nepsoe. AMCTDO =1, torga Bk = 1. [na sToporo: AMCT =1, Torga
nmbo BQDK =1, nmbo DOBK =1, 0f4HaKo BTOPOE COYETaHWe YXxe

BCTPEYaoCh B MEPBOM CraraeMoM. AHAMIOTMYHO, TPETbE Caraemoe AaeT
AMBK S i, Torga CODT=1 wwm CTDO Si. WTaK, OKOHYaTeNbHbI

BbIGOP rOPOJOB TakoB: AMBKC TDO v AMBOCTDK vV AJYBKCODT.

1.21.18. O603Ha4MM (DaMUNMIO LLKO/bHMKA C MHAEKCOM BHU3Y, PaBHbIM HOMepY
ybpaHHoro knacca. CooBLLEHNS YUEHWNKOB C YHETOM IOXHOCTU OHOTO U
MCTUHHOCTMN APYroro BbICKasbiBaHWs ByayT UMETb BUA

(1) v C7)n (K9v .4g)n (C8v K]0)= 15

S (JIOK Vv C7TK9V v C7/18XC8 v/sT10) s

S CnC%K9v C7Cs"gVv C7KOK 10V CIAK xq. WTtak, C7OTH=1,
T.e. A9s 1

AHgpees ybupan 8-i1 knacc, Koctui — 10-i1, CaBenbeB — 7-i4, a [aBbl-
noB — 9-ii.
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VicuncneHue BbiCKasbliBaHWUM

7.1,

OTBeTHI 1 peweHnsA

npakTunyeckoro 3aHAaTmsa Ne 5

24.1.

24.2.

a) X Te, AnB, A>B, A B;

6) (N-» B)n(B-»C), ~AC, A-}B, B}C, A A B, C;
B) A, B—>(A—>B), B, TTB, A"B, B;
NnA—=MARvB AL "NV TR

C NOMOLLBIO MOACTAHOBKM BbIBOAMMAA (hOpMyna MosyyaeTcs NuLLb TOraa,
Korga NOACTaHOBKA OCYLLLECTBNAETCA B OAHY U3 akcuom 2.1.1. Takum obpa-
30M, HEO6X0AMMO N1LLbL NOA06PATbL HYXHYIO aKCUOMY.

AnB,C

a) J(x —=(xvy))=]-AaB—=AnBv C;

6) A.Bﬁc(g-»jf)-»((Z'*Y)'»(Z'»'VAy)) -

=|- (A-» A)-» ((A-» BNic)-» (A-» An BnQC));

AnB.C.BnC

=}(AnBA>(CA>BnC)*>({AnBA>C)A>(AnBA>Bn Q)

ABC , \ _ N\
N Jx—y)—=(y—=x)=|" (vdv B—C)—(C—An B).
iy



320

243.

244,

YacTs Il. OTBETL|, peleHuns, yKkasaHus

BbIBOJOM B MCHMCMEHWW BbICKa3blBAHMIA Ha3blBaeTCA KOHEYHaa NocnesoBa-
TenbHoCTb chopmyn AL A2,...,An Takas, uto V/ (I<z'<tt) [, ecTb nm6o
aKkcMoma, M60 HenocpefCTBEHHOE CNEACTBME MPeablayLLyX akcuom, npu-
4em aKkCMOMOIi Ha3blBaeTcs BCAKas popmyna, NONYYeHHas U3 CXeMbl aKCMOM
2.1.1 no npasuny NOACTaHOBKM, @ HEMOCPELCTBEHHOE CNEACTBME NONYYaeT-
Cf1 M0 NPaBW/Ty NPOCTOrO 3aKNFOYEHNS.
a) BbIBOA, T. K. A— (Av B) — akcmoma
AB
] j(x-»xvy)=]-H-»(/ivB);
Xy
6) BbIBOA. IMepBblii uneH— akcoma LLI|, BTOPOI uneH nonyyeH noacTa-
A->AvB,B
HOBKOIA IX—>(y —=»x)=]-(A—>AvB) —>» (B — (N1—>/1vB)),
. Xy
TPeTuii Mo Npasuay NPOCTOro 3aKKYeHNs U3 NePBbIX ABYX;
B) AaHHaA NOCNefoBaTeNlbHOCTb (DOPMY/ He SABNAETCSA BbIBOAOM, T. K. BTOPOiA
uneH nocnegosatenbHocT A—» (if— A)—b B He MOXeT BbITb nony-
YeH NOACTAHOBKOM HY B 0AHY U3 akcnom 2.1.1.

a) r={A”{s "C\A,B}:A,B,A”(B->C\ B->C
no
[-n,]-n->(A4-<C)
|-8-»¢
c 6)r ={4~B,B[:B,N1->B,(J1->B)->(B->/1),
1-ii-YEc Ny N
I-C j
xX=y
bW a , A
B 10nn3 ™nn3 _
W e 9 HEPR
| -7-»8)-*(B-M) |-B-m "5
B) M ={N->B,N}:1,1->B, B , B->BvC , BvC ,
noMn3 JHX->Xvy nofMrn3
\JTYA>B  BC ! \-Bj[-B->BvC
— 8- 11777/ )R 16.(7

(A—B)—=(A—Bwvt) .

no 0606LieHHON Teopeme AedyKuun
A->BAlI~-B/C

\}(ABYHASBIO)
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245,

a) nycTb r5 B=r ={A,6A2..  Atl,B, S} Torga
B =r2={/"A2>.iAfi fi}. Boisogbl 3 I, 1 '2 6yayT OANHAKOBSI,

T. K. BbIBOf W3 COBOKYMHOCTU (DOPMy/N MOXET COAepXaTb fOKasyemble
chopmynbl, (HOPMYNbI 13 pacCMaTPUBAEMOrO MHOXECTBA U hOpMynbI, MO-
NydeHHble 13 (QOPMYN MHOXeCTBa MO MPaBWay MPOCTOrO 3aKNIOYEHUS.

Bce Tpu ncTouHmKa chopmyn BbiBoga ana I, v 2 6yayT fasaTb OAMHa-
KOBbIV cocTas hopmyn;

6) ecnu A],N2,....Jn ectb BbIBOA A u3 I, a BI,B2,....Bk— BbIBOg B
m3 r2,7o A, A2,.. . All,BI,B2,....BKecTb BbiBOg B w3 IM,,IM2;

B) nyctb Ai,A2,...,An— BbBog C w3 [,/1,B,2. BeiBog C u3

I,,B, A T2 6yaeT TakoW xe, TONbKO NOPSAOK (DOPMYN B BbIBOAE MOXET

M3MEHNTLCA. KauecTBEHHbI/ COCTaB (hOpMyN BbIBOAA OT 3TOFO He U3Me-
HUTCA.

a) WMCXOJHOE MHOXECTBO MPOU3BO/LHO, T. K. OHO HE 3afaHo. Bocnonbayem-

cs , 4
csl NepBOli U AeBATON akcmomammn: J X —» (y —mX) = —A—=(# — A),
XY

} x—=y)—=(y —=x)= Hih —» n)—=(n—» n). Mo npasuny cun-

I-A— (B—a)|-(8 —»a)-» (a-» B)
-, Mo Mpasuny coeaun-

I-A-» (a—» B)
HEHWUA MOCbINOK  ---------—----= -. HaKOHeL,, MPUMEHUM NPaBUIO CHA-
-AnA—>B
1-AnA—B
TUS [BOWHOTO OTPULAHUS  ==-==mem = mmmmmmee N 3ameHum B Ha F:
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6) cienaeM MOACTAHOBKW BO BTOPOWA, TPeTbeld, YeTBepTOl W [eBATON ak-
CMOMaxX M MPUMEHUM Mpasiia CUANOTM3MA U CNOXHOIO 3aKIUeHUs.
Monyynm:

(A->B)B,BN1 | _ | _Vv
} (A=) —H{—y) )= HA—5)aS  —A)—>
X>yn

-» ((A-» B)n5->W)-> (A-» B)nB -» a))=4 ,

njss _
xny —=x=|-(A—B)nB —(A-» B),

X.y
ABB _
Ixny —»y =-(A —B)a aB~B = A2,
X,y
AB f , ’
I (x =y )—>(y —=Xj= j—  >5) —=>\B—¥A|.
Xy
Myctb A3=(A—B)n B—(B —» a),
|-(N->B)nB-» (A->B),|-(J1-> B)-» (B-» Nn)
Torga j jzz—- 1=t ,

\-(A->B)1B->\BA>A)
|-4,1-4,1-4 - 2-»((a-» B)ns">a))

F{A->B)nBA>A

=

BOCMO/b3yeMCA NepBOWi, BTOPOI, BOCbMOI 1 [ecATOW akcMomamu, npa-
BM1aMW NPOCTOTO M CNI0XHOTO 3aK/HYeHNs, Toraa
| r \ A ] _
I n—o(y—=*)=-A —(a—a), | n—ic=-A —A,
X

amn

/(*-» (y-»*))-»

X,y,Z

—{(n—y) —c—2)s —MA—njj e —Nj —a—),

|-A—=" —a)—4 =~ -» a]-> (A—a)—(A -> A))

I- (a —a)—¥A—a)
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|-A—a |-(a —a)—>(a -» a)
FA—A
AAA

I(x ->2)-> ((y > 2)-> (Xvy -» 2))s

=1-(1 —=N)—=((a —=n)—=v N1 —>n)),
FA—=A—A—=A |- (A—=A)—=((A - A)—>(Av A—A))
|-AvA —>A

r) NPUMEHUM TPETbiO, YeTBEPTYIO M BOCbMYIO akcMOMbl 13 2.1.1 1 npasuna
KOHTPMO3ULMM, CHATUSA BOIHOTO OTPULLAHNS U CIOXHOTO 3aKNHOYEHNS:

NANIA ’ .
] (x=z)—=(y »z)> (xvy = 2)={ N— *

mAN B —>1 =A—An B

| xny—y=|-NnB—B,
-N—NnB mANANB

AnB->B \-B->AnB
}B—-=AnB |}B —=AnB
[W4—=T4na-B—=/1ng)- (N8B {{s=~1T)—~(\AS-=3V18)

|-vAvE—
1) BOCMO/Nb3yeMCs OuYeBUAHOW cekeHumeld C|-C. Torga no Teopeme fe-

Cc|-C .
. MNyecte C=Nnn, 1.e. 1 n5”2Nn5.

AyKLMK
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FAa B —2AnB

Mo Teopeme pasbeMHEHMS NOCLINOK UMEEM
-N1->(B-> AnB)’

e) CeKBEHLWS BbLIBOAUTCA NMPUMEHEHWEM MepBOI W AeBATOW akCMOM, Npasun
CUNNOTN3MA, CHATUSA LBOIHOTO OTPULLAHWS, COEAWNHEHWS, PasbesuHeHNs
11 NepecTaHOBKM MOCHI/IOK.

) / vV BA /
jx—=(y —=n)r —al | (x—=y)-> (y =X%)=

|-a->(a->8)
mAn A—¥B l-Ana—>B
- AnA—B

-)) -» B)
i —(a —8B)

2.4.7. 3anuwemM BCe [0Ka3aTenbCTBa B BWAe BbIBOJA W3 MCXOLHOrO MHOXecTBa

chopmyn:
a) r={n->B->C)}:N1->(B->C), NnB->C =
CoeiuHeHne nocbI10K
\-A—+[B—()
\-AnB-*C
6) I ={A—B}. O6o3Hauum I, ={A—B,i}n r2={i-> B,B}.
—B, |- A—B

110 TEOPEME [8AY KL N M ==mrmmmmm =mmmmmmmmemmmemeeee
ANB\- A->(A- >B)

A—B,Il1I-A—B - >B Cl!‘l—>B
—een 7 - e e\ U ey S —\wTorga atn cop-
ar>l-s ->(a->8) a- >B\ c ">(a -> B)
MyNbl MOXHO 406aBWTb B BbIBOA M3 T,
T.e. [ :A—B, A">(A”>B) ,B *">(A">B), C *>(a ~>B),
no Teopeme AeAyKuuu
AaC—>B , C-—(a—c) , AaC—-C ,

coeAleeHlne nocLINoK COeAMHEHNE MOCLINOK

LESU>m - 6 >(n->8)=|-C->(1>C)
llAnc~B B
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(AnC —»8)—>((AnC — C)—>(AnC —» B nC)),

B CANC MB:(r-*m)->((r-\yblIr-».rny))
' 1{|lr1|3 (ANC— y((AnC—>CH/InC—6nC))

AnC —BaC \
HO npasuny CNOXHOr0O 3aKk/to4eHns
|-AaC—Bj~/liC*—>C, |-(AnC—B )-={AnC—C)—(/inC— nC))

FAnC—AnC
B = A A->(8->1), BA"A , A—B ,
_ no MNM3 _ KoHTpnounuus
n,B., ., _ J > |-a]-N->(8-»n) I-4->n
III.y(IIW-A-»(b-»a) BoA Aol
A —fi , A—B ;
CHATME JBOMHOTO OTPULLAHWNA aHANOTUYHO MPeAbIAyLIEMy
|1-A-B
|-A->B
rnr , B->A ;
KOXPHO3IHLMS CHSTUE ABOWHOTO OTPULEAHMS
k>0 I-8>n
H-+ B
5 Fr={N"B,B-~C}N1->B,B->C, A~>C ;
avavem
\-A-*B\-B-*C
FA-*C

ey ={n-»B}: N->B, C-» (A-» B),
Mo Teopeme AeAyKLMM
N-»B.Chl->1

(c-* (A-» B))-» ((c-» A)-» (C->B)),

C.AB

| >8))-»((C-"a)-»(C-4B))

nyr

(CMA)->(C"B) ;
monna
|-c->(n->p)1-(c-Nn->p)bl(c-"nblc->x))
|-(c->nMc->,

x) T'={N-> B|]- Av C—Bv C. PaccMOTpMM BHayane AONOJHUTENb-

Hoe MHoxectBo I, ={A-» B, A} © 3anuwem BbIBO4 W3 Hero
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Ti\A—=B A, B , B—=BvC , 5vC MpumeHum  Te-
noMna3 IHjiar-Krvy noMn3
\A\A>B BC, . \-B,\~B->BvC
hi M'o.H-8-W j_five

nepb 06O6LUEHHYIO Teopemy fefyKuuu: — [----- r.

|-(N—B)—(1—Bv C)
Takum o6pasom, dpopmyna (A—* B) —>(1 —B v C) BbiBOAUMa, U ee
MOXHO ,06aBUTb B 06OV BbIBOA. TOrAd

rNA—B,(a”>B)—=(A—BvC\ A->BvC

no MN3
1-8->a,1-(n->rLi(n->ayc)

|-N—BvC
C—BvC , (A->BvC)*((C~BVvC)->(AvC~BVC)),
Y/ N\ AC BVC
i (1n2)]-c->BvC ]
y'x x.y.r

AvC~rB~C ;
Nno npasuny CNOXHOIMO 3aKn4yeHus

|-n->fyC.]-C->1yC,|-(N->Ay C)->((C->Ay C)->(Ny C->[ly C))

(w3).]-(N->AyC}->((C->AyC}->(NyC-~»L4yC))

I-AiyC-»>AyC
3) = JAA—Br: AA—B, A—>B )
cHATUE AEOVIHOFOJ)TPVIL[EHMR no M3
7
> M

W [ ={4->B,1}:1->B,B, (A->B)->(b -5 ),
IV, (Cor>mn(ynty)

1 U )A-(n-»8)-*(8-rn)

5 —J1 ,on
no Mn3 _ _no nNnN3_
1-N-»B,]-(N-»A)->(a->n) \8\-B->A
I-B-.7 N
K) T={A}A N->(B-»1), B->A
nonro
All, VAVAS{B>A)

\'B+A
24.8.

a) ANs LOKas3aTeNbCTBa 3TOr0 MpaBMaa UCMOMb3YEM MPaBUIIO BBEAEHUS UM-
NAVKALMU W KOHBIOHKLMW W NPaBUno 06beAMHEHUS MOCHINOK, 3anncaH-
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r,AE\-C
Hoe B 6onee 06LLEM BUfe, YEM PACCMOTPEHHOE paHee: —gj— —
- 44,.4,]-B
06beANHEHME MOCLIMOK, j BBeJEHME UM-

NAVKALMU N KOHBIOHKLMW. TIPUMEHUM 3TV Npasuaa N pas K hopmynam

AN A, B A" AIN-B 4 O2—B 4 n N2,A3- B
2 ' ALNAIN-B' |-4 N4 -»B' 4 Nna, N4 |-B

4n4,4]-8 40N nwm4-14] ®
|-4nd4 nA—8 |-4n0A2n.n4-104, —>-B'

6) {4-"B,A”™ B} A*>B,A B, (A*> B)"> (8 —>n),
A

j OV, ~|-(A-»B)-»{8->n)

BAA , B->B ,(b4b)->((b->b)->(bvB->b)),
. e . _™w.orasm
|-A-»B]-(n-»ab(s-,n) I-b—al-a—8 8.B,B h

1-B-.A |-8-»8 ~ A

"3X ~8M M b (~ B)

B->4 . B->B , Bve ,
[V r— CHSITUE ABOWHOTO OTPULLAHUA CM. Npumep 4
S T _ Ls_>e pasgena 2.3
* 1 ls->8
B ;
no Mc3

ra
) {a,8}: A,B, A—A , (AN B)A">(A"> B),
no Teopeme AedyKuuu ATW v

n ( ' »B)
LA A
n->((n->8)"e), (@a->s) "8 ,8->(a->8) A-4B ;
HepccTaHoaca Nocbinok Ho MM3 KouTpnornws s n° M]3
(n->a)-»(/«->n) I-n[-n-»>((n->p)->a)  |-(n->0)->4 I-a.1-8->(n->1)
\A@>p->p) RGNt |-8-~(4>0) 1-n~4
rn {An5}: AaB, AnB—A , ;
111:jcajh—»jc no M3

A.B, -NnB.y-NNB—A
j nU-4ns>n SRS A

A nArn..n Al—
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[Hyl‘x»bx }»a-*A Qv VIM7)34

A pasgena 2.

J(N2)=M->1T \AiA

(a-»2)-> ((@-» a)-» (v A->a)),
W3:(.mrM (y-«)-Y “yy-«))

AT_Jy':'(hB - )

A

no MNc3
I- n—a|-g—al-ava,|-(a—a)-»((a-4n)-»(nyn-»n)).

249.

a) paccmoTpum MHoxectBo chopmyn I ={/1— 5,B — C, n}. BbiBog 3
3TOr0 MHOXeCTBa MOXeT 6bITb TaKUM:
rA-»55—-Cc6cn, 5 , C . MpumeHnm Tenepb 0606-

no M3 no M,
I 15155
|-8 lc

-C
NN ((A/\A A

LLeHHYt0 TeopeMy JeayKuum
6) Fr={N-»A]1-(C-» /4)-4(c-4B), cm 330auy2.4.7,e. Torga

{a-»B}-(C-»A)->(C-4 B)
|-(n->B)->((c-»n)-»(c-»B))’

B) r ={S,B-> n}:A,BA>A, A">B |

KOWTPNO3HMHA no Mn3
1-£M  \-a\-a"s
\-A->B B

OTCHO fja--mn=mmmmmmmmmmmmem —
mr{s”™ a)™s

2.4.10. TycTb B ucumcneHnm Jlykacesmya okasyema XoTa Obl 04Ha OAHOOYK-
A A=B

BeHHaq popmyna -R. Torga j*/?= 4, */=}F1—-6,
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Jr=]-b" a,
R

12 8) -+ (5 €)= (A C)S 11> )-
> ((B-» n)-» (n-» n)),
I-A-» B]-(n -» B)—» ((B—» n)-» (A-» n))

[-8—>n,|-(8-» a)->(a” a .
. NTaK, Heo6X04UMbIV BbIBOA UMeeT
\- A—A

ug {n}: A A-» B,B-» JI,(J1 -» B)-» ((B-» 1)-»(A-» A}
(B>mA)-> (A-> A} 1-> A.
AA->B,C

D* |(U1-»B)-4(B->C)->(A->C))|-(1-> (A-» B)) >
e

\-(A-> (!I-» B))]-(1 ->(N ->B))->((N1 ->B)->C)->(1->0)

2) 1-(((1->B)->C)-KN->C)) !

)N (A—=B) C)—=A C)I-((N  A)—=A)=>(A—>A),
nine

F((A -=> A)->N),]-((G?->N)->N)->(N->1))

7.2. OTBeTbI 1 peLlieHund
npakTnyeckoro 3aHAaATnA Neb
29.1.
a) |-NnB<>Bn /L, Ho AnB<->BnA3
=(AnB—=BnA)n (BanA AnB). Myctb C — nto6as copmy-

‘PeweHune npegnoxeHo ctyaeHtom C. Bacunbesbim (rp. 1323)
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YacTb Il. OTBeTHI, peleHns, ykasaHus

na, BbIBOANMAA B UCHMC/IEHNM BbICKa3blBaHUK, TOrda

{c}C, NaB—=B , c->(c->¢) , C>C ,  J3-»B
Ny-xny-by B

c,c, ” |C|C>(c >C) l(C *CLI,B>B
I (n2U-NnB-N> ] (1,1 -c~(cnhc)[

(B->B)A((BA A)->(BABnA), (8 A)(B->BnA) ,
H3:(r-»n-)-»((r-»y)-»(r-m:ny)) nn3

T (,3HYr M b(mnp))

C—A—=C), A—C '® B—A B—Bn A ,
o*-n(«- J1.
c,n [' 29 I-CAI-Eﬂi(n->c) M |-n_,,q"(nnrﬁ_l,(3 nn/'l)
/| (|,H c->(a- c) he o e |-8->8nn-
X,y
AnB~"BnA, BnA~™ AnB ,
CUNNOTN3M aHanoruyHo npepabiayLiemy
|-n/7—B|-A—BnA
FANB—BNA

(AnB—=BnAn(BnA—Ane)= Anb S n N
BBEAEHWE KOHBIOHKUUKN
|-NnA—=BnA~BnA—ANB
\-{AnB->BnA)n{BnA~AnB)
6) nyctb C — nto6as BbiIBOAMMaA dhopmyna. Torga

{c}.C, A=>AVB (B  a)">((A—>a)">(BvA—>A),

JB/N
le(IHI>| -A-»AVB y (w37 -(s8” n)*((n" a)-*(syn_>n))

X.,y,Z
c~r (C->C), C->C , A>A ,
ceC:, T (\~) ]-Ai,]-C-»(C->C) Hc»C)=]-N->11

N o |H-c-»(c->c)

c->(g->c¢) , B~C
b :g:-»(y-»x) nns3
cB . ~C.|-C->(B-»C)

l.s _.c

AB—A , (a—A)—=(BvA—A) , BvA —A

H«->C)=|-B->N1 [-B_>/<||_(a_")1>(<_>0)_XaY/<_*)) \-A->AJ-(A->A)-4(BvA->A)
|~(A->A)->(BVA->A) \-BVA-iA
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BvA~AVB, Avfi— s
CAVIONVBM  aHANOMHHO MPEbyLLEVY
|-AyA->A.|-A—Jly B
FBVA->AVB

(BvA—Av B)a (Av B—Bv g) =Bv A<>Av B.
HOHOKM

I-Ay N->Ny A 1-Nyl->iayA

I-(By B—Ayii)n(Ny N—HVA)

2.9.2.
ay N->n_ n->n ,(A-> A)n (A-> A)= N1 (-> A\
Y1j.x—>v  cmaTve pHtofinoio_oTpuuaHus BBE/JEHMEe KOHBIOHKLHH
A\l = A |-N-M,]-N-M
ivi2).] -
6) {1 <>B}: (/-» B)n (B-» /),
yAaneHue KOHBLIOHKLUN
1-(N->0)n(&->/0
|-/b5
B —A s (C-» A)-» (C-» B)
aHanoru4yHo npeasigyuwemy C—AC—
I MH-("n W ~«)
A.B
(crB)™(c™a)
C-»6,C-»N
} (a-»n)el-(c-»n)>(c-»n)
Al
((c-» a)-» (c -» B))1((c-»B)-» (C-» a))=(c -» a)<>(C -» B).
BBEAEH KOHbIOWKLW N
Ko CH He> e
2.9.3.
i|-/4vB<-> An Bs (av B—=/1n B)n (11 B-» Av B).
—>/1nBj — “>AnBj —=>"Av B—=>An nnB A ,
13 -(jc—r )-»((>m—>T)-A (X V>-—>T)) ne S
A.B.JInB o, 1y \ {n"L-ANBAA
1
AnB—3B ,A—AnN, A—AnB ,B—AnB,
Lljinn_y—> KOHTPLOBULISI cHATUE ABOWHOIO OTPULAHWA KOHLUHIO MW MNA
AB, M, s |-NINB1 ]-n->nng |-Anii->B
1 (112).-1 nB-N1 - ez S A
rm 1 _ N»» - — —i—i NnH
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B—=AnB , AvB ™A aB ,
CHATWE [BOIHOTO OTPULLaHUS NpaBuNO CNOXHOTO 3aKNUYeHNs

-B—»AB |-AMAns]-BAns]-(nAnsY\(8-»/ns)-{nyB-»Ans))
|-B-»Ans j-AvB-Mnj
AnB” AvB, AvB—>=AvB , A—=AvB , B—AvVB ,
KOHTPNO3WMS  CHATME ABOMHOIO OTPULAHNS 1Ay —vy

|-nys->pyB |-Nna->Aayr Aw N-pg-~re A (w27h-r-»NlyB

, *

|-Nne-»Nys |-avs-»avB Xy y
AvB—A AvB—B,(avB—a)—(avS —8)—{av B —Ang)),
HOHTOOBAYA  KOHTPICBALYA Uz {(—w)->(y))

M-l ya |-B->/ivg AB.NyB _

l-ays-»n i—avh—>b *K/r MBN-(NyB-vn)-> (Ny® -« )Ny ® ->/|ns))
A

AvB—AnB (avB—Ans)n(anB—Avb);

NpaBuO CNOXHOTO 3K YeHUS BBE/IEHME KOHBIOHKLNN

|-AvB—/B F(~ A 8 uin)aX\B-»[lys)
6 M= A—=Aln[ M—Aj.0: 1A, A—A |,
) ¥ [\ ] L‘ )l TN2:%>X  KOHTPBALYR
AVLEAMA npi

A—A , A—A (A— —A |m
IVY.X=*X  KkoHTpnosuums A A
A vt \-~—A BBEfIEHNE KOHBIOHKLMN

\-a-*a\-a->a

|-AN~*A A-Mj

paccMoTpUM UCXoAHYto chopmyny A~ X —» (m —>(x —>y n x)). O6o-
3HauMMm uyepes B BblpaxeHne B =x-~yn x, Torga chopmyna
A=x—>(x—>B) Bo3pacTaeT o nepemeHHo’ B (cm. Teopemy 2.2).
3ameHMM B 6onee cubHON chopmynoit y , T. k. |y —» (x—y 11 x).

[LeiictButenbHo, 0: X —» X
akcuoma VI2
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Yy AXA> Yy AX Yy —» (X—>y nX).
J (n— Y N A»yN-X sYRAr
\-X->X |- V-+(.V-»>'A.V)
Mocne 3ameHbl MoMyyum HopmMyny, BO3pacTaloWyl0 Mo Yy, npuuem
X —» (X—>y )3 1, T. &. TOKAECTBEHHO WCTUHHYIO, CNEeLOBaTENbHO, Bbl-

BOAMMYIO no Teopeme 2.6. Wrak, j——(n—>>») TOrga
\-X—» (X —=>(X —>y n X)),

B UCXOAHOV chopmyne A= XN y —>y —>y 3aMeHWM MOCbIAKY UMNAN-
Kauun. TockonbKy UMMAvKaumas A —>B y6biBaeT no A, 3ameHWM no-

CbINIKy 6onee cnaboii hopmynolt xn y, T K | -xny—=y —=xny .

00 pe->(y-»x), (y-»*)-»(*-»y), y)
HIV—S(¥— ,v)__ VI[:(C—=y)—=\y—>A) cunnorusm
v Xy | y > | .
-Ar-J x->y
' XN x">y s x=0=))
COeJMHEHNE NOCLINOK CAATME ABOHOrO OTPULAHUA Pa3beAuHEHNe NOCbINOK
1-J— >71 \-XAX-*y =YY v
—LHG->y)

o (*oy) (x—y)—» X
nepecrtaHoOBKa MOCbIIOK KOHTpNO3nununs
l-ar—" y ) I-x->(x~>y)

BrT74d- > XNy —=y—>Xxny.
CHATME ABOIIHOTO OTpULaHUA Xyht
X
Ur EE—

U

Monyuum hopmyny X Ny —* y — 4eTBEPTYID aKCMOMY MCUUCIEHNS
BbICKa3blBaHUM, CNefoBaTenbHO, OHa BbIBOAMMA. Torga BbIBOAMMA U MC-

XofHas popmMyna, T. . - XNy —» Yy —»y.
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2.95.

2.96.

YacTb Il. OTBETHL, pelleHns, ykasaHus

A="xn(xn!-> y/\y)*> z]v xv z.3ameHum B chopmyne A nogdop-
myny B —xn[x/\x—>y n y)*> z 6onee cunbHoli chopmynon z «goKa-

xem, uto |-z 3 (xn(xn x—y Ay)—z).

0: x—=(y —>»x), z—=*n[xnx—=y ny)—r) u [lonyunm
r.oAxAx->yny) . e — n
EQD* -I'JQ/ (n—ly— = ir-> bl n:n.m.yn}")-»r)

chopmyny Al=zv XV 23 1, T.e. |-N17. CnegoBarensHo, BbIBOAUMA K

thopmyna A, [eiicTBUTENbHO, NOCAe  YNpowleHWs A nonyunm
A=1v xv z=1

a) A=xnyv (x—=y)n x, Z401)=1,7. e {xyj- A Tokakem 3T0:

F»PExy, y > (x->y), x->y

nn3

(x—=y)nx , X—=>(y —=X) ,
NpaBuNO BBEAEHUA KOHBIOHKLUN Jlie—>»(y-»x)
Y/, 0 1- - )

XNy —X ,X—Xxny, X —>Xny ,
CoefuHEeHNe NOCbIIOK KOHTPNO3MUWUA CHATUE AEDVIHOFO oTpuuaHnsa
[-*—UY—»*) |-*ny->x ExAxny

xAy LA =*nyy(n:—ynn;

MMN3___ npasuno BBeAeHWA AN3BIOHKLNN
-X J- n—»grny -nrny Hn—y )n*
-n:ny I-*nyy(*-»y)«

6) /4(0,0) = O, Takum o6pa3om {*, y|—A. BbiBog A MOXeT 6bITb, Hanpu-

Mep, TaKnM: X~=»(y—=X) , y~"x , Xx->y ,
lj:r—  »x) nn3 KOHTpPMNO3nuus

To,
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X —>y ., A—=x , x—A , A

CHATME gBOWHOr0 oTpuyaHmns JT% L KOUTPNO3LWILLA nn3
7(y-»>y)=1-N-»a [A > \-x\-x->1
X,y

mx-*y XA [t S
|- t=y
29.7.

a) A=x, Vv x2—»x$. 00,01)=0vO—1=0—>1=1, cneaosatenbHo,
X2,jc3H—A . A VMeHHo,

fc ,X2)XN  Xj, X2,1"3 X~ >(-X']VI'LZ > J¥3 \Y > -£3
ljr.r—>(>—>v) nns

6) N(1,00)=1v0—»0=1—0=0. Torga {r]|x2,x3}]-A. [Jeicteu-
TenbHo, {X"x"x-}: x|.x2,x3, X —X, VX2 , X VI
.YV nns
T(w ,H-M-" 2b b rin
Ay FALVA2

X\~*(XL—=xi) ' x\ >vl
1A-->(y->n) nns

V bl-hi4>i-«i)biha~rfan”

ny 1-TI >A

(X, VX2 -» x3)-» (X, vX2->x3) ,
(Mva2~).v3)

J Ui—=IT) = |4%] 7V R
x\
xIvx2-> ((*, VAj -* Xy), (x]Vx2->X3)->Xi
nepectaHoBka MOCbINIOK nn3
1= (¥, yar2 -»x3)->(*[ YX; -»*3J |-V, ya2 |- T v*2~>((*| v*2 ~*v3~ x3)
(-*, VX2 -»((*, V.r2-« 3 )-»r3) |-(*1 VA2~*73 Y3

X3-» (% VI, -»Xj), (X VIj-» Xj)

KOHTPUO3ULIMH __nn3
¥P2-gNg A= YXe->8)
I-"->Lya-2- «3) 119"jt2—»3)

2.9.8.
a) N=(x—=y)n(.y—2)-» (z-» x), N100,01)=0 u T, ={x y, Z}|—A,
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Hanpumoép, TakMM cnoco6om:

Hy rkxy.rn y =x-=>y), x= , A—=r , r->A ,
_ nn3 KOHTpNo3miys
T(.,)U-ur)bpbblr or
r->A , A
CHATWE ABOHOTO OTpULAHUA N3
I-WA (S
=A |
6) 74(l)=1 nTr2={xy,zj- A
{x.,y,2}:x,y,z, y =(x—=y) , x—=y ,y—>z,
>(y—>X) nn3 aHanornyHo

Wyt yM o yXMy)
Z—>X (*:—>y)n(y —»1z), (X—>y)n (y —»7)—>(z —>>X) .
aHanornuHo aBeAeﬁuclc KOHBHOHKUMH

45— ((r-»>"-Cr-»jiW)p-»z)-*(z-M)
%2 Xy
299

a) /4(1,1,1)=0, cnefosateNbHO, X2, x3}A.

{M,m2,r3}% x1L,x2,x3, x}—E(xF—=xr) , xx—T] A—A
Lim (V™) nns
r*y
v X2)— ((crv X2 —>x3)—%Xx3), 12->1jvi2 , XfVX2
nepecTaHoaca nochiNoK 11(2:-y-2**Y nn3
R % X3 )
- L j —
i3 A A vi2-» jGJd,
_ nns o KOTPMO3nums_
AV | Nv-t2b (tnvi2nt344) K uy”-A3b-Y
L2 5m)M3 |-4_>PI\02-3)
X3—" v, —x3), vV X2—>X3) ;
CHAITWE JBOMHOrO OTpULaHUs nna

[F36T/2-2) | e>{gIT2y)
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6) y4(1,0,l)=1, ,X2,X3}|~A.BbiBOg A MOXET 6bITb, HaNpuUmep, TakuM:
{x,x2,n3}, 21,02, *3 —  —»-*}3) , X, —»x3 , xi" x|
u,x"~ X) nns W X-?x

J ()*ba>(*r«3) |3 —1 /(vi2)=

X , X Nx2 , X AXR—X VX2
nn3 BBegeHne KoHbioHkumn  X\IX2 X\yx2 =
(L78)a [z Ae

L)
AVR
nna_ . lia—>(v—h) _ Vi2 >-)=»(y-».v)
bxrbAV-Tw-h-MTKH''K")
x| vx2
Xt — >X2) ., XXAXI| ~¥X2 , XjA X ,—>X2
cnunnornsm coegnHeHne NOCbLINOK  CHATUE ABOVIHOFO oTpuUaHus
Ri~$2-Nf2ml)~(T22) | *1+7) Freanaz
J-a‘ al- 4A2] j-AJV»l’*VZ

X, = (x[ —>x2) , 1,V X" —"C, V x2 —>X3)‘

pasbejHeHne MNOCbINOK \/IWX'?I’S

b n~*2 ".'L&Q QﬂAd »Q) *
~|-Ava2-»la]VA2-»a3)

X, Vx2—" v x2—x3), X Vx2— x3
nepecTaHoBKa MOCHINOK ____ nns
Hvj2-"»hjt2- 33) Hlvx2-frv*2 >fowe->B)
|-VIVs2-X(jv2-A3) A2 58

B) A(04,0)=1, ~ , x2,73\- A, Hanpuwmep,
X2, Xr ¥ x,,x2,x3, ,X VX2—»X3
y.-Ty -nt
;(y 13- \-x3->[u"x2»»>_<§ ||_4 3

2.9.10.
a) A=x —=(x—>y), A(,0)=0, {:y}I-A.
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338
feyvxyx Iy x\ (oM (x->y))->y
nepsas akcuoma nns )@»(r—»y),y
: %) ‘J_I (y»>-*) s |-(n—le— )->)-
\-Y->x y
yr=(xA={x">y)) (xA>(x">y))
KOHTpNo3uuymsa _ nns
HeStbz 1Y)
6) a(oi)=i, {t)>jl-A.
&=y
nepsas akcuoma »(y—»n) nns
XY
X—» (X —»Y)
CHATME ABOIHOTO OTPULAHMS
29.11.

a) /(A,B)=(A->B)-»(B-»a), A=1,
/(1,B)=(1-»B)-»(B-»1)h s(l-»fl)—1=1; A=0,
/(0,B)=(0-»B)-»(B-»0)31-»(B-»0), B=1,

Y(0,))=1—={| —aD)=] — 0 =0. ®opmyna / He TOXAECTBEHHO UC-
TWHHa. Ha puc. 7.1, a NoKa3aHO CeMaHTUYeCKOe fiepeBo 3Toi hopmy-
Nbl, a Ha puc. 7.1, 6 — nopzAepeBo, MCMOMb3yeMoe ANs NPOBEPKM 1C-

TUHHOCTWK,

Puc. 7.1
6) /(A.B)=(AvB)->((aab)v(baa)), A=1,

/(1,B)=(lvB)-> ((OaB)v(sai)=1-» (ovfi)=1->B; B=1,
/(1,)=1—0=0.®dopmyna / BbINONHWNME;
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B) /(A fl,C)=(AvB)->(c <>s), A=1,
/(1,B,c)= (lvB)-> (c =b)s 1-» (c<B); B=1,
/(l,l,c)=1—» (C<H>l), B=0, /(1,0,c)=1-» (c <0); C =1,
/(|,|,|):|-»(0<->|)Si, C =0, /(|,|,0):|-»(|«-»|):0, Cp()p-

MynNa BbINOAHUMA. Ha pUC. 7.2 XVPHbIMU NINHWAMM BblgeneH noarpad,
MCMONb3yeMblii N0 anropnTMy KeaiiHa;

r /(a,B,C)= AvB->(C4-»A), A=1,
/(1,B,C)=1VB-» (c ¥0)=1-» (c ¥0), C=],
/(1B ,I)=1-»(14-»0)=1-»1 =1, C¢ =0,

/(1,8,0)= 1—>(0¢-A0)= 1—>0=0.

'pach 1 ero noarpad, 1cnonb3yemblii no anroputmy KeaiiHa, 1306pa-
XEHbI Ha puc. 7.3. PopMyna He TOXAECTBEHHO WUCTUHHA.

PHC. 7.3
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2.9.12.
a) /(A,B,C)=(AaS—C)—(A — »C)). Myctb chopmyna /
NOXHa, Torga An#—C=1, A—(#—C)=0;
A=1 B->C =0; B=1 C=0. Ho Torga

nnAd—-»Crilnl—0r1—070,aHe 1 CnegosatensHo, npes-
nonoxeHue o Tom, uto / =0, HeBepHo, chopmyna / — TOXAECTBEH-
HO UCTWHHaA hopMyna;

6) / = Ax— (Aj —... —(an, —» (a,, ->Bv B))..). MNyctb / =0, TO-
ria A =1, a A2—2..—(an, — (a,, —» B Vv #))=0, aHanornuHo
Aj=1, A3—» » (an!—»(an—»Bv #))=0 uT. 4. Mpeanocnes-

HAS UMNAnKauus gaet An, =1, An— Bv B =0, nocnegHss An=1,

BvB =0. Ho BvB =I Bcerga, cnefoBate/bHO,.NPesno/oxeHne
/ =0 HeBepHo, T. e. chopmyna / — TOXAECTBEHHO WUCTWHHas ¢hop-
Myna;

B) /(a,B)=(A—B)n(a —B)—A. MycTb /=0, Torja
(B->A)n(n-r.g)=1, n=0, A=1;
O->B =1 [B=1 [B=
A—B=1 [B=1 %

T.e. / — TOX[ECTBEHHO UCTWUHHasA hopmyra.

MonyueHo npoTMBOpeYVe,

2.9.13. Tokaxem pe3ynbTaT pelleHWs Ha npumepe Tpex akcuom: l2>Hi un IV3
(cm. chopmynbl 2.1,1). OcTabHble aKCMOMbI MPOBEPAIOTCSH aHASIOTMYHO.
1) Anroputm KBgaiiHa.

12: (x->y)-> (x—=1). E=1,
1(1.Y.r)= A= —2z))—=(1—>y)-»(-»2)), y=1,
/(U.r)=(1—=1—z))—=(1—=@1->r)) vy =0,

[(1,0,) =(1-»(<)->*))-»

—((I =0)—(1 —=12))s 1—=(0—=(I—2z))s 1, 1 =1,
/11)=(@1-* @21-»1)-» 1-»(@2-*1)3 1, r=0,
/(1,1,0)= (| =(1—0)) > (I— (I—0))=1, x =0,
1(0,y,z)=(0->(y->2))->
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—(O0—V)—=(0—")) =1—=1=1. dopmyna /2 TOXAECTBEHHO
VCTUHHa.
Hl:/(x,y)=x ->xvy.x=1 /(lly)= 1—=1lvy =1 \=0,
/(0,y)=0—0v ysi.
NV3:f(x)=x~*x.x=1, /(I)=1—=1=1, x=0,
/(0)=0—=0si.

N
—

ANropuTM pegyKuun.

h :/(*.Y.r)=(*-»0"»r))->((x:-»y)->(g:-»r)). Myctb / =0,
Torga X—>(y —=z)=1,a (x—=y)—»C*—»2)=0, T.e. x =y =1
n n—z=0, g=1r=0uny =1 OpHako B 3TOM C/y4ae
X —» (y —=r) = 1—(1 —=0)=0. MNony4eHo npoTueopeuue, T. e. / =1.

Ij :f{x,y) =x—>xvy. MNyctb /=0, Torga x =1, xvy=0,
gc =0,
T. e o =0 4TO HEeBO3MOXHO, T.K. X =1. TlpeanonoxeHve
y =0,
/ =0 HeBepHO, JOMKHO BbITb / =1.

IV4:f(x)= x—x. Myctb / =0, x =1 x=0, T.e. T 0’ Mo-
X =0U.

Ny4eHo NpoTUBOpeYUe, cnegosatensHo, / = 1.
2.9.14.

a) cornacHo MeTody pesontoLuii MCX0fHOe COOTHOLLIEHVE
F=JavC,C —S,B—a\- A—(B—C) npeobpasyeM B MHO-
xectBo LL =£vC ,C KOTOpOe Haflo
NpoBepWTb Ha NPOTUBOPEUMBOCTb. COCTABUM MHOXECTBO AW3bIOHKTOB
" v npumeHum Teopemy 2.10.

I/={nvCCvBBvAABC} BbiBog Hyna us [/ moxer
GbITb, HarpyMep, TaKUM:

1) resA(AvC,A)=C;
2) res(c,c)=0.

Wtak, dhopmyna A —» {B —C) BbIBOAMMA 13 UCXOAHOTO MHOXECTBA;
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2.9.15.

6)

YacTsb Il. OTBETHI, peLleHns, ykasaHus

MPOBOAUM BbIYMCEHNS aHA/IOTUYHO MYHKTY (a):
r={4vC— >Av B,BC —» Av B})-B-» C,

I, ={(avb)(c;vb)iAvBvC ,AvBVvC Bc}|-, [/={avb)cvb),
AvBVvC,AvBVvC, B ,c| -. Haiigem Bce pe3onbBeHTb MHOXeCTBa [/ :
1) resANAVB,AvBvc)=Bv Cm

2) resB(AvBv C,AvBv c)=Av C\

3) resB(AvBv C,B)= Av C\

4) resA(/ivB,Avc)=Bv C.

[anbHelLUNiA  pe3oNtOTUBHLIA BbIBOZ HEBO3MOXEH, T.e. chopmyna
B —C He BblBOAUMA 13 UCXOAHOTO MHOXecTBa I ;

I=jc,Avs]|-(8 —»C)—A

= AvB,(B—>C)—>a}=£\AvB,Aa(svc)}-
I/ ={c,AvB,A,Bvc}.

1) resA[Av B,A)=B;

2) ress(b,Bvc)=C;

3) res(c,c)=0.

®opmyna (fi —C)—>A BbiBognma 3 I.

'=\avBvCvD,BLAvSvCCBvd} T[pumeHum K 3tomy

MHOXECTBY OMUCAHHbIVA B pasgene 2.7 anropuTM MPOBEPKM NPOTUBO-
PEUMBOCTY MHOXECTBA XOPHOBCKUX AM3bIOHKTOB. [locne HaiigeHHoM
0YEPedHON Pe30/bBEHTLI YKAKEM COCTaB MHOXECTBA XOPHOBCKMX
[AMU3bIOHKTOB.

1) resB{p,AvBv Cvd)=AvCv D,

[4vCvD ,B,IvBvC,C Bvo};
2) resc(f?,AvCvd)=Av D, fav D,B,C,AvBv C,Bvd\;
3) resB(B,BvD)=D, {p,AvD,B,C,AvBVvC];
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4) resD(p, Av £5=A, \A,D,B,C,AvBv c},
5) resA/A ,AvBvc)=BvC, vC,A,D,S,c};
6) resr (c,fivc)= B, {8,C,A,£>}.

Bo mHoxecTBe {8,C,/1,P} HeT AM3bIOHKTOB HEOGXOAMMOro BWAa

ANA COCTaBNEHWs Pe30/bBEHT. CrieaoBaTesbHO, UCXOAHOE MHOXECTBO
I HenpoTUBOPEUMBO;

6) r ={AvBvC A B,c}.

1) rer(A,AvBvc)=BvC, {BvC,AB,c},

2) resc(c,Bvcj= B, $,A,B,C];

3) res(e, B): 0. NcxogHoe MHOXeCTBO ™ NpOTMBOPEUVBO;
B) T =~vDVE ,EvF,C,D A Fj.

1) resc(c,cvDvE)=DVE, "vE,C,EvF D A f},

2) resD(pv E,d)=E, {E,C,EVF,A,F];

3) resE(E,Ev f)=F, ¥ ,E,C,D,A,f}

4) rei(F,/r)=0.MHoxecTBo I NPOT1BOPEUMBO.



MnaBa 8

Jloruka npegvikatoB

8.1. OTBeTbI U pelweHnd
MPakTn4yeckoro 3aHATna Ne 7

34.1.

@
=

X2+3x +2
e =U. CneayeT HauTW KOPHWU YUCANTENS N UCKTIOUNTL U3 UX
X~+4x +3
yuMcna  KOPHW  3HameHaTens,  eciM  OHM  coBmagyT.  WTak,

X2+3x+2=0, X, =-2, x2=-1;
x2+4x +3=0, X =-3, x2=-1. CnegosarensHo, 1P ={-2};
\x2—13x +40>Q  [x<5 wwm ,->8,

) 0 j /,=0;
[2x +x+30<0. | 0.

1) cosX+y=0, X+y =K +2nn;
2)sin— =0, x-y =2nn.
NTaK,

(X—y =207 (x+y =k +2nn) 06M1aCTb  UCTUH-

ne zZ
HOCTW NpefmKaTa n3obpaxeHa na puc. 8.1.



346 YacTb Il. OTBETHL, pelueHns, yKkasaHus

Puc. 8.1

rNlgx=Igy, x>0 y>0. izl, X-y.
Yy

/. :{f-*’ >0e M);( 50,y >0 = y\1 \(}F))VIC. 8.2).

3.4.2. O6nacT NCTUHHOCTY 3afjaHHbIX MPeAMNKATOB M306paxXeHbl Ha puc. 8.3,
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3.4.3
(P (x)a Q(x))v (P(x)a R(x));
) P(x)vQ (x);
1p(x)vQ(X)VR(x)v(p(x)aQ(a)v P(x)aR (x)v Q (x)n R (x));
CP(x)vQ (x).
3.4.4.

i Va((@' -6 x+8>0)v (a2-6 a+8<0)).
X" - 6x +8=0, x, =2, X2=4. Ecnu X2- 6x +8>0,T0 x >4 uan
X < 2;ecnuxe X2- 6X+8<0,70 2 <X<4.71.e.

xe {(-00,2]l;[4,+<»)}u{(2,4)}. Takum ob6pasom, Vxe/? WuUCXOfHOE

BbiCKa3blBaHNE UCTUHHO;

I 3x(x2+x +—=01. x2+x +—=0, X, —+n— . [elicTBu-
2 ) 2 2 \4 2

TenbHbI X KOpPHeil HeT. Tak kak ob6nacTb onpegeneHns npejukata cosna-

paetr ¢ R, 1o BbickasbiBaHue 3x| x 2+ x + —=0 | N10XHO;
N

|VX(x2-5Xx +6 >0), x2—bx+6 =0, X, =2, x2- 3.
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3.4.6.

3.4.7.

348.

34.9.

YacTs Il. OTBeTH|, pelleHuns, ykasaHus

\/xe{(x<2)v(x> 3)}. Tak KaK Ha MHTepBaNe 2 <N <3 HepPaBeHCTBO
He BbIMOJTHAETCA, TO BbICKa3blBAHWE NIOXKHO;

r 3x({xe. {2,5})—(xr -6x +8=0)). x2-6x +&=0, xt =2, x,=4.
3x((xe {2,5}) —(xe {2,4})) =3x(xg {2,5}v xe {2,4}). Bbicka3biBa-
HWE UCTUHHO Npn X =2.

a) Aa;
6) aa;
B) HeT.

a) Aa;
6) Her;
B) Aa.

a) X0 — cBA3aHHan, X, — CBOBOAHAS;

6) X2— CBA3aHHaA, X, M X, — CBOOOAHbIE NepeMeHHbIE.

a) A=VyS(x.y.y);
6) B =3z(VyP(z,y,y)AS(z,z,x));
B) C =3yS(y,y,x).

a)  VxVyVz(S(x,y,z)-> S(y,x,z)), T.K. S(x\y,z)= (x+y=2),
as(y.x,2)=(y +L=2);

6) VxVyVzVuVvVw((s(x,y,n)n S(u,z,v)AS(y,z,w))—S(x,w,v)).
3TO BbITEKAET M3 CNEAYHOLLMX PacCyXaeHuidi: S(X,y,u)= (x +y =u),
S(u,z,v)= (u+z=v), S(y,z,w)=(y +z=w),
S(X,iv,v) = (X +v=V), T.e
(F+y)+ Z=v)aE>+z=w)—>(X+w = v),

(x+y)+z=v=jc+(y +2);
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B) aHaNOrMYHO NpesblAyLLeMy MyHKTY:
\/XNVYN/T\/H\/YN/H (p(Xy,M)n P (m,r,1')n P(y,z,w)—=>p(X, wW,v));
r) 3x3y(n(y)n x<y), rge MN(x) =Xx)n VyVz(P(y,z,x)">
—(E(y)v E(zjj), £(xX)= VYP(x,y,y), X<y =3z5{x,z..,y), P n S
u3 3aaun 3.4.8.
®opmyna 3zS(x,z,y) ¢ AByMS CBOGOAHbLIMM MEPEMEHHBIMU T U Yy UC-
TWHHA TOTAa, Korga X<y, feiicTBuTenbHO, ecnn 3zE N(x +z=y), T0O
x<y. [pegukat E(x)=*yP{xyy,y)~Yy(X W)=y UCTUHeH npn
n =1. Mpegukatr MM(X) UCTUHEH, eCAIM X — MPOCTOE YMCO. ITO MOXHO
NPOAEMOHCTPMPOBATb Ha MPOCTOM NpUMepe, HarpumMep Npu X —4 n +=5.
M(5)= VyP(5,y,y)n VyVz(p(y,z,5)—=(\/vp(y,v,v)v \JaP(z,u,n))) =
~Vv(5mv =y)n VyVz((y-z =5)" (Vv(*ev- V)V V«(z sit =u))) =
=(y* Onfy=sr=0)-» (y=Dn(z=N0)=1
M(4)=VyP(4,y,y)n VyVz(P(y, Z4) -» (VVP(y,Vv,V)V VuP(z,u,u))) =

=Vy(4-y =y)n VyVz((y e =4)—» (Vv(y *v =V)v VU(z H =n))) =

~Hanpumep, 'l n

S, WEh=

T. K. MPOCTOE YMCNO ieNINTCSA TOMbKO Ha EAUHULLY 1 Ha camoro ce6s, a 'y co-
CTaBHOIO YuCna HECKONbKO fenunTeneit.

Takum 06pa3om, GECKOHEUHOCTb MHOXEeCTBa MPOCTbIX YWCEN BblpaxaeTtcs
chopmynoit 3x3y(M (y)nx< y), T. e. ans no6oro xeN Haligetcs Takoe
npoctoe YE N, yto npoctoe y u nob6oe X He 6onblie y . Mpu noacta-

HoBKe npegukata 1 (y) B MCXOAHYIO hopmyny, MONYYUM:
Vx3y(3zS(n(y)A X, z,y))= \/x3yGrA' (a(y)n VuVw(p(u, v y)—
—>(e(u)v £(w)))a x,r,y))= Vx3y(3zA'(VMP(y,n,H)n
nvVmVh'(p(h,w,y)— (e (u) v E(w)))ax, z,Y)).
3.4.10.

, -azxn/a2-4a o
a) x' +ax +a =0, x,, = mes . 3v <0 nopapasymeBaeT feii-

CTBUTENbHBI KOPeHb. KOPHM KBAAPaTHOTO ypaBHEHWS Ae/CTBUTENbHDI.
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ecm a' —4a >0, T.e. a <O wwm a >4. Takum 06pa3oM, BbICKa3bl-
BaHMe UCTUHHO, ecnn a G (— [4,+°°), nnoxHo, ecnn a G (0,4);

6) Oxe [a,a +1](n2- x - 2<0). Xx2- x-2 <0, -1<x<2 . Cnegosa-
TenbHO, ecnn 6 [—2,2], To x 6yaeT monagatb Ha oTpesok [—1,2].
Torga MCXOAHOE BbICKAa3blBaHWE WCTUHHO Mpu ae [-2,2] W NoXHo,
ecim a>2 wma<-2.
1.4.11. Paccyx/eHune MOXHO pa3buTb Ha psf NOCbIIOK:
1) J1t060W pasyMHbIA (Iocod) — LMHWK;
2) Jlto60¥ pasymHbIi ornocod — XeHLLnHa;

3) Ecnn pasymHble (hunocodbl CYLLLECTBYIOT, TO CYLLLECTBYHOT XKEHLLMHbI,
KOTOpble SBAIOTCSH LMHUKAMU.

Bsegem cnegytowve npegukatel: P(x)={x fBnseTca pasymHbIM chW0oco-
dom }, £2(X)={x ABAseTCA XeHwmHol }, 7?2(X)={x ABNAETCA LMHMK-
koM }. Torga o6Luas chopMyna, COeaUHALOLLIAA B Cebe BCe MOCHINKM, VIMEET BUf,
(VX(p(X)M.R(X)AVX(p(x)"eW)) (acPW "ac(l2W A /f(x))).

'4.12. BeefleM TpU OfHOMECTHbIX npeaukata: P(x)={x— nomtuk }
Q(x)={x — nuuegeir } n /?(*)={x — nuuemep } Torga Bce Tpn
NPELNOKEHNA UCXOJHOTO PACCYXAEHWst MOTYT GbiTb NPeACTaB/eHbl B BU-
Ae chopmyn Vx(p (*)—» EX*)> 3n(]2(x)— A (x)) 1 3x(p (x)*>R(X)),
a "nepesog” Bcell ppasbl Ha A3bIK NOTVKY NPEAMUKATOB BYLeT UMETh BUL
(\x(p(x)™ Q(X)A3xX(Q(x)-» J1(x)))-» 3x(p(x)-» A(*)).

4.13. TlycTb ofHOMECTHbIN Npegukat P (x) ={x — rnyney, }. a npegmkat N(x)
onucbisaeT gelicteue: /V(x)={x cnocobeH cosepLunTb uTO-TO }. TOrAa
BbICKa3bIBaHMe 3x/V(a) MOXHO MHTEPMPETMPOBATh, YTO HEKTO (BO3MOXHO
) He MOXET COBEPLLMTL 3TOTO IEVCTBMS, a BbicKasbiBaHue 3x/”\X) 03Haya-
€T, UTO HEKTO He ryrneL. B Lenom ncxogHas ¢opasa MOXeET GbiTb NepefaHa
cnepyroLLein cpopmynoii: (v (P (x)—>n(x))a3x/V (x))—>3xP(x).

.4.14. 3T0 yTBEPXAEHME 3aK/HOYaeT B Cebe MHOTO HeonpesfeneHHOCTeN, CBA3aH-
HbIX C OTHOLLEHWAMM Cy6bLEKTOB W MX cBoiicTBamu. [Mpu 0603HaueHWn

npeankaros 6y,qu NHTEPNPeTnpoBaTh 3Tn CBOIACTBA W OTHOLLIEHWS CamMbiM
APOCTbIM U NMOHATHLIM crnocobom. BBsegem AByXMeCTHbIﬁ npegmkar
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p(x,y)={x ny - gpy3bs}. bygem cumtatb, uto P(g-y)=P(y, X), T.e.
ecnm X — pyr y ,T0 y — Apyr X.

Torpga yTBepX/ieHwe, 3aknO4atoLLeecs B TOM, UTO AN Mto6OV napbl Apy-
3eii HalifeTcs Takol YenoBek, YTO eCAM OH APY)XWT CO BTOPbIM W3 3TOW Na-
pl, TO OH [PYKMUT M C  MepBblM,  3anulleTcs  Tak:

\/x\/y3r(P(x,y)n P(y,z))— P(x,z).

3.4.15. Beegem AByxmecTHbIVi npegukat P(n\y)={x: no6ut y}. Torga nepsas
yacTb MPeAsoXeHNs BblpaxaeTcss BbICKasblBaHWeM YXP(X,X), a BTO-
pas— 3x3yP(x, y). ObLaa chopmyna ¥ xP(x,x)—>3x3yP{X, y).

8.2. OTBeTbI 1 peLeHmns
npakTnyeckoro 3aHAaTms Ne 8
3.7.1.
a) Vjr(F(jn)— G(x))a 3a(f (i:)a G(x)) =
=Vx(f(x)v G a 3x(f aG = 1. Torpa
(f(x)v G(x))a 3x(f (x) a G(x)) it Ba(F(»Ja G()= 1
MepelileM K  OBHOTWMHbLIM  KBaHTOpaM B 0BGOMX  TOXAECTBax.
VaF(*)v VyG(y)= 1 IvxF~a \fyG(y)= 1,
3xWx)n3yC(y) =1, |ax/r(n:)n3yC(>")r 1,

1 (®n3ylly)=Q
\3xF(x)/\3yO(y) =1
" \\V/xF(x)v \/yG(x)=1 ~jVxF(jr)v VyG(x)=1,"
[3n/7(n:)n3y0O (x)= 1, \3xF(x)\/3yG(x)s 1

| VXFMVVyYG (x)=1,
N IVaF(a)v V¥G(y)= 1
OGeyM MONyYeHHbIM CUCTEMaM YAOBNETBOPSET ClefytoLLee PacriofOXeHVe
06/1aCTN UCTUHHOCTW NpeamkaToB F(X) » G(X).

Takum o6pasom, Ir C /¢ (puc. 8.4);
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6) 3x(F(m)n G(m)) n 3x(F(jc)— G(m)) =
=V x(f(x)v C(n"))n 3x(f(x)v G(jo))=1.
yiy (x)y g(x))=1  VxF(x)vWyG(y)=1
3x(F (x)v G(X)j=1, 3xF(x)v 3xG(x) =1,
VXF(X)v WG(Y)=1  fVXF(x)v VYG(y)s 1,
{3xWnllg(~=1 [VxF(x)aWxG"}=0.

Wtak, IF=0, Ic — noboe nogmHoxecTBo M (puc. 8.5).

372

a) BbIMNOMHUMA, ecnn P(X) — He TOXAECTBEHHO NOXHbIA NpeauKar;

6) HeBbiNonHWMa. MycTb 3(4; =a)e” Takoid, 4TO BbINOAHWMMA hopmyna
V>(<(a,a)n2(in,y)). Torpa BbINONHUMA " chopmyna
Q{a,a)AQ(a,a). Ho <2(a,a)n£)(a,a)=0. MNonyyeHo NpoTMBOpEUME.
CnepoBate/ibHO, UCX0AHasA hOPMy/a HEeBbINOHUMA;

B) hopmyna MOXeT GbiTb BbINONHMMA Ha N, Manpumep, KOrfa NpeauKathbl
Q M R BblpaXalT  CcrefyloliMe  OTHOLUEHWS  Mopsfka
Q{x,y)= (x>y), n(ag:,y,r)=(x+y >r). MNyctb 3(x=fl)e”, uro
BbinonHumMa cpopmyna  Vy((tf >y)- »Vz(« + ¥~ z)). Torga, ecam
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y~z=a,T0 (A>p)—»(a+a>a)=1—1=1 T e ucxofHaa cop-
Myna BbINOMHUMA.

HeT. ®opmyna noxHa Ha MHoxecTBe N, ecnu, Hanpumep, P(n') ={x—
yetHoe umcno }. Torga 3xP(x)—¥VxP(x)=1—0=0;
VXP(x) —» 3xP(x) = \JxP(x)v 3xP(x) = 3xp(x)v 3xP(x) =
=3*(px)vp(x))=1;
3xP(x)v 3xQ(x) <>3x(p(x)v Q(x))s (BxP(x)v 3xQ(x) —»
-> 3x(P{x) v Q(x)))a {3x(P(x) v Q(x) )" 3 xP{x) v 3xQ(x))3

s ELX(PJV Q(x)) = 3x(P(x) V Q(x)) s 1,
n6o BbickasbiBaHune 3X(P(X)V gW ) npuHUMaeT 3HaueHue 0 wwm 1,
al—1l=1uwm 0—=0=1;

nycTb E2*,y)—(*—FP*, YA N, Torga BbICKa3bIBaHA
3xVyQ(x,y)={ CyLlecTByeT HaTypasbHOE 4YMCNO X TaKoe, 4TO ANA
BCAKOrO HATYpasbHOTO Yy MCTMHHO X <y } n Vy3xQ(X, y)= { ana
BCAKOTO HATypanbHOTO Y HalifieTcs He MPeBOCXOAsLLEe ero Hatypasb-

Hoe X } MCTMHHBI  Ha  N. Takum  obpasom,  chopmyna
VyVjvA(x,>') TOXAECTBEHHO WUCTUHHA;

HeT. ®opmyna noxHa Ha N, ecnm P (x)= {y— npoctoe umcno }. To-
raa A (*)— V>P(j')=1 —=0=0;

3x(p(x)a(r -» Q))"> (vit(p(x)-» r) =

3 3X(p() N1 TV Q(x)))v Vy(P(V Q(x))v r = ¥YX(p(x) V (T 1 £>(xi))v
v (3X(P(X)n Q(x)) vV r)s VxP(x)v (r 1 VyQ(yj)v (rv 3xP(.v))a
aE v 3yQ(y))= VxXPX)V ((rn VyQ(y)v (rv 3xP(x)))a
a(@nvyeu)v (rvayomn. H rAN/yQ(y)=r\/yQly) =

=rv3yQ{y). Torga (rn VYY)V (rv3yQ(y))= 1 u cropmyna yn-
POLLIETCA.
VxP(x)v  AVyQ(y))v (~V 3xP(y))s (WxP(i)v 3xP(x))vr Vv
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v (rn Vy£?(y)). OpHako VxP(x) = \IxP(nr) = 3xP(x). Torga

vrv(rn (3))= 1, T. e. ucxopHas hopmyna TOXKAECTBEHHO UCTUHHA.

nycTb Ha HEKOTOPOM MHOXecTBe M pfaHHas opmyna noxHa. Torga
3n'P(n) =1, IxP(n)=0, T.e. 3xP(n:)=0, VXP(X) =1, uTo He MOXeT
6bITb, ecn M £ 0 . [NonyyeHO NpoTUBOpeYne, CnefoBaTenbHo, opmy-
na 3xP (x)">\/xP{x) ToX[eCTBEHHO UCTWNHHa;
nycte  Ha bl faHHasa  opMmyna noxHa. Torga Ha M
Vo:(p(a:)—0 (x))=1 n 3xP(x)a VxQIx)=0, T.e. 37(x)=1 n
V;cQ(x)= 1. Boibepem {x = g)e M Takoe, uto P(x)= 1. B aTom cnyyae
P(a)->é(a)=1, Te. Q$)=1 un Q(a)=0O, uto npoTMBOPEUUT
(**:)= 1 «Takum 06pa3oM, NCXOAHAA (OPMyNa TOXAECTBEHHO UCTUHHA;
[10Ka3aTeNIbCTBO MOIHOCTLIO aHANOMMYHO MPUBEEHHOMY B NpefblyLUem
nyHkTe. Myctb Ha M dopmyna Vx(p(x) =Q{x))—>(VxP(x) n3n£2(x))
NnoxHa. 310 3Haumt, 4to Vjc(p(X)—>»Q(x))=1, a VxP(x)=1 n
3xQ(jc)=1. Torga fomkHo 6bITb p(a)—>Q(a) =1, T.e. P(a)=0,
4yTo npoTmBopeynT \/nP(n:)= 1.

3.75.

a)

[l0Ka3aTeNbCTBO aHanorMyHoO NpuBefeHHOMY B pasgene 3.5 ans hopmy-
nbl Vx4(x) = 9xJ1(a:). PaccMoTpum Ha M MHOXECTBO 3HaueHWid cBs-
3aHHOI NepeMeHHO X W CBOGOAHBIX MepPeMeHHbIX X],X2,--,XN npeau-

kata P 1 BbIACHUM, Kakne 3Ha4YeHus NpuHMMaroT opmynsl 3XP(n) u

V*p{jc) Ha Npon3BONbHOM HaGope CBOGOAHLIX  MEPEMEHHbIX
ax,a2,...,ane M .

\)YaeM P{x\ =1,

4 'la,al,02,..fin

2) 3a89 M PQ}J"aO’a\eZ...W =0.
B nepBom cnyyae Vae M P(X)[n@g A =1, Torga no onpeaeneHuio

3xP(x)|na =1 n BxP(x)na =0. C apyroil CTOPOHbI, T.K.



[nasa 8. Jlornka npegmkaToBs 355

6

N

a

=

6

=

B

-

\IiP(n]l(n1] (=1, T0o VXP(x)j® "~ =0. Takum o06pa3om,
3XP(x) =VxP(x).
Ecnm xe 3a0S M n =0, to 3xP(n]la =0. Torga

BxP(X\ A 5 =1, T. e HeBepHo, YTO HalifeTCsA Takoil X, AN KOTOPO-
ro P(X) ucTuHHO. 3TO PaBHOCUNLHO TOMY, UYTO 419 BCAKOr0 X UCTUHHO
P(x), T.e. UxP(x)| =1. CnepoBarenbi-ro, onsiTh
3.XP(x) = VXP"x);

YXP(x)AC =\/x(P(.T)n C). YNpoCTUM MNpuMep U paccMOTpuUM Chy-
yail, KOrfa CnMCOK CBOBOAHBLIX MepeMeHHbIX npepukata P nycroii.
37eCb BO3MOXHbI ONATb ABa CAyYas:

1) VaG M P(x)=1 C~1uwm C—0,

2) Vae M P(x)=0, C=1um C =0.

B nepsom cnyyae YxP(a:)=1, ecnim C=1,70 VxP(x)aC =1, ecm
xe C=0,70 VxP(x)aC =0. ®opmyna B NpaBoil yacT nNpumMeT aHa-
NOTUYHbIE 3HaueHus. [fleiicTeutensHo, ecniu V xP(x)=1, 1o P(X)= 1.
Torga Vx(P(x)aC)=1, ecu C=1 un Vx(p(n')nC)—0, ecan
C —0. BTopoit cnyuait paccmaTpuBaeTcs aHanornuHo. XKenawuiue mo-

ryT NOBTOPUTL [40KAa3aTeNbCTBO C HEMyCTbIM CMUCKOM CBOGOAHbIX Mepe-
MeHHbIX npeankaTta P .

3x\y3zVuP{x, y,zji)" \Ix3y\fzBuP(x, y,z,u) \
3xVyP(x,_y)A3xVj'0(x,y) = 3x\/yp(x,y)/\3zVyQ(z,y) =

= 3x3z(4yP{x,y)*VyQ(z.y))=3x3zVy(P(x,y)AQ(z.Y));
3xVyP(.t,>>)v 3x\/yQ(X,y) =3x(VVvP(,v,y)v 4yQ(x,y)) =

= 3a'(V~P(a,.v)v \fzQ{x,z)) = 3xVyVz(p(.Y,.y)v Q{x,z))-
3YVYP(v,y ) —>3xVyQ(X,y) = 3.TVyP(.v,.y)v 3xVyQ(x,v) =
=Vz3>-p(X,y)Vv 3x'VYyQ(x,y) = Vx3yP(X,y)v 3zVuQ(z,u) =
= Vx3y3zvu(p(x,y)v Q(z,u));
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A Vx3y{p{x)  600)s 3xVy((P(x)-> a(y))n (007)-» P(x)))S
- 3xVij[(ph)ve0d)jv i~ p M)} =3xVji((p(ic)a
vr207)a”t)));

e) Vx(p (ig)-> 3y6(y))s Vx(p(*)v3ye(y))s V.x3y(p(x)v g(>-)).

a) Vx3yg(x,y)-> 3x\fyQ(x,y)s Vx3yQ(x,y)v
v Mx3yQ(x, y)= 3x\fyQ(x, y) v 3x\lyQ{x, y) =
=3x(vyQ(x, y)v Vz6 (jc,z))s
= 3xV>>Vz((20, y)v Q(X, 2));

6) 3x(P(x) -> (VyQ(x.y) -> Vz/?(x,2))) *
=3x(p(x)v (vyQO.y) v VzR(X, 2)))s
s 3x(p£) v (BYE?(X,.y)V VZR(X, 2)))=
=3n{ (8)y 3yVz"2(jc, y)v z)))s
=3x3yVz(p(x)v (2(x, PIVR(x,z)).

a,

=

Vx(p(x) -> Q(x)) -> (VXP(x) -> VxQ(x)) =

= Vx(p(x)v20)jv (/xP(x)v VxQ (x))= 3x(p (x)n Q (x))v

V (oxP (x)v Vx(?(x))= 3x(p (x) v (p (x) n §(X)))V VxQ(x) =

= 3x(p (x) v Q(X))V VxQ(x) = 3xP (x)v 3xQ(x) v VxQ(x) =

=3xP(x)v 4xQ(x)v VXQ(x)= 1v3xP(x)s 1;

6) \ix(p (x) -> Q(x)) -> (3xP (x)-» 3xg(x))S 3x(p(x)n a {x))v
v VXP(x)v Bxg(x)s 3x"(x)v (p(x)n 2(-x)))v \fxP(x) =
=3x(Q(x)Vv P(x))v VXP(x)s 3xg(x)Vv 3xP(x)v 3xp(x) =1

B) Vx(g —P(x))<-> (g3 =V .xP(X))s

s (VX[ —>p(jc))—> (T —>VxP(x))) n



nasa 8. Jloruka npeavkaTos 357

n (@ = VxP(x)) =(Vx& -» P(x)))) = (3x(7n P(x))v <v \IxP(x))n
n(@n 3xP(x))v v VxP(x))= (@v (?)n" v 3xP(x))v VxP(x)) =
= (flv VXxP(x)v VxP(x))=qv 1= 1
3.7.9. 3x3y((P(X)—=P(y))n(P(x)" LW )nP (xp

§ 3x3_k((p(x)v P(y))n (FE)v PE£))nP(x)) = 3x3y((p{x)v P(y))n

n(Ne a )V (pdn P())H3x3y((pE)v P (y))nll n p(x))=

- 3x3y((p(x)n P(y))v (p(y)n ?G))a P(x))=

=3x3y(p&)n W, n P(x))=0.

3.7.10. PaccmMOTpUM CHayvana npocToii Npumep opmysbl A 1 NPOLEMOHCTPUPY-
eM MexaHu3M npeobpasoBaHua (opmy/bl K Tpebyemomy Bugy. [MycTb

A =3x7(a:)n (vyP2(y)v VzP3(z))= 3xPx(x)n Yy¥r(p20’)v (-))m Te-
nepb BbIHECEM BCE KBaHTOPbI B Ha4ano (hopMy/ibl U KBaHTOPbI BCEOGLLHO-

CTW npeobpa3yeM B KBaHTOPbl CyLLEeCTBOBAHWS C MOMOLLbIO COOTBETCT-
ByHOLNX 9KBMBANEHTHOCTEN:

A = 3xf} (x)n VyVz(P2(y)v P,(r))3 3xV}'Vz(f; (n)n (P2(y)v P,(2)))=

S 3x3>Vz(PI(x)n (pAYy)vP3(z))=3 x 1~ W W ~uWw )= B.

B obwem cnyvae, ecnu noggopmyna [ dopmynbl A umMeeT Buf

3(V)YA.(x],x2,...,x)])y), To Heobxoanmo npusectn [A.(n:Ln;2,....1;9,Y)

K Bugy \/(nA«) wm a(v Ay), rae Kaxgoe [l HauMHaeTCcs C KBaHTOpa
1] 1]

nunu umeeT Bug p(M) uwm p(M) ANsS HEKOTOPOTo P M3 CT 1 NEpPeMEHHON 1 .
[lanee, ncnonbsys Heo6XoAMMble 3KBUBAEHTHOCTY, NoayYaeM thopmyny B .

8.3. OTBeTbI U peLeHus
npakTnyeckoro 3aHaTma Ne 9

3.9.1.
1) V*e RVye r ({x>y)v (y >x));
2) Vae A3x, e R(a <X,,);

3) Vx,e M Vx2e M..Mxke M 3a, e A3a2e R..3ake
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e i((a, +a2+..+ad*0)n (a x, +a2xr+..+atxt =0));
4) Vae R3Vfce R3((a,fc)=0);
5) limx,, =x <>Ve >03A?(c)>0Vne Af((;t > N/(e))—Ix,, -x\ < e);
6) \/ne N(xn+t>x,,);
7) Ve > 03Af(e)> OVh,/ > Ae)(|x,, - x,| <e);
8) 3TeR\{ojvxeM ((x£T)n(f(xxT)= f(x)))-
9) VX, e MVx2e Af((x, <x2)-> (f{xI)< f{x2))\

10) Ve > 03N(e)> OVxe mM((x > N1/(e))—>|/(x)-/4| <e).

1) MpusHak uMeeT CTaHJapTHY cTpykTypy Vxe M (P (n)—>Q(x)).
MocbinKa 1 3aKMio4eHne UMNAKaLUU UMELT BIL,

(XX >xm1>0)n " limx@=0j n " (- 1)4xa=S.B uenom npu-
3HaK MOXHO 3anucaTb Tak:
Vne N(xn> gl >0)n” limxn=0j” 3SeR X U T Y =$jm

BblpaxxeHne Mwxun=0 MOXHO pacnucaTb nogpobHee, Hanpumep, Tak,
Kak 3To caenaHo B 3agadve 3.9.1(10).
2

~

\/ye [a.bfoe>036>0Vxe M (0<|x-y|<8-»|/(x)-/(;y)|<e))-»
-» 3/IFe R+Vxe [a,b8&f(x\ <n).

3

=

((Vye [a,fc](VE>035>0VxeM (0<|x->'| <5—|/(x)-/(j>)] <c)))n
A(vxe (a,b)B'{x)®°=)n(/(a)=f{b))-» 3ce (a,*>)(/'(c)=0).

4) Vye [ab](VE > 036 > OVxe m(0 <\x- Y\ <8 -»\f{x)-f{y\ <e))-»

=

-» 3ce [a,birj(x)dx =f(c\b-a)).

5) (Ve > 037V(8)> OVhe N((n > N(e))-» [it, -x| < e))m» Ve, - x| <€) -»
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1

=

—>(\/e >03/V(e)>0Vj?,/>y Yy (e)(In., -n,|<e)))n
N (Ve > OEW(e) > OV)7,/ > N(e)(|I,, - X,| <e))—>(ve >037V(e) > OV/i> N

((n>N(e))- x.-x <8

McxofgHoe yTteepxaenne wumeet Bug V/e F(p(f) —=£2(/)), rae
p (f) — npepukaT, BblpaXaroWuii MHTerpupyemocts /M Ha oTpeske
[o,b]fa Q (f) onpesensieT cBONCTBO MOHOTOHHOCTYW 3TOW (hYHKLMK Ha
[a,/?]. Mepeiigem K NPOTMBONONOXHOMY BbIPOKEHWIO
Yi6 F{p(f)—>»Q (f))3 36 f(p(/)aG (/)). Takum o06pa3om,
4To6bI [jOKa3aTb HecrnpaBeA/MBOCTb MUCXOAHOTO YTBEPXAEHUs, HeobXxo-
[LMMO NPUBECTM NpuMep No6ol hyHKLMKM, KoTopast Gbina 6bl HenpepbIB-
HO Ha [u,b], HO HEMOHOTOHHOW Ha 3TOM OTpe3ke. Takyt (YHKLWIO
HaliTu HEeTpyAHO, Hanpumep, Y =X~ Ha oTpe3ke [-1,I] ynoBnetBopsieT
3aflaHHbIM Tpe6oBaHusAM (puc. 8.6).

Puc. 8.7

2)\VfEF(p(f)=>Q(j)), rae P (f)={ftt(x0)=0), (?(/*)= {r0-Tou -

Ka aKcTpemyma yHkumn /(*)}. 3fe £ (p (/)n<2(/)) — cywecrsyer
(YHKUMS, MMetoLLas B Touke X0 BTOPYIO MPOU3BOAHYHO, PaBHYH HYIIO,
HO He UMellas 3KCTpeMyma B 3TO Touke. Hanpumep, >=Xb.
y" =6.v, y//(0)=05H0 a0 =0 — Touka nepernba rpatmka QyHKLUM,
a He TOYKa 3KcTpemyma (puc. 8.7).
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3) vieF(p(f)~e(/)),p (/)={/w orpaHuyeHa Ha oTpe3ke [A,i]},

4

5

6

=

-

=

uHTErpUpYyeMa no Pumany Ha
3/e p{p(/)n,u,(/)) — HaiifleTca orpaHnyeHHas Ha [a,b\ hyHKu¥A,
He MHTerpupyemas no PumaHy Ha 3TOM OTpe3ke. PaccMOTPUM (YHKLMIO

| b+ — paunoHanbHoe,

* ]\
Avpuxne D (*)=< OHa orpaHuyeHa Ha

(0,4:— wppayoHanbHoe.
[atb\, HO He uHTerpupyema no PumaHy. B camom gene, ans nio6oro
pasbueHuns oTpeska [a,b] npu paunoHanbHbIX X ( COOTBETCTBYHOLLASN WH-

TerpanbHas Cymma paBHa b —a, a npn mppaunoHanbHbIX— Hynto. Mo-
9TOMy  He  CyuWecTBYeT npefena  WHTerpaibHbIX CymMM  Mnpu
h =X —xbl —20 wn, cnegoBatenbHO, QYHKUMA [Mpuxne He WUHTErpu-

pyema no PumaHy.

3/e p(p(/)n £2(/)) — cywecTsyeT auddepeHumpyemas B Touke 10
GyHKUMS /(*), He MMetoLas B 3TO TOUKE NOKA/bHOTO 3KCTPeMyMa.
Ecm f(x)=x2u x0=0, 710 / /(0)=0,H0 X0 =0 — TOYKa neperu-
6a (puc. 8.7).

3/gf(p(/)aQ (/))- cywecTByeT (PyHKUMSA, NPefCTaBUMAA Ha OT-
peske \a,b\ psgom Teiinopa, Ho 3TOT psg He cxoauTtes K f(x) Bo Bcex
TOUYKax 3TOro oTpe3ka. Takve (PyHKUWM CyliecTBytOT. Hanpumep, pac-

cmoTpum /(-t)=le
0,x=0.
uvpyema. Mpn x®O 310 oyesugHo. Mpn * = 0 NPOM3BOAHbIE BblYMUC-

“ra (pyHKU/HA 6eckoHeyHo anddepeH-

naTca no onpegeneHnto. OkasbiBaeTcs, 4to /A (0)=0 npun n>0.
MoaTomy Bce uneHbl psga Teiinopa ans gyHkumm f(x) npu xQ=0 06-
palaloTcs B Hy/b. SICHO, YTO MONYUMBLUWIACA PSf He CXOAUTCS K (yHK-
umm f(x).

sa(p(a) 6 (a)) — HailgeTcs Takas hopMyna OFMKU NPeLUKATOB, KO-
Topas OyfeT BbINOAHMMA, HO He o6le3Hauuma. Hanpumep, 3xP(jc).
3HayeHne 3TOro BbICKa3blBaHMA 3aBUCUT OT 06/1aCTM MCTUHHOCTM 1P

MeTep ycTas JlexxeH-Aupuxne (1805-1859) — HemeLKuii MaTemaTK.
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npegukata P{x). ®opmyna 3a:P(g:) BbinonHuma, ecnm P(x) — He To-
XKAECTBEHHO NIOXHbIA Npefukat, T. e. ecim 1p @0 , ofHaKo He o6Lle-
3HauMMma.

P(a:)={ B 4eTblpexyronbHUKe anaroHa I B3aMMHO NepPrneHANKYNapHbl },
Q(*)={ ueTbipexyronbHuk — pom6 }. Vn*€ M(P(x)"> £2(*))—

OCHOBHas TeOpemMa HeBepHa, W60 NErKO MOXHO MPeACcTaBUTL Tparneyuo
C B3aUMHO MEPNEHANKYNSPHBIMW AuaroHansmu (puc. 8.8).

O6patHas TeopeMa VXG M (g (x)—>P(x)): ecnm YeTbIpexyronbHUK —

pOM6, TO €ro AuaroHasu NepneHAMKyNspHbI. STa TeopemMa BepHa U fBNs-
eTCs Of{HUM M3 NPU3HAKOB PoMba.

MpoTtusononoxHas Teopema VXG m (p (x) —>6(n*))— ecim y uyeTbl-
pexyronbHUKa AnaroHanu ne nepneHAMKYNApHbI, TO 3TO He PoM6 — To-
e BepHa.

O6paTtHass K NPOTMBOMONOXHON TeopeMa VXG M(@ (x) —P(n")): ecnn
4eTblpexyronbHUK— He pomMb, TO ero AnaroHann He nepreHAnKynsp-
Hbl, — HeBepHa (puc. 8.8).

V/E F(p(f)—£2(/))5 HerpepblBHa Ha \a,b]
/(«)< 0,f(b)> O}, Q{f)= Bce (a,"X/(c)= O). 310 BepHasa Teope-
Ma, OHa BbIPXAEeT OJHO W3 CBOMCTB HeMpepbIBHbIX PYHKUWA U UMeeT
NpoCTOl reoMeTpuUecKnid cMbicn. patiuk HenpepbIBHON (QYHKLMKM, CO-
egunsownii Toukn (a,f(a)) n (b,f{b)), rge f(a)< O, a f(b)> 0O
nepecekaet ocb OX no KpaliHell Mepe B 0AHO Touke (puc. 8.9).
ObpartHas Teopema V/ e P (f)): ecnu mexay Toukamm a u b
HalifileTcs Touka C, B KOTOPOW (hyHKUMsS 06palLaeTcs B Hy/b, TO (PYHK-
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LA HempepbiBHa Ha oTpeske [a,b] v NpuHMMaeT Ha ero KoHLUax 3Haue-
HUS pasHblX 3HaKOB. JTa TeopeMa HeBepHa, YTO XOPOWO BWAHO Ha
puc. 8.10. MpotusononoxHas Teopema VFTE f(p (/)—Q(/)): ecmu
f(x) pa3spbiBHa Ha \a,b\ ¥ Ha ero KoHuUax He MPUHUMaET 3Ha4YeHus
pasHbIX 3HaKOB, TO He HaiigeTca Touku c6 (a,b), B kKoTopoid /(<0 =o0.
3OTa Teopema TakxKe HeBepHa, 4TO AeMOHCTpUpYeT puc. 8.10.

HakoHel, obpaTHas K NPOTUBOMONOXHOM Teopema
Yfe ~(p(/)“*~(/)): ecnn HeT Toukun ce (a,b), rge /(c)=0, 10
yHkums f(x) paspbiBHa Ha [a,b] 1 He NpUHMMaeT Ha KoOHLUax oTpe3ka

3HAYEHWs pasHbIX 3HAKOB. JTO BepHas Teopema. PasnunuHble cnyvau
OMUCaHHOM cuTyaumn (KOrfa HEBEPHO CMeACTBME TEOPEMbI) NoKasaHbl
Ha puc. 8.11.

Puc. 8.11

Vie F(I>()-> £2(/)), Hf) ={f(x) audepeHynmpyema B TOUKe
*0}. e (/)= {/M HenpepbiBHa B Touke *0}. McxogHas Teopema Bep-
Ha, OHa BblpaXKaeT 0HO W3 CBOICTB AnddepeHLpyeMbIX GYHKLMA.
O6patHaa Teopema V/€ F(Q (f)—»P(f)): ecnm f(x) HenpepbiBHa
B Touke X0, TO OHa U auddepeHLuMpyema B 3TO Touyke. ITa Teopema
HeBepHa (cM. pasg. 3.8. u puc. 3.10).



[nasa 8. Jlornka npegnkaTos 363

MpoTvBononoxHas Teopema V /& f(p (/)-)Q (/)]: ecnm [(*) wue
AnddepeHumpyema B Touke X0, TO OHa paspbiBHA B 3TOM TOuKe. JTO yT-
BepX/eHWe ToXe HeBepHO (puc. 8.11). HenpepblBHas QYHKUWA He UMeeT
KOHEUHbIX NMPOM3BOAHbBIX BO BCEX YINOBbIX TOHKAX M TOYKaxX BO3BpaTa.
O6paTHas K NpoTMBONONOXHo Teopema V /e F(j2(/)—>?{/))'m ecnn

paspbiBHa B Touke .r0, TO OHa ¥ He AuddepeHLpyema B 3TOi
TouKe. 3TO BepHOe YTBEPX/AEHME.

4) Mfe F(p(f)=Q{f)), />(/)={ avddepevunpyemas /(-v) nmeeT B

5

-

Touke JH) nokanbHblii akcTpemym } (/)= (/'(*«)= O)- 370 BepHast
Teopema, OHa CocTaB/seT He06X0AMMOe YCIoBKe IKCTPeMyMa.

ObpaTHas Teopema V/'E —>P(/)): ecm [/ ;(x)=0, T0 B
Touke X0 /M  umeeT akcTpemyM. Teopema HeBepHa (puc. 8.7).
MpotusononoxHasa teopema V/ e F{p(f)— ecnm B Touke N0
/ (n:) He nmeeT akcTpemyMa, To / ' (n0) o O . 3TO yTBEPXKAEHNE TOXKE He-
BEPHO, YTO MOATBEPXAAETCS TEM Xe PUCYHKOM.

O6paTHas K nNpoTMBONONOXHOW Teopema V/e F(@ (f)—=P (f)): ecnn

/ 1(x0)h 0, TOo B TOuke Jlo HeT aKCTpemyMma (yHKuun /(n). Teopema
BepHa.

Vue M(p(u)->Q(u)), A(«) ={ pag cxopntes 3
Ji=]

Q(u)=1I1 limm =0]. OcHOBHas Teopema BepHa, B MaTeMaTU4eCKOM
aHanM3e OHa HasblBaeTCH He06XOANMbBIM NPU3HAKOM CXOAUMOCTMW pPsfa.
O6patHas Teopema Vm6 M ((2(m)—>P(M)): ecnm npegen obLero une-

Ha psfa paBeH HyN, TO Psifi CXOAMUTCS. DTO HEBEPHOE YTBEPXKAEHME.

PaccmMOTpUM rapMoHUYeCKUii psg, 13BeCTHO, 4TO 3TOT pAf pacxo-
«ln

autesa, Ho lim—=10.
n

MpoTneononoxHas Teopema \/nS m {p (ii) * Q(u)): ecnn psag pacxo-
antes, To HTu( ©O. HecnpaBe/MBOCTb 3TON TEOPEMbl AEMOHCTPUPY-

eTCA TeM XXe npumMepom.
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O6paTHas K nNpoTunBononoxHoi Teopema VhG m(j2(w)—» P{u))'. ecnn
HwHAN ~ 0, To psg pacxoautcs. Teopema cripaBeAnvBa U U3BECTHA MOA,

Ha3BaHWEM NPaKTUYECKOro NpU3HaKa pacxoauMocTH poB.

[anbl  gBa npegukata P(*)={ [Osa TpeyronbHWKa paBHbl } W”
eM ={ Bce yrnbl OfHOTrO TPeyrosbHUKa paBHbl COOTBETCTBYHOLUM
yrnam gpyroro }. Paccmotpum thopmyny

Vxe M{p(x)<r->Q(x)) =

= Yxe »Q(*)] a*Vijcg »P(*)j
MepBbli nornyecknii comHoxutenb Y xe m \ pjjt)— — ove-
BUAHO, BepHoe BbICKa3blBaHMe. Bropoii COMHOXMUTENb

Yxe M”q {x)—P(*)j — BbiCKa3blBaHue NOXHOE: eC/IN BCE YIrNbl 04-
HOro TPeyrofibH1Ka paBHbl COOTBETCTBYIOLMM Yrnam fpyroro, T0 3Tu
TPEYroNbHUKN paBHbl.

Mpegukat Q(x) ana P(Xx), Takum 06pa3om, fBSETCH Heo6X04UMbIM,
HO Hefl0CTaTOuHbIM ycnoBueM. CnefoBaTenbHO, MCXOAHOE Npea/ioxkeHne
[OMKHO BbITh CHOPMYNIMPOBAHO Tak: AN TOro YTOGbI fBa TPeyronbHUKa
6blNV paBHbl, HEOOX0AMMO, MO HELOCTaTOYHO, YTOObLI BCE Yr/bl OAHOrO
TPpeyronbHUKa 6blnn paBHbI COOTBETCTBYIOLMM Yriam Apyroro.

MpaBUAbHLIMU Ha3bIBAOTCH TakKMe MHOTOYTONMbHWUKW, Y KOTOPbIX BCe
CTOPOHbI W BCe yr/bl paBHbl. BBefem ABa npeankata ¢ YCIOBHbIM apry-
MeHTOM n: P(x)={ BCe CTOPOHbI MHOrOYrosbHWKa paBHbl } W

e M ={ 3TOT MHOroyronbHWK NpasunbHbIA }. Torga

Yxe M(#(n:) 6M)=

=[Yxem{AWN) 6(*)T|n Yxem ((2(N)—P(x)]).

[NepBoe BbICKa3blBaHWe Y Xxe bl JI0KHO, MPUMEPOM

MOXET CNY>XWUTb poM6; BTOPOE BbICKa3biBaHWe ¥ xe M[q{x)"p\x)
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3

<

WCTUHHO. TakMM 06pa3oM, UCXOAHOE YTBEPXAEHNE UMEET BUA: 4NS TOFO
4TOGbl BCE CTOPOHbI MHOFOYrO/bHUKA BbIIN PaBHbI, AOCTATOYHO, HO He
He06X0AMMO, UTOGbI MHOFOYTO/IbHUK GblN MPaBUIbHbIM.

CdopmynupoBaHa W3BeCTHas Teopema BeKTOpHOW anrebpbl. [ycTb
P(x)={ pnBa BekTOopa B R2 nuHeiiHo 3aBucumbl } n Q(x)={ aBa

BeKTOpa KonnuHeapHbl } Torga \/XE£ M — BepHoe

BblCKa3blBaHWe, BblCKa3blBaHUE M TOX€E MUCTUHHO.

CnefoBaTeNnbHO, UCXOAHAs TeOpema 3BYUMT Tak: Ans TOro 4ToGbl ABa

BeKTOpa B R2 GbliN NMHENHO 3aBUCKMbI, HEOBXOAUMO U AOCTATOYHO,
YTO6b! OHW 6bINV KONNNHEAPHbI.

4) [ocTatovHo, HO He HeobxoamMmo (cMm. pasa. 3.8, npumep 1).

5) Heo6x0AnMMO 1 fOCTaTOYHO (CM. M. 3).



MnaBa 9

VcuncneHune npegnkatoB

9.1. OTBeTHLI N peweHnsa
npaktnyeckoro 3aHATnsa Ne 10

4.10.1. Haiigem Bce 0, °0(. 0, = {f, (j).v, F2(x,z) y,c,|r},

°2 = \alyM\Yr,U-\Y "= iF2(Fi(-4 Y]x Fi(cib'- F\
CHauana noNy4YnM MHOXeCTBO

{flo2M,(,02A2,(,02\8,9]|y1, I1,]ly 2,211)’ } ={f; (F; (cl)|x,

F2(F1(F,M y\ H aK FI(FI(4 y\X-FI(@" ()’ V3 3ITO
MHOXeCTBa Haf0 BblUEPKHYTb BCE 3NEMEHThI [n'/.pns KoTOpbIX
/;02= Xj, nsceanementnl J(|y( Takue, uto y, e {X, T

B Hawem cnyuae f,02 = (p](c, )b /1 = N,

~02 - FL{F2(Fl(n), v), Fl(z))» 2=y w /,02- Cj ®/T, - r.OjHaKo
y]1= . = .V, cnegosatensHo, sbipaxedune F2(FI(x),yJX Hago Bbiuepk-
HYTb, aHanoruuro y2= -\ =y ,i. e. F{(cj)y| Hago BbiuepKHyTb,

nynhr-x3=z, 1.e. F 2"z BbiuepkuBaem. OKOHUYATENbHO,

0,02 = (F, (c,)d.r. F2(F2(F, (n),y), F, (b ,c, |r}.
0°00,=f|v,d 2¢ /MB={f (yInrFAvr)y.clz},
= Yilv " 'lilv3}= {f, (c, )|n',c2ly, .tlzZ}. Haxogum MHOXeCTBO

{b3n1rd3n2,703xJ(711y1,°2]y2’ 0'3l3'3}~
= (2X Fz(r2(c, @ "f||.F (c, Jinc, |y, x\z }
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f,03=Fj(cj)* x, =n, R03=F,(F2(c,),.*)*x, =y, [D3=c, *xr=12z\
yj =X =x, T.e. F2(c, ](c BblyepkmBaem, y2 = x2=y , c2\y BblYepKuBa-
eMm, ¥3 =x3=1z, x\z Bbl4epkuBaem. Torga

0,08=fa (c, }x, F2(F2(c, ),x]y,c, [r}

A°MA=6h.pr>3}=faNe « F2(* ©>cil.

04 =\a\Y\>4Ar\yr,Ub\Ys\=

Otctoga 0,04 =~ |04|m:1,r204K 2-r304|53>91>'1>92()'2. 93|>'3}=

=" Wrlla:-P2(y.nlly>cdrylacrly, @ }. 3neck r,04="(r)* n, =X,
*A =P2(Y’x)*xr=Y. m04=c,*x,=z-, Yy, =X,=X,

y\X BblYepKMBaeM, y2=x2=y , rly BblYepKkusaem, y} =x3=z,

x\z BbluepkuBaem. CnegosarensHo, 0,04 = fa (z](jc,(y.aclly.c,|r}.

02°03:02=&|ymp r.¢p ab fa(* (4 YIx>Fi(c,b "Fi(rW -
e3"b -3rbr-'® 3b {p2(c,)|n:;,<hp,.d}.

€203 = '"®e 3N 'r2e3kr X3031"3.9i |Y|.A2|¥2"3b 3 }=

=fa (fi{Pr{cMcr}x* bl Y ~ (4 ™ cx" x\z\

f,03= F2(Fi(F2(ci))c2)"x, =x, t203=F,(c1)?tJCj = vy,
/03=F,(x)~"3=z;y,=* =x, F,(c, BblYEpPKIBaeM,
y2=x2=y , c2\y BblyepkmBaem, \B=jc3 =2, x\z BblYepK/NBaEM.
OTctoga 0203 = fa (f1(f2(c1)),c2](:,F1(cl](y,F1(jcl(z}-

02°04=02 = &|>imp r >d 3}=fafa ("Xy]x,Fi(cib "Fi(rM ’

04 = {\\Y\, An\Yr,Ar\Ys}= SAX*\Y 4 2Y
0206 " A b-"K"KDd~ rbr.'vo 3b

faf a ) |y ., F.(*zy\xryaclr}
tfii =F2(FI(y\z)*x1=x, r204=F, (c,)* x2=y,
*304=F,(x) ®x3=12z; yx= =X >y|* BbluepkuBaem, y2=*2=Y»

z|y BbluepkuBaeMm, y3 = Xx3=z, *|z BblyepkmBaeM. Takum o6pa3om,
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0204 = {F2(F, Ft(c, )ly,F, (3 }.
03°e4:03={pucr.d3b )x,c2\y,x\z},
04="Y1.92]),2.93)) 3}= {yM y,*U.
0304 = kfii\xiJ 1%i\x2,t"~ Ax3,9M\y”q2\yl,qily3} =
=fo (ci cr\Y'y\zeyX<AY’xU -
M4 =F2(c,)* *, =x(/204=c2**2=y, [04=yDxXxr-r\
V, = XX=X, Y\X BblYepKuBaeM, y2=XTr - y , rly Bbl4YepKuBaem,
yb~xr =1, x\z Bbl4epkuBaem. ITorosas noAcTaHoBKa
0304 ={F2(C.
4.10.2.
a) BOCMO/b3yeMCs NrOPUTMOM YHU(MKALMM, ONUCAHHbIM B pasgene 4.8.
PO =T ={p(c,x, F, (F, {y))\P(z,F2(r), F2(n))}.
1 &=0, PO — ucxogHoe MHoXecTBo, 0,, =6 ;
PO — HeopfHO3nemMeHTHoe MHOXecTBO, DO = {c, r};
zee;
0={c|r}, 0, =0RD = £|r},
= P, ={p(C.i F2(FIy)))p(CFi(£).,F2(19));
1. k~\, — HEeoAHO3NeMeHTHOe MHOXecTBO, D, = {r, F2(c)};
2. Xx<£ F2(c);

o A W

3. 0=fo (44 02=0,0=4M 2WI

P2 = P,0 = jp(c, F2(c)LF2(f, (>.)), P(c, F2(4 F2(h))J;

1. A=2, P2 — HeofHo3neMeHTHOe MHOXecTBO, D2 = {F, (y)J<};

2- HgF,(y);

3- 0= ()"} 03=020={p .~ (c"./7())}

P3= P2 = {p(c, F, (cl F2(F, (y))\ p(c, F2(4 F2(/* (H))}=

= {p(CF2(C).F2(F;(y))}:

1 P3— opHO3nemMeHTHoe MHoOXecTBO, 03=t|z,F2(c}x,FXy}u)~
HOY ana T .
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6) PO=T = F, (x)), pfe. y)}.

1. k= O, PO — u1cxofHoe MHOXECTBO COAEPXUT fBa anemMeHTa, OP = 8;

2-00={p.(c).y};

3

4.

5.

yg F,(c);
0={F (cIe=} 9, =0/,0={f(c)>'},

Pl=apg =N (4 M 1)) p(F>45())}:
fc=1, — HeogHoaneMeHTHoe MHoxecTBo, Dx={F2(j;);Fj(c)},

DX He COfiePXXUT NepemMeHHbIX; KOHEL, anroputMa, UCXOLHOe MHOXKe-
CTBO He YHU(ULMPYEMO.

B) pO=r ={p(c,"p(c.e)}.

1.

2.
3.

4.

5.

K = O, PO — HeofHO3/1EMEHTHO, QR|= B ;
D0 ={x,c};

Xgc;

0= {;jx}, 0, = ORD = ~|x},

P, =A@, ={p{c.c\ pfc.0)}={p {c.0)1

K =1, 1\ — ofHoanemMeHTHoe MHOXecTBO, 0, = {c|x}— HOY ansa T.

rNpd=r =MW" ,b /r(4)1".y.y)l

1
2.
3.
4,

Kk =0, PO — MCXOAHOe MHOXECTBO COAEPXXUT fBa aneMeHTa, 0 =8;
Do={x,y};

Xzy,

0={*y} 0,=0,,0 ={rly}, Pt=P0Q"{p{c,x,F(x)\p(c,x,x)\-,

k =1, Pl — HeopHO3neMeHTHOe MHOXecTBO, D, = {/r(x)>x};

. jceF(Xx), ucxofHoe MHOXeCTBO He YHUDULMPYEMO.

» = 1 ={F(uF.(cy).F(y.2))f(h,Fi(c,2))l

. K =0, PO— ncxoaHoe MHOXeCTBO COAEPXUT TpU 3neMeHTa, OR = e ;
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2. D, ={ny}
3 ney;
4. 0=uly}, B =8Re={Hy}
=BA =[f(m,F (x,n) F(u,2\F(U,F, (c.2))[;
1. k=1, /' — HeogHoanemeHTHoe MHOXecTBO, £), = {F,
2. ziF x(x,u)\
3. 9 = {f, (x,m)|z}, 92 =0,9 = {«Ij".Fi (x.HLLr},
P2 = ptQ={F(«.f;(x,B)),F(tt,fi(*,u)),F(Mfi(c,f;(*,u)))} =
= Q)/=m(>/=(c>= ()}
1 K =2, P2— HeopHo3nemeHTHOE MHOXeCTBO, //1 = {X, <}
2. jvg c;
3. 0= 03=020 = *Ly,F, (x,u)|r.cln'},
Ps = P,9 = {f(m, F, (c,n)), f(m, F, (¢,F, (n,n)))];
1 &=3, Ps — HeofHoanemeHTHoe MHoxecTBO, D3 = {u,F, (n'.n)};

2. we F{(x,u), ncxogHoe MHOXeCTBO He yHU(PULMPYEMO.
4.10.3.
a) A= P@nVP(F(y))v A, (x). Haligem HOY ana nepebix 4BYX YNeHOB
tdopmynbl A. 9 = {f(v)(x},
A9 = P(F(y))v P(F(y))VF2(F(y))= P(F(y)v (F(y)).
NB — ckneitka 1 ;
6) A- PI(x)v P>(y)v Px(F(x)). 0={f(a-]x}, XE F(x). ®opmynbl
P (%) n P{(f (x)) He umetoT HOY, thopmyna J1 He UMeeT CKNeiKku;
B) A=F,(x)VFa(y)vF1(Fa(c))VF . (2)vF2(z). o={"(d},
A9 = F,(F2(c))v Fj(y)v F,(z)v F2(z)— nepsas ckneiika A;
e, = (Cbl . 700, = F,(F, (c))v F2(y)v F2(F2(c)) — BTopas
cknelika A; 02 A00,0. =FI(F2(c))v F2(F2(c)) — Tpe-
Tbs CKnelika A .
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4.10.4.
a) Bx- P{(m)v P2(*), B2 =Px(c)v P3(n:). AU3bIOHKTbI UMEIOT 06LLYI0
nepeMeHHy0 51, 3aMeHWUM ee Ha Y, nonyuum B2 =P{(c)v P3(y).
Torpga O = P, (ac), A2=Pi(c), Aj = P,(c), 0={c},
8,0v B'0 =P, (c)v P2(c)v 7>(c)v P3(y),
res(B,,B2)=P2(c)vP3(y);
6) B, =Pt(x)v P2(x,x), Br =P2(c,F(c)). Obwmx nepemeHHbIX B B, 1
B2 HeT. A, = P2(x,x), A2=P2(c,f(c)), 0={;n},
B,0vBj0 = fj(c)vP2(c,c)v~(c,F(c)), 02={f(c}c}, ce f(c).
MHoXecTBO An3bloHKTOB {B,, B2} He yHuduLmpyemo, cnefosartensHo,
He UMeeT Pe30/IbBeHT;
B) B, =P(a)vQ(x,b), B2=P(x)vQ(b,y). 0={dc}
B,0v B20 = P(a)v Q(a,b)v P(a)v Q(b, y),
res(B,,B2)=Q(a,b)v Q(b,y).
4.10.5.
a) F, =\/Ix\/y{® 'Y )" Pr(x,y))=4UxUy$(x.y)"Pr(x.y)\

F2 = Ux\y(p2(x, y)-> P3(mw y)) = VXVy(p"(x, y)V P.(ic, y)),

F2 =3x3yPt(*,y). OT6poCMM KBaHTOPbl BCEOOLYHOCTW, & MepemMeH-
HbIM, CBfi3aHHbIM KBAaHTOPOM CyLUECTBOBaHMSA, NPUCBOUM KOHKPETHble
3HayeHus: x =a, y —b, = Px(a,b\ Tonyynm MHOXeCTBO AW3b-

toHktoB I = fc(*,y)v Pr{x,y\Pr(x,y)vPy{x<y\P,M )], koTopoe
Haflo NPOBEPUTL Ha NPOTUBOPEUNBOCTb METOAOM PE30OLMIA.

rei®(x,y)vP,(x,y),Pl(a,fc))=2? 0, = {r|x,6ly},
res = P,(a,i>)v P2(a,i>)v Pt(a,b)- P2(a,b).
res(p2(a,b\p2(x,y)vP3(ic,y))=? 0, ={dc,ily},
res = P2(a,b)v P2(a,b)v Py(a,b)= Pu(a,b).

[pyrux pesonbBeHT y MHoXecTBa I = {FpF.,,"} HeT, noatomy pe3o-

NOTUBHBIN BbIBOA HyNs U3 I He cyllecTByeT. CnefoBaTeNlbHO, UCXOA-
HOe MHOXECTBO (popMyn I He NPOTMBOPEUMBO;
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6) r =\fl(c),f(c2f{c3\P2cl),P{x,xj{x)),PKx,y,2)\/ P3(x,z),P2(x)V
VP, (y,z,u)v P3(x,n)VP3(x,y)v Py(x, r),P3(c,,c3)}=
= {F,F2,F3,F4,F5F6}.
rei(F,,F5)=rei'(F2,F2{z|>'5=? 6, ={ci|-4
F20, v F~zlyje, = P2(c,)v P2(c,)v P"z.z.i"v
vP3(c,,u)v P3(c|,z)vP3(ci,z)=Pi(z,z,!()vP3(c,,u)vP3(ci,z)=F7.
res(F3,F1)= ? 0, ={x|z./(x)|h},
F30, vF,0, = P,(x,x,/(x))vPi(,v,x,/(.x))vP,(c,,/(jc))v
v P,(c,,x)=P3(c,,/ (x))v P,(c,,x)=F8.
res{F6,F8)=? 0, = {c3x],
PO vBA =P3(c,c3mP3(c,/ (c3))vP3(c,c,)=P3(c,/(c,))=F,.
ra(F4,F9)=? 0, =£,|x\/(c3)|z},
F40, v Fr0] =PI(c|,>",/(c3))vP3(c1/(c3))vP3(cl,/(c3)) =
= -P,(c|,>"/(c3))=P,0-
res(F,,F100=? 0, ={/'(c2];y},
Fl0, v F,00, =ifo ,/ (c2)./(c3))v P,(c,,/(c2X/(cs))=0;

B) F, =3x(p(x) n 3>"(p(y n ((6(x) n Q(y))n 3zP(z})))) =
s 3x(p(x)n 3(p(y)nC(x)n e(y)n 3zP(2)))=
£ 3x3y3r(a(x)n P(y)n £2(-1)nii(y)n P(r))
Xx=a, y=b, b=c,

r=Md4p(4e(d4c™)Nc)}, res(p(a)./>(c)E?c])=0. WUcxoa-
Hast (hopMyna He BbINOHWUMA.

4.10.6. MeTof pe3onOUMA B WCUUCIEHUWM MPEAMKATOB MpeAcTaBnseT co6oi
CNIOXHYIO MPOLIeAypPY, COCTOALLYHO 13 HECKO/IbKMX 3TaroB-.

1 TMpeacTaBneHune UCXO[HON (HOPMYbl B BUAE MHOXECTBA AN3bIOHKTOB.
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2. [okasarensCTo MPOTUBOPEUMBOCTM MHOXECTBA AWU3bIOHKTOB, BK/IO-
yaioLee B cebsi MosyueHue CKyneMOBCKUX (DOPM MCXOAHBIX (hopmyn,
YHUGUKALMIO (DOPMYSI, T. €. HAXOXKAEHUE HY)XHOA MOACTAHOBKM, W f0-
Ka3aTe/bCTBO MPOTUBOPEUMBOCTM MHOXECTBA AU3LIOHKTOB B 4aHHOM
KOHCTAHTHOM YacTHOM Cflydae.

MepBbIii 3Tan ocHoBaH Ha ToM dakTe, uto ecnm I = {4 ,A2,..., An}—1,

To topmyna J1, a A2n...a An—» A obLie3Haunma, T.e. UCTUHHA B /i0-

60ii MHTepnpeTaumu.

BTopoit 3Tan 6a3upyeTtcs Ha TOM, 4TO A/ TOro, 4To6bl [0Kas3aTb
HY)XHO MOKasaTb, UTO MHOXECTBO  (hopmy”n

IL=runbl={alaz,..,a,,a} npotneopeunso. MpoTNBOPEUNBOCTbL fA0-

Ka3blBaeTCs C NOMOLLbIO TeopeMbl SpbpaHa NoAGOPOM KOHKPETHOTO KOH-
CTAaHTHOrO YacTHOro cyyas. MexaHW3aM [0Ka3aTeNbCTBa NPOTUBOPEUNBO-
CTU MHOXECTBA [M3bLIOHKTOB MOXOX HA aHaNoOrMuHblii B WUCUUCIEHUM
BbICKa3bIBaHWIA.

a) paccMOTpUM NepBblii NpUMep:
F = ((VzS(/>,z,z)v EBI(6,y,/>))]T (VWi («,w,W)v VYyVz"(ysy,z)))—»
— ¢, W) A3uA(u,MI/))v (3w\fuB(b,u,w)a 3zVjcS(;t,c,z))) =
=FIAF)~N (F2vFi).
Monyunm  no  dopmyne A n A2n..n A,—A  MHOXeCTBO
~a[,A 0 A Ha}. B nawem cnyuae (F,n F,)— (F3v F4), T.e.
A=F3VvF4, A=T,  F4. Torga MmHOXecTBO I, GyaeT uMeTb BUf
r, ={f, 2, f;}.
F, = VzB(i>,z,z)v 3vA(b,v,b)= 3vA(b,v,b)v 4zB(p,z,2) =
s 3vMz[A{b,v,b)vS(b,z,z)). O603HaunM 3Ha4yeHWe Vv, KOTOPOe Cy-

LleCTBYeT B COOTBETCTBUM C MEPBbIM KBAHTOPOM, KOHCTaHTOW a,
0T6pocuB KBaHTOp CYLL,ECTBOBaHMS. Torpa

F, =Vz(A(b,a,b)v B(b,z,2))-

KBaHTOp BCEOGLYHOCTY MOXHO Takxe OTGPOCWTb B MPeAnonoXeHuH,
4TO [A0Ka3aTeNbCTBO MPOBOAWTCA AN BCAKOrO (PUKCMPOBAHHOTO Zm
Torga F/ = A(b,a,b)v B(b,z,z).
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Axanornyno F2 = VuS(m,m,h)v VyVzA(y,y,z) =

= \/m\/y\/r(B(»,M,bl) y.r)) L

F,; =5(«,m«)v A( (v,z). F3=3wZ?(w,c, n/)n 3HA(n,K,/<)>
F3=VWW?(w,c, w)v \/»J1(M,M,M)" VwV«(b(w,c' v )v

F/ = B(w,ctw)v A(u,u,u). F4=3u/1/uB(6,n, w)a3sVa'B(a‘c, z),
F4=Vh3wO0("h,w)v ¥r3nrB(*,.c, z) =

= VWOwB(/?,«, w)v Vz3hB(i/,c,T) =

= 3bl(\/n>8(b,u, w)v\/zB(u,c,z)) = 3«VuA/z(i?(b,z;, w)v #((/,c,z)).
0603Ha4YNM 3Ha4eHne W, KOTOpOe CyLLeCTBYeT B COOTBETCTBUM C Mep-
BbIM KBaHTOPOM, KOHCTaHTOi d (M ~ d \ O0T6pOCMB Npu 3TOM KBaHTOP

cywectBoBaHus. F4 = VwVz(s(b,A,w)v Bid,c,z)).Torga
F4=0(M ,w)v S ("c,z).

Takum 06pa3om, MHOXeCTBO [T, NMPOTMBOPEYMBOCTL KOTOPOro HEo6-
XOAMMO MpoBepuTh, ByeT UMETb BUJ,

I =\n{p,a,b)v B(b,z,z),B(u,u,u)v A(y,yfz),B(w,c, w)v A{n,un,n\
B(b,d, w) VB(d,c, z)}= {C,,C2,C3,C4}.

Mccneyem aT0 MHOXECTBO Ha BbIMOJHUMOCTb C MOMOLLbLIO METoda pe-
30/110LMiA, BOCMO/Mb30BABLUUCL 0603HAUEHUAMY pasgena 4.9.

Haiigem res(C2,Cj). C2=B(n,u,u)v A(y,y,z),

C, =B(w, c,w)v A(H,n,K), 0, ={m|vf},

C20, v C301=B(u,u,u)v A(y,y,z)V B(u,c,u)v a(u,u,u),

0, = jcli*},

C20,02v C3,e2 = B(c,c,c)v A(y, y,z)v B(c,c,c)v A(c,c,c) =
~ A(Y, Y, z) v A(c,c, c). Bbluncnum Tenepb CKNEnKy 3TOro An3bHOHK-
Ta. 03 = {c[y,c|z}. Ckneiika res{C2,C3) paBHa A(c,c,c)= C5.

rcs(C,,C5)= ? C, = A(b,a,b)v B(b,z,z), Cs =A(c,c,c).

0, = {cjfc.cja}, C,0, vC50, = A(c,c,c)v B(c,z,z)v A(e,c,c),
rej(C,,C5)=C6=B(c,z,z).
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res(Ct,C6)=1 C4=B(d,c,z), C6=8(c,r,r), 0, ={c|d},
C40, vC 60, = B(c,c,z)vB(c,z,z), 02={h}. res(Ct,C6)=0.

MHoxecTBo topmyn [ MpoTMBOpPeYMBO, TakuM 06pasoM, MCXOfHas
dopmyna F WCTUHHa,

6) AoKa3aTenbCTBO MPOBOAWTCS MO CXeMe NMYHKTa a.

F = (MuBwA(b,u,n")v fi(c,c,c)v 3w\/uA(u,c,n")v \/wB(b,w, w))a
(Yn3nB~.H.a))- >(B3mA(m,c,<2)a3v3wB(vv,v,vi'))v(3v3wB(£>,v,w)a
A3zA(z,c,x)/\Bx"yB(y,x,a))-(FtaF2)—(F3vF4).

Ft =4u3wA(b,u,w)Vv b (c,c,c)v 3wV uA(u,c,w)v VWB(6,w,w) =
= 3wtyuA(b,u,w)v B(c,c,c)v VI2A(f2,c,w)v V;,B(6,rLfl)) =
=3wVuVt2vt](A(b,u,w)\/ fl(c,c,c)v A(r2,c,w)v B(b,r,,r,)),
w=d, F/ =A(b,u,d)v B(c,c,c)v A(t2,c,d)v B(b,tl,tl).

F, =Vw3uB(w,u,a), m=/,(w), F2 =B{w,f)(w\a).
F3vF4=F3aF4,

F3=3M~(M,c,a)A3v3M'B(w,v,w)= V»/4(«,c,a)v VVVtvB(tv,v,w) =
=VhVvVw(a(m,c,<2)v fi(w,v,w)), F/=A («,Cla)v5(w,v,w).
F4=3v Vv,W)a3rA(r,c,z) a HXWS(y, jca} = VWWWS(&,V,w)v
v VzA(z,c,z)v Vx3yB(y,x,a) =3y(yvVwB(b,v,w)v VzA(z,c,z)v
v VxB(y,x,a))= 3_KVvVwVzVx(s(fc,v,w)v (z,c,z)v B(>>x,a)),
Y=/, F4 =B(b,v,w)v A(z,c,z)v B(l,x,a).

r={Mb,u,d)v A((2,c,d)v e (.cc)v 2LF,), fi(w, /, (w),a),
A(u,c,a)v B(w,v,w),e(i,v,)f)vi(z,c,z)v B(/,x,a

Ynpoctum dopmMynbl MHOXecTBa I, naidfs nx ckneiku.

C, =A(b,u,d)vA(t,c,d)v B(cc,c)vB(plttt), 0, =~ 2}
C,0, = A(b,u,d)v A(b,c,d)v B(c,c,c)v B(i>«,/,), 02 ='{c|h},
C,0,02 = A(b,c,d)v A(b,c,d)v B(c,c,c)v B(b,ti,tl),

03 = {c|6, c|r, }, Cknelika paBHa A (c,c,rf)vS(c,c,c).



[nasa 9. Micuncnexnune npegukaTos 377

B

=

C4=B(b,v,w)v A(z,c,z)v 0, ={ii|/},

C40, = B(fc,v,w)v a(z,c,z)v B(b,x,a),

02 = {x|v}, CjSjS, =B(b,x,w)v A(z,c,z)v B(b,x,a), 03 = {oju>},
C40,0203=B(b,x,a)Vv a (z,c,z)v B(b,x,a)= A(z,c,z)v B(b,x,a).
re.s(C,,C3)=? C, =A(c,c,d)v B (c,c,c),

C3 =/t(»,c,fl)vB(w,v,w), 0, ={c|r<},

C,0, vC30, = A(c,c,d)v b(c,c,c)v A(c,c,a)v B{w,v, w)\

02 = {a\d},

Cjo,0, vCjO,©, = A(c,c,a)v B(c,c,c)v A(c,c,a)v B(w,v,w),

03 ={c|w,c|v}, res(Cl,CJ)=B(c,c,c)v B(c,c,c)= 0.

McxopHaa dopMyna F - MCTUHHA.

F = (3u/i(n,6,c)—» (3v3wB(v,v,w) —3vA(b,v,v)))a

n (3yB(a, y,a)Vv VXA(>, x,x)vV XV »fi(x,u,i>))— ((VXA(x,.y,c) —»
-> 3yBzA(b, y, z)v B(a,a,b)))= (F, n F2)-> (F3v F4).

F] = 3uA(u,6,c)v 3v3wB(v,v,w)v 3i/4(6,v,v) = VUA(u,b,c)v

v VVVwB(v,v,w)v 3v~(/),v,v)s VuA(i/,b,c)v VIVwB (t,t,w)v

v 3vA(b,v,v)= 3v(tfuA(u,b,c)v VIVWB(/,<,iv)v A(b,v,v7js
=3vVuVrVw(A(H,fc,c)vB(r,r,w)v A(i>v,v)), v=d ,

F/ =A(u,b,c)v B(t,t,w)v A(b,d,d).

F, = 3j>B(fl,.y,a)v Yx/4(6,x,x)v ¥Yx¥uB(x,u,b) =3y(B(a,y,a)v
VXA, X, X) v IT\/mii(/, u, fo)) = SyVXVAIm(B(a, y,a) v A(?,x,X)VB(t, u,b)),
y =1, F{ =B(a,l,a)v A(b,x,x)v B(t,u,b).

= VxA(x,x,c) —=3_y3z/f(6,y,z) = Vx4(x,x,c)a \lyMzA{b,y,z) =
=YxMyY2(A(x,x,c)nA(b,y,r)), F/ =A(x,x,c)nA(b,y,r).
F4=F4 = B(a,a,b).

r={j(«,li,c)vj(l,(,»)v A(b,d,d),B(a,/,a)v A(b,x,x)v B{t,u,b\
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A(x,x,c),/I(b,y,z),B(a,a,b)\=
Haligem Bce ckneliku hopmyn.
C, = A(u,b,c)v B(t,t,w)v A{b,d,d), 0, =\b\it,b\d,I\c\
C.0, =A{b,b,b)vB{t,t,w)vA(b,b,b)=B(l,t,w),
C, =B(a,l,a)v A(b,x,x)v B(t,u,b), 8, = {a|M|H,alb},
C,0, =B(«,/,a)v A(b,x,x)v B(a,l,a)= A(b,x,x)v B(a,l,a).
res(A{b,x,x)\/ B((i,l,a\B(f,t,wr=r 0, = {aJr,al/,ajn>},
res =A(b,x,x)v B(a,a,a)v B(a,a,a)= A(b,x,x).
res(A(b,x,x}v,A(b,y,z))= ? 0, = {rly,x|z],
rets= A(b,x,x)v A(b,x,x) =0 .

B 3TOM NpuMepe ucxogHas Gopmyna AaHa B BUAe UMNIMKaLMK, npu-
ueMm CnefcTBMe UMMANKALMW PaBHO efuHULE, T. €. F =1 He3aBNCUMO

oT nocbInkun. feiictButensHo, res(A(x, X, c)v, i(b,y,z))= ?

0, = {i>|x,*ly,c|z}, res = A(b,b,c)v a(b,b,c)=0.

F = (3x\/y3rB(x,y,r))n (3«V;yVx4(!1(,x,y)v Vx3zB(x,<3,z))a
(Vz3xB(z,a,x)—V«3vVwWB(z*,v,w))—>3u3vVwv4(u,v,vi)a
n 3vawVh/1(w, v,u) = Ftn F2n F} —F4.

F, =3xVy3zB(x,y,z), x=1c, z=1,()")* =B(b,y,)\{_y)).
F2 = 3uVy\/x4(u,;r,y)v Vx3zB(x,0,z) s 3«VyVx~"(u,.v,y)v
v Vx3MB(x,a,1n) = 3i<(MyVx («,x,>")v \/xB(x,a5))3

s 3u(ryYxA{un,x,y)\/ VtB(t,a,u))=3n\/y\/x\/t(A(u,x,y)v
v B(t,a,uj), u=c, F'=A(c,x,y)v B(t,a,c).
F3=Vz3xB(z,a,x)—Vw3vVivB(h,v,iv)= 3zVxB(z,a,x)v
v Vs(3vVvvB(u,v,w)=3zVxB(z,a,x)v \/lu3zVwB(ti,z,w) =
s 3z(V;cB(z,a,x)v Vj(VvW?(h,zw))he 3zVxV!(Vw(e(z,a,x")v

v B(u,z,w)), z=d, Fl =B(d,a,x)v B(u,d,w).
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F4= VVWA(U, ¥, w) n 3v3wViili(w,v,u)= VmVBWA(U,V,H)V
v VvVw3wva(w,v,*/) = \fu\fv3wA(u, v,w>)v VxVy3w/4(y, Y, iv) =
s 3MAV«VMA(w, i H)v YXY>T(}, X, w))=
= 3>IA/hVVV.yVv(a(»,v,u;)v 4 y>x, w)),
w=Il, F4=AM\Vv,/)vA{y,Xj).
r={8(6,Y, /,(>7)),A(c.x, y)v B(t,a,c),B(d,n,x)v B(u,d, w),
A(m, v,/)v AQ>,jr,/)}. Ckneiikn gusbtonkTos: B(d,a,x)v B(u,d,iv),
0, = {r/|m,«)a,n'n’}, B(d,d,x)v B(d,d,x)= B(d,d,x).
A(»Vv,)v A(y,x, 1), 0, =>mMi,
Au,v,)v Ay, x, /) =A(y,x,1).
res(s (b, y,ft(y)),B(d,d,x))=?, 0, ={bld,6ly],
B(b,y,.f\(y))®iv B(d,d,x)Qi = B(b,b, /,(fo))v B(b,b.x),
®&={/iNe }. res =B(bJ>,fXb))vB(b,bJI{b))=0.
dopmyna F WUCTUHHa.

8) F = (VuVvVwA(ii, v, H)v Vx3yB(x,b,y)v VhWC(u, i',A))a
n (3x/((.'(,a,ft)v\/y3zB(a, y,z) v VWKC(v,«,(;))a (vwB(e,fc,»"))—
—» (VmB\3ivC(h,v, iv)a 3*Vv3zC(x,j',z))= F, n F, n F, —F4.
F, = \lu\MvWwA(u,v, w)v Vx3yB(x,b,y)v \/n\/vC(u,v,b) =
= 3v(VmVwViivli(»v, w)vVXxB(x,b,y)v VtIVI2c (I1,t2,b)) =
=3yVuVvVwVt,Vt2(a(u,v,\v)v B(x,b,y)v C(t,,t2,b)),
y =d, F/ = A(myv,w)v B(x,b,y)v C{t,t2,b).
F, = 3xJ1(x,a,6) v V)'3zB («,*,z)v VVV»C(i',i/,a) = 3x("(ar,a,n) v
v \lyB(a,y,x)v\fvWVuC(v,u,a))s
s 3x\/lyVvVu(A(x,a,b) v B(a,;y,.v)v C(v,ii,a)),
x —I, Kl =A(l,a,b)v B(a,y,l)v C(v,u,a).
F3=VwB(a,b,w), F,' =B(a,b,w).
Fa - Vii3v3wC{u,v, IIN'n 3xVVv'3zC(x. v, z) = 3t<VvVwWC(«, v, W)V
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v VxByVzC(x, y,z) =3h(vwvVwC(m,v,w)v VjcVzC(;c,h,z))=
=3hVvVwVxVz(c(h,v,w)v C(n,m,r)),

u=8&, F4 =C(k,v,w)vC(x,k,z).

I =\a{u,v,w)v B(x,b,d)v C(t[t1,b),A(l,a,b)v B(a,y,l)v C(v,u,a\
B(a,b,w\c(k,v,w)v C(x,&,2)}= {C,,C2,C3,C4}. Ckneiika no-
CnefiHero Au3bloHKTa U3 MHoxecTBa I : 0| = |fc|x,i|v, z|wj,
C(i,v,w)01vC(x,k, r)0, = C(k,k,z).

res(Cl,C2)=7?

0] = {/|u,a]v,6lw}, C|0, vC 202 = A(l,a,b)v B(x,b,d)v c(tl,t2,b)v
v A(l,a,b)vB(a,y,l)vC(a,l,a)=

=B(x,b,d)v C(r, ,t2,b)v B(a, y,l)v C(a,l,a),

02 = {al.r6/}dz },

C,0,02v C20,0, = B(a,b,d)v C(tltt2,b)\/ B(a,b,d)v C(a,l,a) =
=B(a,b,d)v C(t",t2,b)\/ C{a,l,a), 03 = {a]r,,/|r2,a]fe]j,
C,0]0203 v C20[0203 = B(a,ct,d)v C(a,l,a)v C(a,l,a) =
=B(a,a,d)vc(a,l,a).

res(e(a,a,d)vC(a,l,a),C3)=4 0, ={alfc,djw},
res=B(a,a,d)v C(a,l,a)vB(a,a,d)= C(a,l,a).
res(c{a,l,a\c{kXzfj=~ 0, ={a\k,a\l, a\z\,

res=c(a,a,a)v C(a,a,a)=0. F — ucTuHHaa popmyna,

e) F = (By4rB(y,a,z) =VuVvA(b,v,u))n (VuVv/4(v,u,a)v

v V>>3hVzB(h, > z))a (Vzfi(z, 1, 1)) -»

—» ((ByB(a,y,b)n 3xV>>3zA(X, y, z))v

v 3mVVv3wA(m,v,w))= Ftn F2n F3 —»F4 v Fs.

F] = 3yVzB(y,a,z)—>Vu\/lvA(b,v,u)= Vy3z£(y,a,z)v
v VuVVvA(b,v,u)s3z(yyB(y,a,z)v VUVVA(i>v,j<))=
s 3zV;yVHVvV(B(;y,a,z)v A(b,v,u)),
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r=c, F,' =B(y,a,c)v A(b,v,u).
F2=\/uVvA(v,u,a)v\/y3u\/zB(u,y,z)s

s 3((VuVv~(v,H,a)v VyVzB(i,y,z))s

= 3«VwVVvV)>Vz(A(v,u,a)v B(t,y, z)), t=d,

F,' =A{y,u,a)vB(d,y,z).

F3=Vzfi(z,z,z), F3 =B(z,z,2).

F4 =3yB(s,y,6)n 3xVy3z~(x,y,z) 3 VyB(a,y,b)v

v Vx3yVzA(x, y,z)= 3?(\)'B(a, y,b)vVxVzA(x,t, z))=

= 3fVyVxVz(s(a, ), *)v A(x,(,2)),

f=/, FA=B(a,y,b)v A(x,1,z).

F5 = 3«VVv3vfA(k,v, w)= Vii3vWwA(H,v,n’), v =/,(«).

Z = &UJA U\ W)-

I =|fi()>,a,c)v ~(6,v,u),"(v,H,a)v B(d,y,z),B(z,z,z),B(a,y,b)v
v N(x,/,4 / (n),w)}={ChC2,C3,C4,C5}.
ra(C,,C2)=7? 0, = {rf|«,d|a,c|z],
C,0,vC,0,=i(i/l,c)vi(l),v,a)vj(vi/,«)v

v B{d,d,c)= A(b,v,u)v A(v,u,a), 02="v,/?k],

0,0,02 v C30]02=A(b,b,b)v A(b,b,a),

03={th:}, .C2)=a(b,bb).

resiCMC?)-A. z — obuwas nepeMeHHas, 3ameHum z Ha 1
C3="fi(z,z,z), C4=B(ci.y,b)v A(x,/,r),0, = {a]z,aly,fl|&},
C3, vC40, =B(a,a,a)vB(a,a,a)vA(x,l,t)= a(x,L,i).
res(A(b,b,b),A(x,1,t)}=? 0, = {i>.v.&/ £},

res = A(b,b,b)v A(6,b,b)-0. NcxopHaa dopmyna F — MCTUHHA.
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Teopusi aropuTMOB

10.1. OTBeTHI U pelleHnsa
npakTnyeckoro 3aHATMUA Ne 11

54.1.
a) (YHKUWS Y MonmyyaeTcs cynepnosuuueit us / n I™:
V(X,, Ty Xy)= FOHT(X,, x1,.00,xd Ny X )y " (XX, N,
6) dpyHkuus (p — cynepnosuums [ wn /"4 : (p(x1,x2,...,.xM_i) =
= /(1M (N1X2>mmnr] *1 Yoo AL (X1PX 25> L )m
5.4.2.

a) f{x)= x+n, dyHkuna f{x) — cynepnosuums gyHkuuii ~(x);
f(x)= (*+\)+\)+...+1)=x(x(.nlU b
n pa* n pas
6) f(x)=n, dyHkums f(x) — cynepnosuums dyHkumii X(x) n 0(*);
/(X) = (((0 +1)+ 1)+ mm 1)=x(x(.1(0(x))..));
n pas A pas
B) f{x>y)=-V+y .lpumMeHUM CXeMy NPUMUTUBHOI PEKYPCUN (PYHKLMM
J /(a,0)=(p(4
[IBYX MepemMeHHbIX: < , , .
4*.Y +0 =HY*Y 1*>Y)>
urpatb QyHkuma /,'(x) = X,

Ponb <p(Xj MoxeT

ponb VI/(X,y,z)= X(3(X,;y,z))=r+1=1+f(x,y),
T.e /(x,0)=x=X+0, /(x,1)="/(x,0,/ (x,0))=1+fix,0)= 1+Xx,
[(x,2)=vl/(x,],4x0)) =1+ Ax[A)=2+X nT. 4
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5.4.3.

YacTb (I. OTBETH, pelleHuns, ykasaHus

a) YHKLMIO PK—Y| MOXHO Nerko Bblpa3uTb Yepe3 YCEeUYEHHYH pPasHOCTb.

0)

B

=

o . Ax-y x>y, . rn:-y,n:>0,
DeiictBuTenbHo, \x~y =< an—y=i To-
1 71 \y-x,x<y, \ 0,jc<0.

X-y-X—Y,y—x=0*>yy
X—y + y—R
y-X =y—X,X—y =0,X< y»

cnepoBatenbHo,  \x-y\=  — —-%j.  OyHKumMa  \x-y\

NPUMUTUBHO PeKYpPCHBHA, W60 NpeAcTaBnseT co6oii Cynepnosunuuio
NPUMUTUBHO PEKYPCUBHBIX (DYHKLNIA;

t(jc) — umcno genuteneit uncna x , 7(0)= 0. Bocnonb3yemcs QyHKLM-
el rest(x,y). rest(x,y)=0, ecnu X penutcs Ha y 06e3 ocTaTka, W
rest(x,y)> 0, ecnn He fgenutcs 6e3 octaTka. Takum o6pa3om, ecnu
i — penuTenb X, TO rest(,Y,i)= 0. HyXHO nogcumtatb N1lb 4MCNO
Hyneid npu i-\,2,...,x. 9TO MOXHO cAenatb C MOMOLLbIO (YHKL MM

sgn(jt)= | o Ntak, 1(,x)= iEzi.gnres’?(,x,/). dyHKuMo T(X) yha-

[0, >
NoCb NpeAcTaBUTb Ccynepnosuuyeli NPUMUTUBHO PEKYPCUBHBIX (YHK-
LA, cnefoBaTeNbHO, CamMa OHa TakXKe NPUMUTUBHO PEKYPCUBHA;

A(5) — uMCNo NPOCTBIX YMCEN, HE MPEBOCXOAALMX X . Bocrnonbayemcs
TONLKO UTO MOMy4eHHO! qyHKumMelt X(x). Bce npocTble uncna genstes

6e3 ocTaTKa TONbKO Ha Cebs 1 efAnHULLY; COCTaBHble XXe UMeloT 6o/blue
fenvteneid. Ecnu uncno fenuteneii umcna yMeHbLUWTb Ha ABa, TO AN
NPOCTLIX YncCeNn Mony4ynm Hynb, OcTanocb Kak B npeablaylliem MyHKTe

(6) nogcumTaTh Yncno Hyneid. CnegosatenbHo, Jt(x)= S sSn (JT(0—|)’
bl

npu 3TOM eAMHULA He CYMTaeTCs MpOCTbIM YMCNOM. Takum 06pasom,
OoNnATb yAanocb NpPeACTaBUTb (PYHKUMIO A(X) B BuAe Cynepnosuuuu

GYHKUMA X £y, @), sgn(x;), T(4:), KOTOpble MPUMUTUBHO PEKYPCUBHbI;
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r) U\{x) — uucno npoctbix genuteneii uncna x, //i(0)=0. IT1a dyHKUNs

A

=

N0 CTPOEHUIO MOX0Xa Ha npeablayLllyto a(x). Ecim y — npocTtoe yuc-
no, To T(y)= 2, ecnu npw 3TOM aprymeHT X [eNnUTCA Ha 3TO npocToe
uncno 6es octatka, To rest(x,y)= 0, B NpPOTMBHOM Cfy4yae CymMma

|T(y)- 2|+ rest(x,y) >0.

Torga Ih(x)= 2 sgn(jx(/)—2 + rest(x,/)). Th(x) — nNpumMUTMBHO pe-
H

KypcuBHa, T. K. NpeAcTasnseT co6oi Cynepnosvuuio NpUMUTUBHO pe-

KyPCUBHBIX (YHKLWIA;

3fecb He 060MTUCL Ge3 MPUBMEUYEHUs onepauu MUHUMU3aLMU. [ycTb
n(y) — uMCIO MPOCTLIX YMCENI, HE MPEeBOCXOAAWMX Yy . Torga no-

CKOMbKY B AaHHON (yHKUMM p(X) Hymepauus MpocTbIX YMCen HaunHa-

eTcs € Hyns, To ypaBHeHue n(y)-(* + 1)= 0 BbINOMHAETCA NULWb TOrAa,
KOrfja o4epejHoOe NPOCTOe YNCO ByAeT X -e MO CyeTy.

[leicTBUTENbHO, NYCTb, HaNnpuMep, X —4. UeTBepTOe NPOCTOE YACI0 —
st 11 p(4)=  [ITr(y)—4+1i=0], y = Q [A(0)-5| =5~0,
y=11n(1)-5/=10-5|=5%0, y =2, [n(2)-5] =|1-5]| =4*0,

y =3, |n(3)-5| =|2-5| =3*0, y =4, |n(4)-5| =|2-5| =3*0,

y =5, |n(5)-5|=13-5|=2*0, y =86, [n(6)-5|=|3-5|]=2*0,

y =7, In(7)-5|=14-5| =170, y =8, |n(8)-5| =4- §=1*0,

y =9, |n(9)-5|=|4-5|=1*0, y =10, |n(t0)-5|=]4-5|=1*0,

y =11, |n(11)-5| =1|5-5| =0, y =11, p(4)= 11.

MMockonbKy MCNoNb3oBanach Onepaums  MWHUMMU3aLUW, HeoBXOAMMO
npuMeHnTL Teopemy 5.3. [lna 3TOro Hafo COCTaBUTb MPUMUTUBHO pe-

KypCuBHYIO  MaxopaHTy  a(f4:,jc ....X,,). B nawem  cnyvae
nh KyM * +1)=0]< a(n). MNpowe Bcero B3ATb 6GbICTPO BO3pac-

TaoLWY MoKasaTeNlbHYl0 (YHKLUWIO, Hanpumep, 2" . 3Ta (yHKUWA
NPUMUTMBHO pekypcuBHa (6e3 [oKa3aTenbCTBa). Torjga TakK Kak

[In(y)-Ge+Di=°]< 22, 10 p(x)=uyI[In(y)-(* +1=0]—
NPUMUTUBHO PEKYPCUBHAS (YHKLNS;
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e) aTa PyHKuus onpegenseTcs aHanornyHo \y[x\ (cm. pasg. 5.3).

TaK KaK |5/*]= A  SgN (z+1)2 x =1 <x,

\j2x\=|n. sgt|(z +1)2—2x2j =1 <2x.1 KauyecTBe MaxopaHTbl

MOXHO B3ATb 2X, T. K. N/2N: < 2n;. Bbluncnum, Hanpumep, [n/2-4]1=5,

r=0, 1—32=0, sgn0=0#I, z=1, 4—32=0, sgn0=0%*1,
z=2,9—32=0,sgn0O=0#1, z=3, 16-32=0, sgn0=0*1,

z=4, 25—32=0, sgn0=0#1, z=5, 36—32=4, sgn4 =1,

r=[n M =5.ToTeopeme 5.3 hyHKLNS NPUMUTUBHO PEKYPCUBHA;

X) Cy Bo/mKHa 6bITb LEN0YUCNEHHON (DYHKUWeA, NO3TOMY ONpeaenvm ee

yepe3 yHKumMm [x], sgn(x) u sgn(x) Takum o6pazom, 4ytobbl Cy =1

npm y£x. Cy= X\ -sgn™ l—yJ + Sgn* X—vy j.  PyHKuns
y'\x-y\.

Cy nonyyeHa cynepnosuuueidi dyHkuuii x\, [x], Sgn(x), sgn(.x),

\Xx—y|, X+y, X—Y , N03TOMY SB/ISIETCH NPUMUTUBHO PEKYPCUBHOI.

5.4.4. MycTb f(Xr X2,...yxN) NofyyeHa cynepnosvuumeit 1 no cxemam npUMUTMB-

HOVi peKypcun ¢ UCMoNb3oBaHWeM (YHKUWA 0 (X)=0 u /™ (4:,,0'2,.00,%,)®

Torga ans aToil (hyHKLMW [OMKHBI BbITb CNPaBeAMBLIMIA ClegytoLime co-
OTHOLLEHNS:

a) /(04,,,0)=0;
6) ecnin Xj <\,i =\,n, 10 f(xiyx2,...,xn)< 1.

Paccmotpum /j (*)= x +1. 3Ta PyHKLMA He yAOBNETBOPSET yCcnosuio (a);
f2{x)=2x HeypoBneTBopset ycnosuto (6) npn x = 1.
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5.4.5. Mapbl HaTypabHbIX YMCEN MOXHO PasNoXuTb B MPOCTYH MocnefoBaTefb-
HOCTb PasHbIMW CMOco6amMu. PaccMOTPKUM TaK HasblBaeMblii KaHTOPOBCKWMiA
cnoco6: (0,0); (0,1), (1,0); (0,2), (1,1), (2,0); (0,3), (1,2), (2,1), (3,0);...
B 3Toli mocnepoBaTeNbHOCTU MNapbl Yncen UAYT B MOPsAKe BO3pacTaHus
CYMMbI UX UIEHOB, @ M3 Map C OAWHAKOBOW CYMMOI YNeHOB paHblue WMaeT
napa ¢ MeHbLUUM MEePBbLIM YNIEHOM.

HauHem Hymepauuio map ¢ Hyns 1 0603HauMm Yepes c(X,y) HOMep napbl
(x,y) B 3Toii mocnefoBaTenbHOCTU. Yucno c(X,y) HasblBaeTcsi KCMTHOPOB-
CKUM HoMepoM napbl (\y). O6o3Haumnm Yepes 1(n) u r(/r) neBbliA 1 npasbiii
HOMep Mapbl C HOMEPOM /r 1 HalifeM Bug dyHKumiA c(X,y), 1(n) u r(H).
Mapa Chy) HaxoauTcs Ha oTpeske
Ox+y)(1,*+y)...(a+ y-14),(.x + y,0) Ha jc-m MecTe no-
cne mapbl (0,x+ y). Mepea napoii (0,x+ y) B KaHTOPOBCKOI mocnefoBa-
TEeNbHOCTU HaxoAsTCA X +Yy OTpe3koB (OTAeNeHbl APYr OT Apyra TOYKOW
C 3anaToii), cogepxawmx Bcero 1+2 +3+ ..+ (*+y) nap. MoaTomy
c(x ) (a+yXa~+y+1)| X +yY+3x+y
\ 2 2

Ecrm Tenepb x =/(f), y ~r(n) un=c(n\y), 70 2n - (T+y) +3i"+y,
8+l =4(x+yf +\2x +Ay +\- (2x+2y f +\2x +4y +1 = 4x2+ 8xy +
+4y2+4x +4y +1 +8v=(2x+2y +\f +8 = (2x + 2y +3)2- 8y - 8,
T.e. 2n+2y +1)" +8* =8+ | = (2x + 2y +3)“- 8y - 8. YMeHbLINM
NeBOe BbIpaXKEHWE 1 YBENNYMM MpaBoe:

(2x+2y+1)2<8«+1< (2.r+2y + 3)2,

2Xx +2y +1 < Y&n +1J< 2x+ 2y +3

A 812 + 11+1

mm x+y+1< T <y +2.

8 + +
CnepoBate/ibHO, X +y +1 = /(«)+ [*(«)+1 , =
Mycte 1= “fven+ i+l Torga X +y = A-1 1 u3ypaBHeHus

®.>)= +X nonyyaem 2x =
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_| 1 sn+1—1
o1
T.e. X n----f-('q' 2:1[n):|'| ------- P+t +
2 W 2
A=x+y +1,
jSn +1]—1
i ] nign+1 +5
y=(a-1)-x =r(m)=—
[ 4 X+y)2+bx+
clxy=n = X2V y
. [sisn +17-1
[iSn+1 +1
Wrtak, x=1I(n)=n——
8n+1—1
Y yf$n +1 +5
BuAHO, 4TO (hYHKL MK 1(n) 1 r(«) BblpaXatTCA C NOMOLLbIO NOA-
CTaHOBOK yepes 371eMeHTapHble apugmeTnyeckmne (DyHKL MK
X+y, X—Y. CNef0BaTeNbHO, OHU MPUMWUTUBHO PEKYPCUBHBI.
Kpome Toro, 13 camoro onpegeneHus QyHkuuii /(«) n r(n) Kak

(YHKLMIA, CBA3aHHBIX C HyMepaLWeli nap, BbITEKAKOT CNefyIoLLMe TOXAECT-
Ba: c(I(n\r(n)) =n, I(c(x,y))=x, r(c(x,y))=y.
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5.4.6.

PaccMoTpyM CXeMy BO3BPATHOI pekypcuu

f{x x2,...,x110) = (p(x1x1,....x,b1 \

f(xLx1,...xthy +1)=4r(xI,x2,....xn Ly, f(x],x2,....xIL1,al(y +1)),

5.4.7.

f(x1,x2,...,xul,a2(y +\)),....f(x1,x2,....xn_l,al.(y+ D)) =
= WL X7,... xt By ,z122,...,29),

rge a, (x)>a2(x)>.., (X) — Bciofy onpeaeneHHble yHKLUW, YL0BNETBO-
psAloLLMe BCEM 3HaYeHMAM X npu a, (X + 1)< i, i =1y.
MocnegosatenbHOCTb  uncen  PuboHauun onpefenseTcs ypaBHeHUAMU
| /(o)=o0,/(i)=1, I(°K*®°”’ _
[/(w +2)=/(n)+/(/r+1) WN "[(n+0=/(«)+/ n—1 +Sgnn.

[OeiictButensHo, /(0)=0. /(1)=/(0)+/|"0—1j +sgnO=0+0+i=1,
I(2)=/(1)+ /"1—1j+sgnl=1+0+0=1,

/1(3)=1(2)+ /"2 —1j +sgn2=1+1+0=2 uT. 4.

OTctofa BUAHO, YTO (yHKUMA /(N) BO3HMKaeT MO CXeMe BO3BPaTHOM pe-

Kypcumn u3 yHKUMid ¢(x) = 0, \[/(x, Y,2t,22) =SgIV+ A + "2 1 hyHKUMiA
a, (y)= y—1, a2(y)= y—2. Tak Kak BCe 3TV yHKLUN NPUMUTUBHO pe-

KYPCUBHbI, TO (OYHKLMA /(W) TakKe NPUMUTUBHO PeKypCcuBHA.

a) B onepauum  MuHMMM3auuM  (cMm. pasg. 5.2)  <p(*i»*2...xn)~
=\y[/{x,,x2,....xa,y) = b] dyHKuns - (n,, 12,.-, cymTaeTcs
HeonpeseneHHoM, ecnn okaxeTcs, uto ans Bcex y  f{x1,x2,...,xn,y) &b
nnn gns kakoro-to y f(x1,x2,.,.,X,,, y) He onpeaeneHo.

PaccmoTtpum yHkumio @ (x)= |n4a.(,\)+y = 0].
y=0, X(X)+y=x+1+0p0O, y =1 X(X)+y =x+1+1 ®0 uT. A
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OueBnaHo, uto ans nboro y X,(x)+y @0, T. e. (x) — Heonpepe-
NeHHas (yHKUMs. Vicnonb3oBaHa onepaums MAHUMW3ALUK, CNefoBa-
TenbHO, PYHKUMSA B(4;) YaCTUYHO PeKYpPCUBHA;

6

=

nyctb  f(x,y)=ul|*-(z+ =0] wu Hanpumep, X =4, y-2.
Torga z=0, \x- {z+y) =|J4- 0+2j=|4- A=2 0

r=1 |*-(z+yj=|4-(1+2j=|4-3| =1"0,

r=2, |ar-(r+y]| =14-(2 + 2} =|4-4| =0,

T.e. f(x,y)=x-y =z=2.

Ecnm ke x =2, y=4, 70 z=0 \X- (r+y)|=1]2-(0+4)=2#0,
z2=12—1+4)|=3®d0, r=2,2-(2+4)|=4#0 wn T1.4., T.e.

f(x,y)=x-y HeonpegeneHa. dyHkuns f{x,y) BblunucnseTcs yepe3
onepaTop MUHUMMW3ALIMM, 3HAYNT, YaCTUYHO PeKYPCUBHa;

B)/(*e>)=
He onpefenieHa B OCTaNbHbIX Cly4vasX.

Myctb f(x, y)=  [|n—zy|= 0j. PyHKUMS onpeseneHa 1 BbIYUCNNAET-

€A Tak Xe, Kak B nNyHKTe (6).

. C nomoLbio HyMepauuii nap HaTypanbHbIX YMACEN NErKo MonyunTb HyMepa-

UMM TpoOek, u4eTBepoK U T.[A. Beedem cnegywowme  yHKUUM:
cliXMXAXAcicixMxMxi),

c (¢, ,x2,x3,xN)=c¢ (c(X]j,X2PXy) ),...,

c (M2, ,M)= ¢ (e(ipii2),ji3,..., A bH).

Yucno ¢"(XLXTr....xa) HasblBaeTCH KaHTOPOBCKAM HOMEPOM M-KW yucen
(XDk2,...,xJ1). Ecnm c"{xI,x2,...xl)=t, 10 x =r(t), xnt=r((t

x2 =r(/(...(/(0)..)),

[eiicTBUTENbHO, MyCTb, Hanpumep, n = 3.

Torga cr(x4,x2,x3)= c(c(x,,x2\x 3)=t, xb=r(c(xt,x2),x3)= r(t),
c{x1,x2)=1(t), x2=r(/(f)) n x, =Z(/(F)).

BBegem o0603HaveHus cnlt(t)=xn, cns, (t)=xn cIl(f)=xI. Torga

C”(Cn |(r).Cn.2(r)>-->C,,,(r))=T" C,.{C'(X1+X2'—"X,))~Xi’ i= ma™
(hOpMy bl @HANOMMYHbI COOTBETCTBYHOLUM (hopMynam 3agaymn 5.4.5.
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[ins nonyyeHns OCHOBHOTO pe3ynbTaTa 3afaun BBe4eM BCMOMOraTe/bHyto
dyHkumio W, y)= c"+2(c,,, (.y.f(c,Is G...(/), >)mMycTb
pyHkuma f{x]1,x2,...,xn,xiH) 3agaHa NpuMUTUBHOI pekypcueld Yepe3
(YHKUMM g M K Takum obpa3om:

| /(m*,*2..sfa-b.-.-0O

V(X 1,X2,...,%,,,y + 1) =h(xI,x2,...,xn,y, f(xi,x2,...,x1Ly)}

W3 dyHkumm y{t,y) umeem

Ac,, Ne cnNIY>-"c»1)>y)=J1 X» X2....x»>y ) = o»+1*1u (By )=

=c,+2»+2(v(c" (*,,*2 ly)e
Torga M/(r,0)=c"+2(c,,,(;),cl2(f),...,c,,(f),0,q9(c,I(r),c,1,(0,...,e,1,(r)))'a

y/(ly + 1)=c,*-(c,,|(r),c,,2((),/M...c.,, r),y + 1,n(c,,|(r),c,,2(T),...,C,,, (0%

e,2,42('1(r>>)))- TaK |<aK V(<Y +1)= du/(r, y)),
rae pyHkuns ® umeet Bug (n) =

~ (M) 2.20)," " N2+ NAAI+2,1 1A) " 2942012 (M)} -
Takum obpasom, (yHKUMA / nonyyaetcs 3 yHKUWIA
g,h,/,r,c,O4 n/” nogcTaHOBKOW 1 cneuuanbHoli pekypcueld  Buga

Y/(n-0)= G(jt), m/(a,y +1)= d(u/(x,y)), BTOpoe U3 ypaBHEHUIA KOTOpoii
npefcTaBnseT coboii utepauymio, T. e. yHKums \/ nonyyeHa u3 ® c no-
MOLLBIO UTepaumu (cMm. pasg. 5.2).

3ameHUM Tenepb (yHKuMo \/ ¢yHKuMeld F  NocpescTBOM  pekypcun

F{x,0)=x, F(x,y +1)=d"(n,_y)). Tak kak gna \|/(x,y) n F(x,y)
CMpaBeA/IMBbI COOTHOLUEHNS:

y(x,0) = G(x),
H/(x,1)=t(1]5(nr,0)),
W(x,2)= ®(vl/(x,D)= b (d (\/(x,0))),

Hi(ry)= d(@ (.0 (\/(n:,0)).)) = d(d(..d(c(nr)).));
F (xfi)=x,
F(a-)=® (F(*,0)),
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F(x,2)= 0 ("(x,1))= 0 (d(p(x.0))),

Fx, )= (@ (.0 ("(x,0)).)) = d(d(...0(x)..)), To
y{x,y)= F({i(x),y). Takum obpa3om, BMECTO (hopmy
1(X 1,X2,...,X,,,0) =g (XL, X, .....xn\
yHKUns /
f(X1,X2,....%,,,y +1)=h(x1,x2,...,X,,,y,f(x],x2.....X,,,Y))

nonyyvaetca u3 g,h,/, r,c,O L n/m NOLCTAaHOBKOWM, peKypcuei

y(x,0)= G(x), y(x,y+1)=d(y(x,y)) vpekypcueit F(x,0)=x,

F(x}>+1) = ®(F(x.;y)), rae y(x,;y)=F(G(x)i}<),

G(x) =y(x,0) = c"*2(c,,, (X),C,a (X),...,C...(x),0,9(c,, (X}c,,a (X\...,cri,,(X))).
5.4.9.

a) GyHkuma f(x) nonyvaercs w3 yHKUMM g(jC) C NOMOLLbIO UTepauun

/(o‘):o,
Pt hzgu00¥

f(x)~ig(x)> ecam Mo  onpegeneHunto

Ljc ®Q,

sgnx = 0 0 PaccmoTpum NeByt0 4acTb (hopmy/ibl
X =0.

=sgnx. 3gecb f(x) =sgnx >g(x) =1+ . Paccumtaem

HECKO/IbKO 3HaueHuin dyHkuum  f{x +k): Jt=0,/(0)=sgn0=0,
* =i, [(0+])= g(/(0))= 1+ 5920 =1+0=1,

sgn

|

t=2./(1+)=>(f(1))=1+ =1+ 0= 1.
sgnk
OueBnaHo, uTO =0 npu nwobom k>0, T.e. opmyna
sgnx = (|1 + crnpaBej/nBa;
X + 1 X 0.x=0,
6) 11+1+ =2*—|. 2x—1=
2 2 2x—,x >0



nasa 10, Teopua anropuTMoB 393

B

=

5.4.10.

a)

X+
f(x)=2x—1 =x+1+
()= 2x—1, gx)=x _—

yzoBnetsopsieT ycnosuto /(0)=0. BblUACIMM HECKONbKO 3HauYeHwit
dyHkumn g(f{x)).

yHKuma f{x)=2x—1

)= i 1(0)+
g(/(o+i))=/(0)+i+ (02>1 M2

T o'
=0+1+ 0+1+0+0 =1,
2 2

QU+ )=(2-1-1y+1+ 21 121t

=2+1-40=2-2—-1=3,

2-2—1+1 2.2-1
g(/(2 +1)=(2-2-1)+1+

=4+2-1=2-3-1=5,
2-3-1+1 2-3-1
2

g(/(3+1))=(23-)+1+

=6+3-2=2 4-1=7ut.4

QUEBUAHO, UTO UCXOAHAS (HOPMYNa BEPHA;

i(x + 1+ [wax +1j) = ; f{x)= x2+x, /(0)=o0.
g(x)= x+ 1+ [>4x+1J,

f(x +1)=g(f(x))=(x2+x)+1+ [M-{x2+x)+1j. [okazaTenscrso
aHanornyHo nyHktam (a) u (6).

|,x"0, r/ \ \
sgn” = g Ecnu J\x) moxeT 6bITb NonyyeHa u3 gfx)

C NOMOLLbO UTepauumn, To \ . f{O)_O/’ / \\ Torga sgnx =iX(0),
[/(x +1§=g(/(x))

feicTBUTENbHO, X = 0,5gN X =sgn0 =0,

X =1, sgn(0+ 1)= X.(sgn0)= X(0)=0+1=1,

x =2, sgn(l + )= ~(sgn0)= X(0)=0+1=1uT.4.
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1X=o0,
6) f(x) =sgn(x)= wn sgn(x)= 1—x .

B

=

n

)

0,x>0
Tak Kak /(0): sgn(0)= 1, To onepauwus UTepaLyumn He NOAXoAMUT. Pac-
CMOTPUM HECKO/bKO 3HaYeHW dhyHKumn q{x), npusBeseHHbIX B Ta6n. 10.1.

Ta6nuya 10.1

X X X a(x)
0 0 4 0 8 4
1 0 5 i 9 0
2 1 6 2 10 1
3 2 7 3 n 2

Takum 06pasoM, MOXHO WCMONb30BaThb (YHKUMIO Q(X), nogobpas ee
aprymeHT y Tak, 4tobbl npu y =0, ~(0)=1}a Ana BCex OCTa/lbHbIX
3HaYeHUN Y AOMKHO 6bITb q(y)=0 .

Ecnwn, Hanpumep, y =2+ 2sgn(x), To 3Ta 3ajaya BbINO/HeHa. UTak,
sgn(x) = q(2 +2sgn (x));

(n},x2,-4,n)- )m®camom gene, /(0)= /°(*] )=0,
/(0 +1)=x(/,0+(x1,X2,...%,,))=Xx1,
f(r+D)=\(1";"(x1,x2,...,X,,))=Xx2 nt.4;

/(*) =ax+by +c. Tak Kak yHKuma /" (*|.*2 cama MOXeT
6bITb MNONYyYeHa C MOMOLLbIO Onepauuy UTepMpoBaHnA U3 QyHKuum X(a:)
(cm. n. (B)), ucnonb3yem 3Ty (YHKUMIO B Cynepnosvuyun. OueBuAHO,
x =1r(x,y), y =/2(x,y), Torga

ax +by +c¢ = 12(x,y)+1'2(x,y) +...+2(x,y) +1*(x,y)+ +2{x,y)+

a pas b pas
X@0)+...+ X(0);
¢ pas

x2 = + 2|V ?j+ |j . OeiictBUTenbHo, f(x)= x1,

g(X)=x+2[V?I+T.
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/(0)=0, /(0o +1)=1=02+2[VoTJ+1= 1,

I(l+)y=4=12+2[01271+1 =4, [(2 +1)=9 =22+2IVirJ+l =9
Nr A

10.2. OTBeTbI 1 pelleHus
npakTunyeckoro 3aHAaATusA Ne 12

5.8.1. NcxoaHblid andpasut A =j,4,5,cj, p =3. )=BC,

F(AC)=//,(A,F(A))= I"2(A,F(A))= N . [Janee no onpegeneHnto
f{cb)=h2c,f(c))=S,(C)=CC, F{CBA)=H,(cb,f(cb))=B.
Haiigem Tenepb Bce npeacTaBnswoLme hyHKLAN.
g(x)=c(G{Kx))=c(BC)=3-p° +2-p' =3 +2-3 =9.
g(x) =9 = const.
N, (v,y)= c(a, (KV,Ky))= rae / — nomep 6ykBbl andasuta A,
1, (@\y) =c (5, (Kx, Ky))= c(S3(Kx)) = pc(a)+ 3=3x+3,
y)= c(A,(Kn\K;y)) = c(/3(Kx,K31))= c(a)=n".
WTak, npefcTasnsiowmne QyHKLUM UMEIOT BUL;
( 1(0)=9,
1 @n-+0 =i, (X, /(a)) =N (*y)1=123
/(0) =9,
1@3ar+ )= N, (.v,/(x))=1,
/(3% +2)= h2(x,/(*)) = 3x + 3,
! 3n-+3)- lu(x,f (n))- n,
rae / — Homep nocneaHelt 6ykBbl paccMaTpuBaeMoro cnosa s angasute J1 .
OnpefenuM  HecKofbKO HOMEPOB CMIOB M 3HAYEHW NpefCTaBASOLLNX
(YHKLUMIA.
[ /=1 /() =N,(0,/(0))= N1,(0,9)= 0.
X=0, /=2 /(2)= N2(0,/(0))= /r2(0,9)=3 o +3=3,
[ r=3, / (3)=1,3(0,/ (0))=h3(0,9)=0,
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r 5=1/(4)=ud/)=a@)=i
*=1 |r=2, /(5)=#2(l,/ (1))=i#2(l,r)=3+1+ 3 =6,
I r=3, /(6)=i3(1,/(1))=13(1,0=1,

[i=1 I(7)=W,(2./(2))=#.(23)=r,
*=2 i=2 [(8)=i2(2./(2))=12(2,3)=9,
[«=3, /(9)=W3(2,/(2)) = 113(2,3) = 2,

"1=1,/(10)= @3,/ (3)= 1 (3.0)=r,
n=3, /=2, /(11)= Wr(3,/(3))= i2(3,0)= 12,
=3, /(12)=#3(3,/(3))=13(3,0)=3.
¥(/{)=BC,a c(n)=0, g(0)=9; F(c)= A3, ~(N))=n,
c(f(C))=c(a)=0, c(f(a)) =9, ##3(0,9) = 0;
F(CB)=H2(C,F(C))=CC, ¢(CC)=3+3-3=12, c(c) = 3,
c(f(c))= O, #2(3,0)= 12; F(CBA)=5, (CB,F(CB))=B, ¢(8) =2,
c(ce)=2+3-3=11, c(a)=1,
AU =1, g osropas Gynsa anpaskran -
5.8.2.3gecb P =5. F(A,(3)y) =Y,
F(AC,A£)=A3(N,F(A. 4 E),AE)=S51)=N£=E,
p(co,a,e)=Hn,(c,p(c,a,e\a,e)=Hn(c,e,a,e)=eac,
9(2)= c(g (K>-Kz))= c(y)= 1,
,(n,r,>>r)=c(aPy)=c(y)+ pc(p)+ /?2c(a)= 25x2+ 5y +r,
h2(x,ty,z)=0,
h3(x,t,y,z)= c(aE)=5+pc(a)=5x+5,
#4(x,r, >>n) = c(ypa)= x + 5y + 2512,
h5(x,t,y,z) =BCD = 4-1 + 3-5+ 2-25 = 69.
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5.8.3.

5.8.4.

I{0,y.2)=g(2) =T,
f(5x +1,.v,z)=Ir,(jc,r,y,z) =25x2+ 5+,
f(5x +2,y,2z)=h2(x,r,y, r)=0,
/1(5x +3,y,r)= N3(-M, y, r)= 5+ +5,
f(5x +4,y,r)= hd(x,t,y, r)= a1 +5>+ 2512,
f(5x +5,y,z)= h5(a,f, y,r) = 69.
F{C,A,E)=H,(A,E,A,E)=E. c(E)=5, #13(0,5,1,5)=5-0+5=25;

N1aK

f(cd,a,e)=Hn(c,e,a,e)=eac,
c(ENC)=3-1+ 1-5+5-25 = 133, i14(3,5,1,5)= 3+ 1-5+ 25-5 = 133.

— fl.jc = O,
sgnx = - e HauasnbHoe cnoso #,01110 wnm #,00000. lMporpamma
MallunHbl ThlopuHra npusegeHa B Taén. 10.2.

Tabnuua 10.2

KomaHfga 3HayeHue
Mc/21110
{0™oooo
q20—>q"IL ecrm O $,,01000
01#3110
1 <0K 2 pasa 0100730
4}0->qtL 010<7400
qt0-"q,L 2 pasa 0r/41000
000000

MpoaHanusnpyem faHHyto nporpammy (Tabn. 10.3) no KomaHgam ns cnos

#,010 n #,100.
Ta6nuua 10.3

KomaHga 3HayeHue

?[0 —=d20R 0”10

<2,1-> 901 <0100 gnst *=0
g2l->qR 01420

20 Ol<QL gnst - ®0
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BugHo, 4To nporpamma BblumcnseT QyHkumio f(x)=x +1. Xota npu
X ®0 KOHEYHOE CMOBO COAEPXMT /(*) BXOXAEHWA cuMBona 1, ynpas-
NA0LLan roN0BKa MallWHbl He HaXOAWTCA B KpaiiHei NeBoii Nosvumn.

3fecb poNib HEHyneBOro cUMBOMA andasuTa UrpaeT BepTUKaNnbHas YepTou-
ka. CoctaBuMm nporpammy (1abn. 10.4), nepepabaTbiBalOLLy0 WCXOAHOE
cnoso aol| | a0.

Tabnuya 10.4

KomaHga 3HaveHue

a ao| 1a0
0| ~"bracR 2 Pasa aol <Qu0g2a0
g220—g"L iig aobao
93A0—»q*L 2 pasa ao

q\ —¥qQ@o0 iio4oiio

MycTb MmawwnHa ToiopuHra T umeeT andasutbl A = £0,ap...,afli},
Q =feo’#i»—0n} n "(al’d2,—apf) — i'-MecTHas cnosapHas (YyHK-
umus, 3agaHHas B andasute A . [OBOPAT, 4TO MawmHa T NpaBWIbHO
BbluncnseT (YHKLWIO Ir(alaz2,...,al), ecnu

qa@la@2...aQ, |- q@OF(al,a2,...,ai)a0...aQ pgnsa nw6oil cucTembl
cnos a,,a2,...,as B anasnute A . Ecnmnxe F(a,,a2,...,as) He onpegene-
HO, TO MawuHa T, HauaB pab6oTaTb B cocTosHuM (fa0o.{ala2...cio.s, He
[0/KHA HUKOTAA OCTAHOBUTLCA B COCTOSIHUM Q0 W He [OMKHA HajacTpau-
BaTb /IEHTY Cnesa.

Ons Haweid ¢yHkuum f(x)=x +y p[ns no6oro HavalbHOro Cnosa
A01*01* malwmHa fo/MKHa BblaaTh pesynbTat J00I*+yO. 3T0 MOXHO cae-

natb cnegytouleit cuctemoit komaHg (ta6n. 10.5) npu HayanbHOM CroBe,
Hanpumep, Takoro suga qi0110110.
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Tab6nuua 10.5

KomaHga 3HaueHue
042110110
21— 2 pasa 01 k420110
2,0—>4,1? 0111f/3110
<J1—4,1R 2 pasa 011Uk/30
<30 ->q40L 01111</410
qtl-iqsoL 0111(/510
gb\-> qA\L 4 pasa 6011110
/5°->90° 40011110

5.8.7. BBefleM NOHATME KOMMO3NLMW MallnMH Tblopunra. ycTb 3afaHbl fge Ma-
WnHbl TolopuHra Tj wn T2, wumelowme o6WMIA BHeWHUA andaBuT

A = {ap#, >l L 1 BHYTpeHHWe antasuTbl Q, = {0,J[,*<?} 1
Q2= »mmm)?}m poun3BeaeHVeM MawmHbl T, Ha mMawuHy T2 Hasbl-
BaeTCs MalmnHa T3 ¢ TeM e BHELUHWUM andaBuToM, BHYTPEHHUM andasu-
ToM Q, = 47BN/} 1 cnepyloweii nporpammoii:  npo-
rpaMma nepBoi MalMHbl Tj OCTaeTcsi HEeM3MEHHON, Tonbko cumson @0
3aMeHseTCs Ha CUMBOA N ; B NporpamMme BTOPOM MalUMHbI T2 TOMbKO CUM-

BON A0 He MeHseTcs, BCe OCTa/lbHbIE CUMBO/IbI (, 3aMEHSAOTCH Ha

COBOKYMNHOCTb BCeX KOMaHA MawuH Tj u T2. U3MEHEHHbIX YKa3aHHbIM

cnoco6om, v 6yfeT NporpaMmoii MaliuHbl T3.

Mpn cocTaBneHWy NporpamMmm s MHOMMX MalivH TbIOPHHra NPUXOANTCS
1CMONb30BaTb Cynepnosvuunio  yHKUWiA. Cynepnosvuus Mogenupyetcs
npou3BefeHNeM ABYX WM HECKOMbKMUX MalIWH TblopuHra. [ns Toro 4tobbl
6blN0 nerye cnegutb 3a paboTON MalWWH B TakUX CAy4asx, BBefEM
cnegyrowmne o6o3HadeHns. MycTe [ — nporpaMma Kakoi-TO MalUWHbI
c andpasutamm A={0j} n Q=\g",q{ } a A — nonoxuTtenbHoe

HaTypasbHoe uucno. Ecnm 3ameHnts B [l cumBonbl  q\,qz°-->4,, ua
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ASGKH" >k E\>acumvb011l Yo Ha FkHPTO NONy4MM MporpamMmy ¢ Tem e
BHEWHUM  antaBuToM A={0I1} wn BHyTpeHHMUM  andasuToMm
Q' }* A TY HOBYIO NporpamMmy MOXHO 0603HauYMNTL Yepe3
M k. Ecnn mawwvHa, HavaB paboTatb B cocTosHuMmM LU, $, nepexoauT yepes
HeKOTOpoe BpeMs B COCTOsHME Ct, , To Byiem 0603HayaTb 3TOT NpoLiecc
AP kan,,Pr

OuesnaHo, yto ecnm MAMAA...,M A — nporpammMbl HEKOTOPbIX MaLLWH

TblopuHra B angasute A = {on},
TO
3KBMBaNeHTHO s0MNBo( M A~ M~ ... M~ .

BepHeMcs K peluaemoii 3afaqe 1 pacCMOTPUM CHavana 6onee NpocToii cny-
vaii: 1\{xxx2)—xr. WcxogHoe cnoso ~OINOIMNO, Heobxogumo nony-
4YnTb KOHEeYHoe CNoBo F001*2. ObpaTMmcs K npumepam, pa3obpaHHbIM B
pasfgene 5.6, 1 0603Ha4YMM MPOrpaMmbl COOTBETCTBYIOLNX MaLUUH TbOPUH-
ra: 6” — nesblii caur (npumep 3), b+ — npasbiii casur (npumep 4),
B — TpaHcnosuuymua (npumep 5), O — BbluncneHve yHkumm 0(x)=0
(npumep 8), LL=BB~B — uuknnueckuit casur (npumep 7).

Torga ans 1(x,q2)=4:2 bynem NMeTb
AOr'ori(6+),01"9,01* (8),01=4.,,01'%0),,01* g20~.0(6~ q2010
nnn cokpaweHHo BB OB . 3Ta uTorosasa nmporpamMma npeacrasiser co-
Goii npowsBefieHMe ueTbipex Mawmn TblopuHra. KoHeuHas KoMmaHga
Qn=Qo0" HwmKHMEe WHAEKCbI MporpaMm CcuuTaloTCa Cchnefytowum obpa-
30M: mocnefHss komaHga gQ npefpbiaylieii nporpamMmbl SBASETCA MepBoi

KOMaHZAOoM cnefytoLueid, Npu 3TOM Y4uTbIBaeTCH Yncno GYKB BHYTPEHHEro
andasuTa npegblaylleil MawuHbl TblopuHra (cMm. npumepbl 3, 4, 5 8
pasg. 5.6).

Ans  mawwHbl, peanusytoLlei Haya/bHOe Cl0BO
A10r'or\..01*mOUW1..0I",0, koHeyHoe ~OIN'O. Bocnonb3yemcs
nporpammoii LMK/IMYECKOro casura Lu=Bb6 B,

A 01"D1xr.0r"o” N 01/80r'3..0r"'0140 .
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Ecnv  npumeHuts ee  (T-1) pas, TO  MNOAy4MM  C/I0BO
(700110 M1<|...0M"01A...0 '","0, 3aTeM nNpuMeHUM K 3aTomy cnosy (/7- 1)
pa3 nporpammy npasoro capura, nonyunm
or*,or'-|...0or'o1\..?2o0r" ‘0. Hakowneu, npumeHum (n-1) pa3 npous-
BefleHne nporpaMm BbluncneHns yHkuun 0 (.r) u nesoro casura (06-).
B pesynbTaTe 6ygem umeTb: #001JT0 . ATak, mawnHa TblOpyUHra, NpaBub-

HO BbluKcnsoWas gyHkuuio /', TakoBa: (LT -(6+F (0 6 ) .

.Nycte F 1 G — MawmHbl TblOpUHTa, NPaBULHO BblunCAstOLLME (YHK-

umm f(x) un #(g;) cootBetcTBeHHO. Torga bl -G xF' npaBuibHO BblumUC-
nset h (cm. Havano 3agaum 5.8.7).

[x-y, x>y,
a) x—y—\[ 0 3afjaya pelsaeTcsd C MOMOLLLIO MPOU3BEfEeHNA
X<y,

MallWH TblOpUHra. PacCMOTPUM fjBe MPOrpaMMbl: CNOXEHWS N+ Yy (3a-
fava 5.8.6) 1 yceuyeHHoi pasHocTM J1—1 (cm. npumep 10 peiig. 5.6).

O603HaunmM nepsyto nporpammy C, BTOopytd Y P1. MycTb HayanbHoe
cnoBo <,0 0130 . MNocne NpUMEHeHWs NPOrpaMmbl CAOXKEHUA NONYyYUM
KOHe4yHoe cnoBo <F0014*y0 ; OHO GyfAeT HayanbHbIM 1S BTOPON Mpo-
a+v-l
rpammbl, NPUMEHUB KOTOPYIO 0AWH pa3 byaem nmeTb <001 0.
FACHO, UTO MCMO/b30BaB NporpaMmy YP1 2y pas, nonyuum Tpebyemblii

pesynbTaT. Utak, YP =C-(YP1l)y-(YP1lY. HanucaHHas nporpamMma
He camast KOpPOTKasi U He ejUHCTBEHHAas. OYeBMAHO, YTO 3TOT XKe pe3syb-
TaT MOXHO AOCTUFHYTb W ApYTUMU NYTAMMY;

6) f{x)= — =7"Jsgn”2-/—xj. Mporpammy MaLi1Hbl TblOPUHra, pea-

NU3ytoLLyto 3Ty (YHKLMIO, MOXHO COCTaBWUTb, HampuMep, M3 yXe pac-
CMOTPEHHbIX paHee Mporpamm:

1 BbluucneHve npowssedeHus 2 / No  nporpamMme  CMOXeHUs
2i~2+2+...+2 (C)l(3apava 5.8.6);
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2. BbluMcneHuWe yceueHHOM pasHocT 2r—x Y P (3agava 5.8.9 (a));

3. BbluncneHwve yHkuum sgru S (3agava 5.8.3);

4. BbluncneHue cymmbl A sgn/ (C)J1(3agava 5.8.6).
i=

TakuMm 06pa3oM, MallvHa TblOPKUHTa, MPaBUbHO BbIYMCASIOLLAA (YHK-
uuo , meeT B (cj mY P-Se(C”. KOHKpeTHbIA TeKCT nporpam-

Mbl MOXXHO HanucaTb npyn 3afaHHOM 3Ha4YeHun X .

5.8.10. Ecnm dyHkums g{X,y) nNpaBUNbHO BbIYUCINMA, TO CYLLECTBYET Mpo-

rpamma G, BblumcnaowWwas aty GyHkuuo ana nwbéoro n>0 wun ;y>0.

MycTb HauanbHoe cnoBo ans g(*,;y) #,01*01*0. PaccMOTPUM Bbluuche-

Hue no ofHOMY aprymeHTy X :

0,0 1'0 (IT\O I*401I'0(G)mOIx0I°g,,,01fE#6)0, rae T — nporpamma
n

KOMMpoBaHus, nepesogsLLas CNnoBso 01jl01y0 B CNOBO

01*01700r4)1y, rr=b6+8rBHG+BIB, r— Y/ABOEHMe:
01*0 =% #q01*01*0, nporpamma I npuBegeHa B Tabn. 10.7.

WTak, Hayano nporpamMmbl TakoBo (Ta6n. 10.6).

Tabnuua 10.6

KomaHga 3HaueHune
~01'0
(rr), oro”oro
G)t orof9,,0i,(l0)o

[Janee BcTaBnsemM KoMmaHfbl, koTopble npu g{x,i)> 0 npeo6pa3osbiBanu

6bl cnoBo 01*01'gni01s*” Bcnoso 0140 I,+14in01” vV, +\
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KomaHga
gqmHR

(Ui

Q@,m2®~* </ A3

B®-

(oLs
6-)x(6-),
(ro),

(G),

A0 #To

403

Ta6nmya 10.6 (npogon>keHne)

3HaveHue
01,00, |1<0)
01'01i07,, 01#FP
oroicc/,,5001"'(-0H
0roi1\/1, 4101“1’m

o o o

0ro1»,0
<7,01'01'
01'01'</,0r01"
01n01'7,01'<,)

0ro1'9,01*<)

KomaHga qtO0 ~ g wO 3aumMknusaeT nporpammy W MallivHa OT COCTOSHWA

npeo6pasyertca B coctosiHue O rO 1"~ O IM12*un T, 4.

MycTb MO NPOLLECTBUN HECKONMBbKUX LMKMOB MallvHa MepeLuna B COCTORHME
Oror#rt01~/m™ un ~(n',/)= 0. Torga nockonbky 1° = J1 , TO AOMXKHA Bbl-

NOMHATLCA KOMaHAa gm0 —>qw+\R, KOTopasi nepesejeT MaluHy B COCTOS-

Hve 01*0M0("H]J0. Tak Kak f(x) =i

no onepaunn MUHUMWU3ALWK, TO

Heo6X0MMO NOYUUTL OTBET — cocTosHWe 001'. 3TO MOXHO cAenath Tak.

KomaHpga
4,10 —<40
mn*=un,,
(BXxOXxB"),

0—000

Ta6nmua 10.6 (okoHuaHue)

3HaveHue
01'017/[HO
or*or
«,.01‘

<?,0i'w
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Mporpamma yasoenHus I 4101*0 =>q001*01*0.

KomaHga

9,0-* 92i1
dll-iq 2R * pa3
r/,0 -></3E
?31-+240

qt0->qg5R

61-> g6R
960 -*?, i

q70 -»

80 —»q9L
?2,1->99E
290 -» 20
Uepes X, LMKOB paboTbl
q20 -» gL

A (nepeHoc Hyrs)
npumep 2, pasg. 5.6

9,001%0 =»9001*00
(E+)*
(A

(6",
4,0->q00

Ta6nuua 10.7
3HaveHune
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MpeaMETHbI yKa3aTeslb

A

Akcuoma 4, 98
Axcuomatuyeckas cuctema 4
AKcuomaTuyeckuit metos 93
AKCNOMATUYECKOE UCUMCIEHNE
MonHoe B y3KoM cmbicnie 135
MoNHOe B LUMPOKOM CMbicie 136
Anre6pa
Be66a 66
MocTa 66
Poccepa-TbtokeTa 66
AnropuTm 215
KgaiiHa 129
MeToAa peaykumii 131
yHUubMKauuu 201
AnropuTMuyeckas npobnema
paspewnmocTtu 212
Andasut 10, 94, 217
AndaBuTHbIA Homep 239
AHTeueaeHT 7
AccoumnatuBHoe ncumcnernme 258
AccoLMaTMBHOCTb
[V3bIOHKLMN 12
KOHBIOHKLUNK 12
AToMHas (aTomapHas) thopmyna
curHatypel 150

B

basnc 53

Byksa 217

Bynesa anre6pa 2 1

Bynesbl anre6pbl
n3oMopHble 22

B

BekTopbl
nuueiiHo 3aBucUMble 177
BTopas thopmyna paciienneHns 12
Bxop 74
Bxo/ (hyHKLMOHANLHOTO 3neMeHTa
(DUKTUBHBIA 72
BxoxgeHue cumsona B hopmyny 14
BbiBoa:
B MCUUCNEHNN NpeaunKaTos 190

13 COBOKYMHOCTU (hopmyn 102
csoiicTea 102

Bbipaxenue 10

BbickasbiBaHue 5
a6CONOTHO UCTUHHOE 5
a6CONMNOTHO NOXHOE 5
npoctoe(anemMeHTapHoe) 5
CNOXHOE 5

Bbixog 74

r
Fomomoptunam 22

A

[BoiiHOe OTpULiaHMe BbICKa3blBaHUA 5
[BYyXnonocHuK 74
[JenykTuBHasa uenoyka 258
Jepeso
BblBOZa 98
[V3bIOHKT 29
nycroit 29
TOUHbI 134
YHUTApPHbI NO3UTUBHBIA 134
xopuosckuit 133
XOPWOBCKWiA HeraTuBHbI 134
JV3bIOHKTUBHAs HOpManbHast
topma 27, 28
MUHUManbHas 37
MUHUManbHas Tynukosas 39
coseplueHHas 28
Tynukosas 39
An3bloHKUNS 6
0606LieHne 62

nonHaa npasunbHas anemeHTapHasa 30

npasunbHas anemeHTapHas 30

npegukaros 143

anemeHTapHas 29
AVCTPUBYTUBHOCTb AU3BIOHKLAN

OTHOCUTENbHO KOHBbIOHKLMK 12
JVUCTPUBYTUBHOCTb KOHBIOHKLAN

OTHOCUTENBHO AN3bIOHKLMN 12
/[l oKasaTenscTso

B BUfe AepeBa 98

B VICUMCNEHNN BbiCKa3blBaHNIi 98



MpeAMeTHbI ykasaTenb

3

3aknoueHue 7
3aKOH:
accounaTuBHbIi 21
BTOpOi4 3aKOH file MopraHa 12
BTOPOi4 3aKOH nornoujenuns 12
[\BOiHOTO OTpuLaHns 21
fie MopraHa 21
ANCTPUBYTUBHBIN 21
WMAEMNOTEHTHOCTM 21
VEMMOTEHTHOCTU AN3bIOHKLNN 11
VAEMMNOTEHTHOCTM KOHbIOHKLMN 11
WCKNOYeHHoro TpeToero 11, 14
KOMMYTaTUBHbIV 21
KOMMYTaTWUBHbI 3aKOH
[AV3bIOHKLMN 12
nepBblii 3aKoH fie MopraHa 12
nepBbIii 3aKOH nornoweHus 12
rnepecTaHoBKW Nocbinok 109
Mupca 15
nornouwenunsa 21
npotusopeuns 11
CHATUA BOIHOTO OTpULaHNs 11
coefjHeHNs nocblinok 109
3ameHa:
rnepemMeHHOro BbiCKasbiBaHua 184
repemMeHHOro npegnkara 184

cB060AHOI NpeAMeTHOI nepemeHHOR 186

7

N3omoptusm 22
MmnnnkaHTa 37

npoctaa 37
Wmnnukauyus 7

npeavkaros 143
WHTepnpeTayus 21
WHTepnpeTauns BbicKasbiBaHuii 11
Wcuncnenne npotusopeunsoe 212
Wtepayus 220

K

KapTta KapHo 40

KBagpaTuyHbIii ocTaTok 234

KeaHTop 146
BCeO6LHOCTU 146
o6nactb geiicteus 150
CyljecTBOBaHMA 146

Knacc dyHKumit
MaKCcUManbHbIi 53
npeAnonHblii 53
CO6CTBEHHO (PYHKLMOHANBHO

3aMKHYTbI 49

(DYHKLMOHANbHO 3aMKHYTbI 49

Konnusna nepemeHHbix 183
KoHcekBeHT 7
KOHCTHTYeHTa einHULbI Habopa a 30
KoHcTuTyeHTa Hyns Habopa a 30
KOHTaKTHas cxema
A-nontocHas 74
n3omopHan 74
MUHUManbHas 77
napannenbHo-nocnefoBarenbHas 74
cBsA3Haa 74
CU/bHO CBA3Has 74
KOHTaKTHbIe CXEMbl
3KBMBa/IEHTHbIE 77
KOHBIOHKT 28
KOHBIOHKTIBHAA HOpManbHas
topma (KH®) 30
KoHbloHKUNA 6
BTOpOe 0606LeHne 62
nepsoe 0606LeHne 62
nonHas npasubHas
aneMeHTapHas 28
npeavkaros 142
anemeHTapHas 28
anemeHTapHas npasunbHas 28
Kputepuit
Kowwn 178

n

JnHeliHoe goka3aTenbcTBo 98
JInHeliHbIl BbIBOA 98

JNorvka npegukatos 141
Jlornyeckast 3KBUBa/IEHTHOCTb 8
Jlornyeckne KOHCTaHTbl 5
JNorunyeckue ceaskn 10
Jlornyeckuii 3akoH 160
JNoruyeckoe cnegosaxue 7
Jlorunyeckoe cnoxeHue 6
Jlornuyeckoe ymMHOXeHMe 6

M

MartemaTtnueckas noruka 3
Martematnuyeckue noHaTUA 4
MalunHa TblopuHra 244
Mertaasbik 121
MeTtop

pesontoymii 131
MeTop foKasaTenbcTBa

0T NpoTusHoOro 16
MeToa mogenvposaHus 4
MHOXecTBo

orpaHuyeHHoe cBepxy (cHusy) 176

paccornacosaHum 201
MHOXeCTBO C/oB

NPUMUTUBHO peKypcuBHoe 239
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7

Heo6xoanmblii NpusHaK cXo0aUMOCTH
paga 363
HenonHoe cknensaxue 39

HenocpeacTBeHHOE cnefcTBUE CeKBeHLUIA 95

HenpoT1BOpeunBOCTb NCUMCIIEHMS
BbICKa3blBaHMii 135

Homep cnosa 239

HopmanbHas opma 159, 194
npegsapeHHas 159
npeasapeHHas (npusegeHHas) 195
cKynemoBckasa 159

(o]

O6paTHas cBA3b 72
O6pateHune GyHKumn 230
Oneparop:
aHHynuposaHus 218
npoekTMpoBaHusa 218
casura 218
OTpuuaHue:
npeavkara 143
BbICKa3bIBAHNA 5
JNykacesuya 61
Mocra 61
OueHKm:
HecpasHWUMble 50
cpaBHUMble 50

n

MepBas opmyna pacliennenuns 12
MepemeHHas:
HeCyLeCTBeHHas 24"
nponosuuunoHanbHas 94
cBoboaHas 146
cBA3aHHan 146
cylujecTBeHHas 24
(UKTUBHaA 24
Mopacnoso 94, 239
MogcTaHoBKa cUrHaTypbl 200
nycrtas 200
Moadopmyna 10, 94, 150, 182
MonnHombl (MHOTOUNEHbI) XKerankuHa 45
MonHoe cknensaHue 39
MocnegoBaTeNbHOCTL
Bo3spacTawlas (yébisatowas) 177
cxopswancsa K uucny 177
(yHaameHTanbHas 177
Mocbinka 7
Mpasuno:
(npocToro) 3akno4enus 184
BBefeHMA ausbtorrkuynn 187
BBEJieHNA uMnaukauuu 187

MpeAMeTHblii yKasaTenb

BBE/leHUs KBaHTOpa BCeoGLHOCTN 188
BBE/leHMA KBaHTOpa CyllecTBoBaHMA 188
BBEJEHNA KOHBIOHKUMK 187
BBefieHMsA oTpuLjaHma 187
BbIBOAA 95
BbIBOZ|a MCHYUC/EHNS BbICKa3blBaHMii 96
NePeMMeHOBaHMS CBA3AHHBIX MPeAMETHbIX
nepemeHHbIX 186

rnepeHoca KBaHTOpa Yepes oTpulaHue 158
nepecTtaHoBku 188
noACTaHOBKM 184
pa3beiMHeHMa nocbinok 110
pacwmvpexuns 188
CBeJeHNA K NpoTMBopeynio 188
CBA3bIBaHNA KBaHTOpPOM 186, 189
cunnornsma 189
coeanHeHns nocbinok 110
COoKpalleHus 188
yAaneHus An3bloHKuun 187
ypaneHus umnnavkauun 187
yAaneHns KBaHTopa BceoGLyHocTy 188
yAaneHus KBaHTopa CyliecTBoBaHus 188
YAaneHns KOHbIOHKUUKM 187
yAaneHua otpuuanua 188
yTOHueHus 188

MpaBuno BbIBOAA:
ponyctumoe 97
npasuno BBeAenNs AN3bIOHKL UK 96
npasuno BBeAEHNA UMNInKaLun 96
npaBuno BBeAEHNS KOHBbIOHKLK 96
npasuno Beefienns oTpuLaHna 96
npasuno koutpnosuuum 100
npaBuio 0AHOBPEMEHHOI MOACTaHOBKM 99
npaBW0 NepecTaHoBKM 97
npaBWio NOACTaHOBKN 97
Npasuo NPOCTOrO 3aknoyeHns 97
npasuno pacwnpenns 97,103
npaBuno cBefeHUs K NpoTuBopeynio 96
npasuno cunnornima 99
npasunIo CNI0XKHOTO 3aKNoYeHns 99
npaBuio CHATUSA ABOMHOrO oTpulaHus 101
npaBuio CokpalyeHuns 97
NpaBuno yAaneHus BblBOAUMON

runotesbl 103

npaBuno yfaneHus JU3bloHKLun 96
npaBWIo yAaneHns umnamkauuu 96
npasuno yganedns umnamkauuu 103
npaBuno yaaneHus KOHbIOHKLUKN 96
npasuno yjaneHns otpuuaHma 96
npaBuno yToHYeHns 96

MpaKTUUecKnit NpuUsHak pacxoAMMOCTH
pagos 364

Mpeaukat 142
MHOFOMECTHbI 142
MHOXEeCTBO UCTUHHOCTU 142
HYNbMeCTHbI 142



MpeAMeTHbI ykasaTenb 409

o6nacTb onpefenenus 142 CnoxHocTb 6ynesoit pyHkuun 77
OJHOMECTHbI 142 CoBepLieHHas KOHbIOHKTUBHAA
npegmeTHas obnacte 142 HopmanbHas gopma (CKH®) 30
TOX/AECTBEHHO UCTUHHBIA 142 COBOKYMHOCTb PEKYPCUBHbIX PYHKLMIA 216
TOX/AECTBEHHO NOXHbI 142 CoepaunHenue cnos 94
MpeameTHas o6nacTb 168 CybbekT 142
MpusHak JleiibHuua 178 Cynepnosuyus:
MpuHunn Hopmanusauyun 217 nepBoro paHra 25
Mpo6nema: anemeHTapHas 25
HesaBucumocTn 136 Cxema:
nonHoThbl 135 NPUMUTUBHOIA pekypcumn 219
paspewumocTyn 42,135 anemeHTapHas 76
MponssogHas: Cxema 13 hyHKLMOHANbHBIX
K-ro nopsaka 54 anemeHToB (CHI) 71
nepsoro nopsjka 53 ponyctumas 71
cMellaHHas 54 MHOroTaKTHas 73
MpousBogHble NOHATUA 4 HynbTakTnas 73
MponosnunoHanbHble CBA3KM 8 npasunbHas 73
P T

Pasgenntenn 10

Tabnuybl Mocta 52
PaHry nornyecknx cessok 8

TasTonorus 14

Paccyxpaenune TakT 73
npasunbHoe 15 Tesuc:
Pe3onbBeHTa .

TotopuHra 217, 248
Yepua 217, 231
Teopema 4
6onbluas Teopema ®epma 152
Beiiepwtpacca 178

6uHapHas 205

[IM3bIOHKTOB 132
Pe30n0TUBHbIN BbIBOA 132
Pesontouuns 204

Pekypcus: 219 B3aMMHO MPOTUBOMONOXHbIE TeOpeMbl 173
BO3BpaTHAA B3aUMHO-06paTHble reopemsl 173
npuMUTMBHas 219 Fegens 197

Pene ¢ pa3mblKalOLWNUM KOHTaKTom 74

96, 106
PeneiiHo-KoHTaKTHbIE cxembl (PKC) 73 Aepykuum

3aknoyeHne 170

C KBgaiiHa 39
Narpanxa 170
CsoiicTBa coBepLueHcTBa 27 0 BbIBOAUMOCTM 124
CBOWCTBO B3aUMHOCTM 33 0 MaXOPUPYEMbIX HEABHbIX
CBA3KN NCUNCNEHNA BbICKA3bIBAHWI 8 hyHKUMAxX 232
CekseHuus 95 0 NONHOTe MeToAa pesonouyuii 132, 207
[pokasyemasn 98 0 CpefjHeM ANf onpejeneHHoro
CurHatypa 149 nHTerpana 178
CumBon cnefoBanuns 94 obpaTHas 173
Cumsonsl anasuta 10 MocTa 0 yHKLMOHaNbHON
Cuctema 6yneBbIX QyHKLMIA nonHote 51
nosHaa 48 npamas 173
Cuctema hyHKLnii P. Po6uHcoHa 235
He3aBucumas 53 pasbACHUTENbHAsA YacTb 170
Ckneiika 205 Ponns 178
Cnepctsue 7 ycnosue 170
CnosapHas MUHUMU3aLma 242 Yepua 163
CnosapHoe MHOXeCcTBO 239 3p6pana 205
Cnoso 10, 94, 217 Teopus HOpMasbHbIX anropuTMoB
[AnvHa 94 Mapkosa 217

nycroe 94 Tepm 149
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Yy

YHuBepcym dp6paHa 204
YHudukatop 201
Hau6onee o6Lynii
(npocTeiiwmnii) 201
YHudukayus 200
YceuyeHHas pasHOCTb 62
Ycnosue 7
focTatouHoe 175
Heobxoaumoe 175
Ycnosus coseplieHcTsa JH® 28

[}

dopmyna 10
anre6pbl nornkn 10
atomapHas 94
B MCYMC/IEHUN NpeanKaTos 182
BbiNONHUMan 14, 42, 160
[loKkasyemas 98
3amkHyTas 150
3aMblkaHue o6LHoCcTN 164
3aMblKanHe CyllecTBoBaHNA 164
MCUYNCNEHNA BbICKa3blBaHWit 94
nutepanbHasa 150
norukv npegukatos 150
MOHOTOHHO BoO3pacTaowasa 120
MOHOTOHHO y6biBatowas 120
o6LwesHaunman 160
onposepxumas 14
oTpesaemas 205
npoTtusopeuunsas 14
TOX/[EeCTBEHHO NCTUHHaA 160
TOX/eCTBEHHO N0XHaa 14
yHuBepcanbHasa 159
JKBUBANeHTHas 121
anemeHTapHas 94
Dopmybl:
[eflyKTUBHO 3KBMBaNeHTHble 196
paBHOCUNbHble 11
JKBUBANEHTHble 193
DYHKLMOHaNbHaA cxema
TblOpUHTOBas 246
DYHKLNOHANbHO 3aMKHYTBI Knacc
npeAnonHblii 53
DYHKLMOHANbHbIE 31eMEeHTbI
3KBUBANEHTHbIE 72
DYHKLNOHANbHbI 3neMeHT 71

MpeAMeTHbI ykasaTeT

DYHKUMA:
&-3HauHoii nornku 59
anre6pbl Norvku N nepemeHHbIx 23
6eckoHeYHO Manas 168
byns 23
Be66a 63
BblunCIMMas 216
[BoiicTBeHHas 32, 33
Avpuxne 176
KOMIMOHEHTbI pa3noxexus 26
NnHeiiHas 50
MOHOTOHHas 50
MOHOTOHHO BO3pacTatollas 177
HeonpepgeneHHas 229
o6paTHas 230
o6LwepekypcusHas 220
nepuoguyeckas 177
npegen 178
NPUMUTUBHO peKypcusHas 220
nposogMmocTn 75
pasnoxeHue 26
paspelatoljas 198
pekypcusHas 216
camMo/BOCTBEHHas 32
Ckynema 198
cnosapHas npocTeiiuan 241
cyliecTBeHHas 65
XapaKTepucTuyeckas BTOporo poga 61
4aCTUYHO peKypcuBHaa 220, 231
YeTHasa 169
LLlenHoHa 77
3(hheKTUBHO BbluUCIMMas 218

M

LlenHoe paccyxjeHue 14
Llenb cyujectBeHHas 75
Liukn 72

L
L Tpux LWeddepa 9

3

OksuBaneHyms 8
OKBUBANETHOCTb 8
OnemeHTapHoe nornouieHve 39
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